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Abstract

The aim of this paper is to study and to compute first-order derivatives with respect to some
parameter p, for some functionals of piecewise deterministic Markov processes (PDMP), in
view of sensibility analysis in dynamic reliability. Such functionals are mean values of some
function of the process, cumulated on some finite interval [0,¢], and their asymptotic value
per unit time.

1 Introduction

In dynamic reliability, the time-evolution of a system is described by a piecewise deterministic Markov
process (PDMP) (I;, Xt),~, (see Davis 1993, Cocozza-Thivent & co 2006-1). The first component I;
is discrete, with values in a finite state space E. Typically, it indicates the state (up/down) for each
component of the system at time ¢. The second component X;, with values in V' C R<, stands for
environmental conditions, such as temperature, pressure, and so on. Both components of the process
interact in each other: the transition rate for a jump of the discrete part I; depends on the value of X,
just before the jump; between jumps of I;, the evolution of X; is deterministic with paths depending on
the fixed discrete state of the system; by jump of I;, the component X; jumps to a random value which
depends on the discrete states just before and after the jump. Under technical assumptions, (I;, X;),~,
is a Markov process with general state space E x V (see Davis 1993, Cocozza-Thivent & co 2006-1). -
We study quantities of the shape

R, (t) =E,, </Ot h(Is, Xs) d5>

where pg is the initial distribution of the process and h is some bounded measurable function.

We assume that the jump rates for I; and the function i depend on some parameter p. The quantities
of interest then are the first-order derivatives of R, (t) and lim;_. 4 R,,(t)/t with respect to p, which
may help to rank input data according to their relative importance. This kind of sensitivity analysis was
studied by Gandini (1990) and by Cao and Chen (1997) for Markov jump processes. In this paper we
present extensions of their results to PDMP.

The model is presented in Section 2, as well as first results on differentiability of R,,(t) with respect
to p. In Section 3, we introduce importance functions, which are the main tool of the study. We derive
an analytical expression for the derivative of R,,(¢) with respect to p. The asymptotic behaviour of the
derivative of R, (t)/t with respect to p is studied in Section 4. We finally provide examples in Sections
5 and 6.

2 The model

The evolution of the process (I, X;);>¢ is characterized by:

e the transition rate a (i, j, ) from ¢ to j when the environmental variable is equal to x; the function
a:Ex ExV — Ry is assumed to be bounded, with x — a(i, j, ) continuous for all 4, j € E.



e the probability measure 1 ; ; ») (dy) which controls jump of (Xt)t>0 by jumps of (It)t>0 given that
(I;-, X4-) = (4, z) just before a jump towards j at time ¢, the random variable X, is then distributed
according to fi(; j ) (dy). We assume that for all 4, j € E and for all function ¢ : V. — R continuous
and bounded, the function & — ju(; ;% = [ (y)p(,j,.2)(dy) is continuous.

e the velocity v(i,x) of the environmental variable between two jumps when the discrete part is equal
to i; given that I; = i, X; follows a deterministic trajectory which is solution of % = v(i,y); the
function v : ExV — R? is assumed to be such that 2 —— v(i, z) is locally Lipschitz continuous and
sub-linear for all i € E (there are some Vi > 0 and V, > 0 such that Vi € E,Vx € RY, ||v(i,z)| <
Villz|| + Va). These assumptions guarantee the existence and uniqueness of the solution to the
differential equations fulfilled by the environmental component; we denote by g (i, x,t) the single
solution such that g (¢,z,0) = z.

We assume that the jump rates a(i,j,z) and the measurable bounded function h depend on some
parameter p, where p belongs to an open set O C R or R¥. We add exponent ) to each quantity
depending on p, such as h®) or Rfﬁ) (t).

We denote by pip)(j, dy) the distribution of the process (Iy, X;),~, at time ¢ with initial distribution

po (independent on p) and by Pt(p) (,, j,dy) the transition probability distribution of (I3, Xt)tZO' We

RP)(t) = / W) ds =" / ( / ,x) ds> o) (i, da)

ieE
/ poP® 1@ ds—Z/ (/ P(T’ h@)) (4, ) ds> po (i, dz)

Let us recall an expression for the transition probability distribution (see Cocozza-Thivent & co
2006-1):

then have:

Proposition 1 The transition probability distribution of (I, Xi)i>o0 is given by:
») S ()
(PPf) ) = 32 () (i)

n=0

for any function f bounded and measurable, with
. . . — [t 6P (3,9(i,m,5))ds
(T7F) o) = £ (1,9 (i, 1)) €= Ji 07 Gaired
and formn > 1:
n . n—1 .
(T( )f 7’ ‘T Z/ )(Z ],g(l,lE,U)) (/V (Tt(—u )f> (jay) M(i,j,g(i,x,u)) (dy)) du
J#i

where b®) (i,x) = 3., al?) (i, j, ) and Pt x)=e I bW (g (isz,s))ds

In order to calculate derivatives of the functional R%), we must give a sense to derivatives of the
transition probability distributions. With that aim, we shall need the following assumption: the function
p — aP)(i, 4, z) is differentiable and, for all py € O, its derivative with respect to p is uniformly bounded
for all (i,z,p) € E XV x N (pg), where N (po) is some neighbourhood of py (assumption H;). We get
the following result:



Proposition 2 Under assumption Hy, for alli,j € E, allx € V and all s € [0,t], there exists a unique

. orP . . L
signed measure oy (i,z,4,dy) on V which is such that

p)

Z/fj% P(i, x, j, dy) Z/ 1. 5) =5~ (02,5 dy)
JEE jEE

for all bounded measurable function f (independent of p). Moreover, we have:

a Ps(p)
dp

sup (i, 2,j,dz)| (V) < +00

i,jJEE,x€V,s€[0,t]

Sketch of proof. Under H;, the expression of the transition probability distribution in Proposition

(»
1 is differentiable with respect to p. The operator f — (m;;p f) (i,2) is a linear operator and can be

considered as a signed measure. ®
We easily derive the following theorem:

Theorem 3 We assume that Hy is true, that the function p — h(”)(i,m) is differentiable and that, for
all po € O, its derivative with respect to p is uniformly bounded for all (i,x,p) € E x V X N (po), where
N (po) is some neighbourhood of py (assumptions Hsz). Then, the function p — REfé)(s) is differentiable
with respect to p and

a% / ZZ//W Jy )(zwy,dy)po(l dx) du

i€E jEE
/ ZZ/ / WP (3, y) PP (i, 2, §, dy) po(i, de) du
i€E jEE
/ Z/ h(p) (4, y) pu (J, dy) du + &p)(jady) du (1)
JEE JEE
where we set: ( ) )
Ap . 8Pp
'O Z/ (i, 2, 3, dy) po(i,dx)
1€EE

Our purpose is to compute this derivative. We can compute the marginal distribution py )(j,dy)
of the process by Monte-Carlo simulations or by the finite volume method from Cocozza-Thivent & co
2006-2 (at least when d and the number of discrete states are small). However, we do not know how to
compute directly the derivatives of the marginal distribution which appear in the above expression. We
now transform this expression in order to make it easier to compute.

3 Importance function

In this section we shall use the infinitesimal generator of the process:

Definition 4 Let Dy, be the set of functions ¢(i,z) from ExV to R such that for alli € E the function
x — (i, ) is bounded and continuously differentiable and the function x — v(i,2)-V(i,x) is bounded
and continuous. For ¢ € Dy, , we define

Hép)gp(z7aj) = Z a(p) (i7ja .73) (M(Lj,a:)(p(jv )) =+ V(?;,J?) ) V(p(Z,J))
jEE

with a® (i,i,2) = — Dt a®) (i, 4, ) and (isie) (dy) = 6z (dy), where §, is the Dirac measure at x.



Let Dy be the set of functions ¢(i,x,s) from E XV X R to R such that for alli € E and s € R the
function x — (i, x,s) is bounded and continuously differentiable and the function x — %g@(i,x, s) +
v(i,x) - Vp(i,2) is bounded and continuous. For ¢ € Dy, we define

. 0y, . . )
H p)SD 7’ z, S Za { ja M(i,j,x)@(])')s)) + %(Zaz7s) +‘,(271’) : VCP(Z,LE,S) (2)

We then have: PP = o + N Hép) (Pép)cp) du for all ¢ € Dy, and P§p)g0(~7~7s) = ¢(-0) +
fos H®) (qup) cp) (,-,u) du for all ¢ € Dy (Chapman-Kolmogorov equations).
We are about to define the importance functions:

Definition 5 We say that a function @Ep) € Dy is the importance function associated to the function
h®) and t if:

. cp(' ?) s solution of the differential equation H(”)go(p) (i,2,8) = hP) (i,x) for all s € [0,[,

° <p§p)(z x,t) =0 for all (i,z) in E X V.

Such an importance function may be proved to be uniquely associated to (h(”), t), due to the Cauchy-
Lipschitz theorem and using a similar method as in Cocozza-Thivent & co (2006-1).

In examples from Sections 5 and 6, the importance functions will be computed numerically. However,
an analytical form is available, which is also useful for the asymptotic study:

Lemma 6 Let us assume that the function x — a'P) (i, j, x) is continuously differentiable for alli,j € E,
allz € V and allp € O, and that the function v is bounded (assumptions Hs), the importance function
associated to (h(p),t) is then given by:

_ t—s (p) (p) . . < <
(ng) (Z.,.'IJ,S): { 0 (Pu h ) (Z,.T)du ZfO_S_t (3)

0 otherwise

Sketch of proof. It is clear that @Ep) (i,x2,t) = 0 and under Hj, one may check that the function

@Ep) (i,2,s) is in Dy. Beside, for 0 < s < t, we have:

t—s t—s t—s
(H(p)cpgp)) (ys)=—H® / PPR®) Gy = ,Hép) / PPR®) gy ) — 9 / PPRE) dy
0 0 ds \Jo
t—s
= _/0 ap (p&p)h(p)) du + P h®)

— p®

due to the Chapman-Kolmogorov equation, which ends the proof. m
OR(D
Bp (t):

Theorem 7 Under assumptions Hi_3 (namely Hy + Ha + Hs), we have:

We now derive a new expression for

ORY /t On®) by OH®) (
=P ()= P ds+ / ¢ / PP p(P) du> ds 4
o (t) M= ps o\, (4)
where we set: ) )
oOH'"P ) oa'?) .
o DY (is 4, ) (i,j,2) 2 (s -5 )

jeEE
for all ¢ € Dy, all (i,z,s) € ExV xR,



®)
Proof. Starting from (1), we have to compute ! 6’5; h®) (., s) ds. We first know from the Chapman-
Kolmogorov equation applied to gpgp ) that:

t
/Opé”)H(”)wip)(~,-,8) ds = pP o (1) — popt?) (1, ., 0) = —poptP) (., ., 0)

due to go(p ) (-,-,t) =0. By differentiating this expression with respect to p, we derive:

t g (p) t t () (p)
Ops OH Oy Op;
“Ps g () d (Y22 ) d / M HEZEE (L) ds = — :
/0 8]) ( ) 5+/ Ps 8 QD ( S) S+ 0 Ps ap (7 75) PO—7 — 6]9 (a 30)

(»
Chapman-Kolmogorov equation applied to % gives:

t (9 (p) 6 (p) a (p) a (p)
/ pgp)H(p)wit (',',S) ds :pgp) bl ( t) e ('7'70) = —p 2 ('7'70)
0 dp dp

We derive from (5):

(p) t H ()
a“h@<>w=—/pwﬁ—w@u3@w
o Op 0

Whence the result, using (1) and substituting <p§p ) with (3). =
Equation (4) actually is an extension of the results given by Gandini (1990) for jump Markov processes.

4 Asymptotic results

In all this section, we assume that the process (I;, X¢),~ is positive Harris-recurrent with 7(®) as unique
stationary distribution. We first transform (4) in view of studying its asymptotic expression:

Lemma 8 Under assumptions Hi_3, we have:

10RY) 1 [t . on® 1 [t JOH® [ [ts
1 Nt [ o™ o L[ 0 T / PORE _ 0 5®Y gy d 6
=g [ oS st [ ZE ([ (P — a0 du)as o)

(»)
o1 =0

Proof. The first term is clear. Beside, setting 1 the constant function equal to 1, we have:

since HP1 = 0. As 7P h(P) is a constant (independent of (i,2)), we derive

oH®) oH®
@) — (P pP) _
5y T (77 h ) 5y 1=0

and consequently:

OH®) t—s OH P
@ R®) qu) = (+ — (P pP) —
o (/0 ™ u) (t—s) ap ™ 0

Whence the result. = .
. . . . OR'P
We may now prove existence and provide an asymptotic expression for % a; 0 (t), at least un-
der the following additional assumptions: we assume that, for each p € O, there exists a func-

tion f® such that f0+oo f®(u) du < o0, 0+Oou f®(u) du < 400, limy_joo fP(u) = 0 and
‘(qup)h(p)) (i,2) — 7®hP) | < fP)(y) for all (i,2) € E x V, all u > 0 (assumptions Hy).

Theorem 9 Let us assume that Hi_4 are true. Then:

“+o0
UR® (i, 2) = / <(P£P)h(l))) (i, 2) - W(p>h(p>) du
0
exists for all (i,x) € ExV and

(p)
LOR}) )= a0 o ‘”;Io

URL®) 7
b £ dp dp D (™)




Proof. The quantity Uh®) (i,z) is clearly defined for all (i,2) € E x V. To derive (7) from (6), we use
the fact that, due to positive Harris-recurrence of (I, Xt)tZO’ we know:

1 t
Jim /0 pP®) g5 — @) ) )

for each measurable and bounded ¢ (see Asmussen (1987)). Under My, the first term in right
side of (6) consequently converges to the first term in (7). For the second term, setting Us :=

f;oo (qup)h(p) - W(p)h(p)) du, we first have:

<y

JEE
As |Us| < f;oo [P (u)du due to Hy, we also have | (g ;. Us(j, )] < f+°O P)(u)du for all (i,7,z,s).
Using H1, we get existence of K > 0 such that:

OH®)
‘Us (i, )

daP)

‘aH(p)

TpUs (z,x)

(’i, j, l’) (H('L,j,z) Us (.77 ))

< K/+OO P (w)du (9)

K t “+o0

< —/ p@/ P (u)du ds
t—s

K

/ / u)du ds

¢

= 5/ w [P (u) du

t Jo

so that lim;_, 4o + n ft () aH(p) U;_sds = 0 due to H,4. Beside, (9) shows that ag—;mUh(p) is bounded due
to Hy again. We derive from (8) that

dp

for all (¢,z,s). We derive:

1 rt OH®)
- (p) U, .d
’ t /0 ps 8p t—s S

t ()
Jim l/ pgm@Hi(p)Uh(p)d _w0HY e _ 0 OH )
0 dp dp dp
because Uh(®) is independent on time. Whence the result, using
t—s
/ (pl(bmh(m _ 7T(p)h(m) du=URY U, .
0

in (6) and letting ¢t — +oco. =

The previous theorem provides an extension of the results given by Cao and Chen (1997) for jump
Markov processes.

The following proposition now gives a tool to compute the function Uh.

Proposition 10 Let us assume Hi_4 to be true. The function UR®) fulfills the differential equation:
Hép) UR®) (i,z) = @ pe) _ h(p)(i, )
Sketch of proof. We have:

u

+oo
HPUL® (3, 2) = HP / ((P(”)h(”)) (i,2) — w@)h(p)) du
0
+oo
— / (Hép)pép)h(p) (i,2) — Hép) (W(p)h(p))) du
0

“+oo
:/ HP PP (i 2) du
0



since Hép) (w(p)h(p)) = (w(p)h(p)) Hép)l = 0. We derive:

t
HPURP (i,z) = lim (H(SP)P;%(P) (3, w)) du
0

t——+o0

= lim Pt(p)h(p) (i,z) — h® (i,z) (Chapman-Kolmogorov equation)

t——+oo

— 7@ p@) _ p @) (i,z)

due to Hy. =
We now look at two examples. In such examples, dependence on p (namely (p)) is generally not
specified any more, in order to get simpler notations.

5 A first example

A single component is considered, which is perfectly and instantaneously repaired at each failure. The
time evolution of the component is described by the process (X¢),~, where X; stands for the time elapsed
at time ¢ since the last instantaneous repair. (There is one single discrete state here so that the component
I; is not necessary). The failure rate for the component at time ¢ is A (X;) where A (+) is some continuous
non negative function. The process (X¢),~ is "renewed" after each repair so that p (z) (dy) = do (dy)
and the evolution of (X;),, between renewals is given by g (z,t) = z +t.

We are interested in the rate of renewals on [0, ], namely in the quantity Q (¢) such that:

Q=8 _ g, (/OtMXs) ds) —1/; (/&A(x)ps(dx)) ds

where R (t) is the renewal function associated to the underlying renewal process and p; is the distribution
of X, given that Xy = 0.
The function A (z) depends on some parameter p and we want to compute %}gt). Using (4), we get:

8%}50 — %‘/0 ‘/Osps (d;p)g—;(aj) (1—(,075 (O,S)+<Pt (JJ,S)) ds

where ¢ is solution of A (z) (¢:(0,s) — ¢¢(2,5)) + Lz, s) + Zpi(x,5) = A(z) for all s € [0, and
ot(z,t) = 0 for all € [0,¢]. No closed form is available for ¢; and for the numerical computation, this
equation has been discretized and solved numerically.

As for the asymptotic quantities, assuming B (7T7) < 400, where T} is the first renewal time, it is

known that: .

Q (20) :/R Me) (o) = g

where 7 is the stationary distribution of (X;),.,. Beside, m has a density fr with respect to Lebesgue

measure with: )
Py (Ty >2x) e Jo AMwdu

Now, we know from (7) that:
0Q(c0)  OA
= "5 LHVAQ -V (11)

where VA is solution of A (z) (VA(0) — VA (2)) + 2 (VA(2)) = 7A — A (z) = Q (c0) — A ().
Solving this equation and substituting in (11), we get:

W) [T rwP e (1- [ Qe - A

dp
1 RRadro)N T e
- _ — Jo Mu)du
= B0 /0 o (x) (1 Q (oo)/O e dv) dx



using (10).
2Q(t)

Taking A (t) = aBt?~! and (o, 8) = (10*574), we are now able to compute =5~ and %ét) for t < oco.
In order to validate our results, we also compute such quantities by finite differences using:

9Q (1)

cl a2 (@ - )

for small € and ¢ < co. For the asymptotic results, we use @ (00) = ﬁ to compute such a derivative.
For the transitory results, we use the algorithm from Mercier (2007) which provides the renewal function

R (t) and hence Q (t) = E®  The results are gathered in Table 1 for the asymptotic derivatives.
t

Table 1: 3%(50) and 8%(,800) by finite differences (FD) and the present method (MR)

FD MR
e 10~ 10 1078 10-10

09l) T 5.1 x 107 1.496 x 10 | 1.5504 x 10* | 1.5510 x 10* | 1.5509 x 10
€ 10~ 1076 108 10~10

290x) 74,3761 x 10~2 | 4.3760 x 10~2 | 4.3760 x 10~2 | 4.3760 x 10~% | 4.3755 x 102

The results are very stable for

9Q(0)
o8

by FD choosing different values for € and FD give very similar

results as MR. The approximation for % by FD requires smaller € to give similar results as MR.

(6%

We now plot the transitory results in Figures 1 and 2 for ¢ € [0, 50].
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Figures 1 and 2: and %ﬁé’f) by FD and MR

a%z/(;) by FD and MR even for ¢ not that small (here

¢ = 1073) whereas Figure 1 shows that FD requires much smaller ¢ (¢ < 1078) for 99()
similar results as MR.

In Figure 2, the results are very similar for

5.~ to provide

6 A second example

6.1 Presentation - Theoretical results

A tank is considered, which may be filled in or emptied out using a pump. This pump may be in two
different states: "in" (state 0) or "out" (state 1). The level of liquid in the tank goes from 0 up to R.
The state of the system "tank-pump" at time ¢ is (I;, X;) where I; is the discrete state of the pump
(I; € {0,1}) and X, is the continuous level in the tank (X; € [0, R]). The transition rate from state 0



(resp. 1) to state 1 (resp. 0) at time ¢ is Ao (X¢) (resp. A1 (X¢)). The speed of variation for the liquid
level in state 0 is v (z) = 7o (x) with ro () > 0 for all € [0, R[ and 7o (R) = 0: the level increases in
state 0 up to reaching R, where it remains constant. Similarly, the speed in state 1 is vy (z) = —rq (z)
with 71 (z) > 0 for all x €]0, R] and 71 (0) = 0: the level of liquid decreases in state 1 until reaching 0,
where it remains constant. Also, the level in the tank is continuous so that u (i,1 — 4, z) (dy) = 6, (dy)
for i € {0,1}, all z € [0, R]. The functions r; and \; are assumed to be continuous, with A; bounded,
which ensures an almost sure finite number of jumps on [0,¢] (all ¢ > 0).

Such an example is very similar to that from Boxma & co (2005). The main difference is that we here
assume X; to remain bounded (X; € [0, R]) whereas X; takes its values in Ry in the quoted paper.

In order to study asymptotic quantities, we assume conditions which ensures the process (I, X¢),~,
to be g-irreducible, in the sense of Down, Meyn and Tweedie (1996). Such conditions for irreducibﬂizy
are very similar to those by Boxma & co (2005): we first take A1 (0) > 0 and A\ (R) > 0 which prevents
the system from being stuck in states (1,0) and (0, R), respectively. Setting tgfly for the deterministic
time to go from z up to y following the curve (g (i,z,t)),cp (all z,y € [0, R]), we also assume that:

if /R Ldu = tgiR = +00, then /R Ao () du = +oo for some (and hence all) x € [0, R[  (12)
z To (’LL) z To (U’)

Y 1 LD
if / du =t = +oo, then / 1 (W) du = 400 for some (and hence all) y €]0, R] (13)
0 0

r1 (u) y—0 ™ r1 (u)

0)

The first condition ensures that if ti  is infinite, then the probability for the process (X),-, starting

from z to reach R without any jump is zero, the same for tél)

2
—o and the second condition.
Due to the general assumptions, we also have:

£ (1)

z—y

v ,. v\
/ du = t;‘Ly < +00 and / (w) du = / i (g (4, z,v)) dv < +00
z Ti (U) T 0

r; (u)

for all 0 < # <y < R. The second expression ensures that the probability for (X;),., starting from x
to reach y without any jump is non zero (if  and y are correctly ordered according to the monotony of
t — g (i,z,t)). Such conditions are assumed in Boxma & co (2005) to ensure irreducibility but seem to
be always true here.

To sum up, conditions for irreducibility here are: A; (0) > 0, A\g (R) > 0 and (12 — 13). Such conditions
are referred to as assumption H; in the following.

Proposition 11 Under assumption H;, the process (Iy, Xi),~ is positive Harris recurrent with single
mvariant distribution © given by:

7 (i,dx) = f; (z) dx

fori=20,1 and
Jo(z) = —Bx_ o= Jipn (543868 )du _ _En_ S (HE5 5565 ) du (14)
vo () ro ()
fi (2) = —Kr_ o TRp G+t )an - _Kn_ 17 (3637563 ) o (15)
v1 () r1(x)

where K; > 0 is a normalization constant.

Remark 12 Though such results are very similar to some special case from Boxma & co (2005), we have
better give here a quick proof due to a few differences in the results, such as some eventual masses for
at the bounds of the interval in the quoted paper.



Sketch of proof. Under (H;), one may first prove that the process (I;, X;),~, with values in F' :=
{0,1} x [0, R] is p—irreducible for ¢ = cfp1} x A where cgg 1y is the counting measure on {0,1} and A
is the Lebesgue measure on [0, R]. Beside, the process (I, X;),~ is non-evanescent (due to values in a
compact set) and it is a T-process (a proof may be found in Desgrouas (2007) in more general a context).
The process is then Harris recurrent (Meyn-Tweedie 1993) and it admits a unique invariant measure 7
up to some multiplicative constant.

As the support of ¢ is the whole set F, the irreducibility measure ¢ = cf 13 X A actually is maximal.
As a consequence, 7 and ¢ = cgo1} X A are mutually absolutely continuous (Down, Meyn and Tweedie
1996). We can then write:

7 (i,dz) = f; () dz

for some positive measurable function f;. Beside, using the fact that 7 (-, dz) is such that WHép )cp =0
for all ¢ € (4 ([0, R]), one easily find that

d
M- (@) frei (@) = A (2) fi (@) = - (vi (@) fi(2)) = 0
for ¢ = 0,1, so that (fo, f1) are of the shape (14 — 15). Beside, it is easy to check that, for ¢ = 0, 1:
fOR fi(z) dz < co. We derive that 7 is a finite measure which can then be normalized in a single way
in a probability measure. Consequently, (I;, X;) is a positive Harris recurrent process, which ends the
proof. m

6.2 Quantities of interest

We are interested in two quantities: first, the proportion of time spent by the level in the tank between
two fixed bounds a and b with 0 < a < b < R and we set:

Ql(t):%Em </Ot1{agxsgb}ds>_ Z//ps ,dz) ds = /pth ds (16)

with Ay (7,,33) = 1[a,b] (a:)
The second quantity of interest is the mean number of times the pump is turned from state "in" (0)
to state "out" (1) by unit time, namely:

1
Q2 (t) = By, > L —omd =1y | = 7Ep (/ Ao (Xs) 1y, 0}d5>

0<s<t

/ / Xo () ps (0,dz) ds = / pahs ds (17)

with ho (4, ) = 1—03 Ao ().

For both quantities (Q1 (¢) and Q2 (t)), we want to study the influence of some parameter «; on which
depends A; (x) but neither A;_; (z), nor vy (z), v1 (), po (-,dx), R, a nor b. More precisely, we want to
compute dg’o(t) and 6%2550) for ip,41 € {0,1}, where Q;, (00) = lim;, o0 Qi (2).

Setting ;" ) (i1, 2,8) = — (;‘,—s (Pyuhiy) (i1, z) du for the importance function associated to h;,, we first

know from (4) that, for iy € {0,1}:

0C [t / / ps (i1, dx) “( ) (gogl) (i1,x,8) — <p§1) (1 —il,z,s)) ds (18)

80@1

and:

e / / e (0, dz) 2017 )( — ol (1,2,5) + o (0,2,5)) ds (19)

80&0

03[ o

o
( ) (o (1,2,5) = o (0.,5)) (20)



As for the asymptotic derivatives, using (7), we get:

0 B O\, , _
%a(:@ _ /O 7 (i1, dz) 6%(196) (Uhy (1 — iy, z) — Uhy (ir, 7)) (21)
for iy € {0,1} and
0Qz (c0) R OAo()
dag /0 7 (0, dx) Do (1+Uho(L,z) —Uh2(0,z)) (22)
8Q2 (OO) o R 8)\1(33)
R ool /0 7 (1) 5 Uk 0,0) - Uha (1,2) (23)
where, in such expressions, the function Uh;, is solution of
d
vl(x)£ (Uhlo (ia LE)) + Al(x) (Uhm (1 — i, CL‘) - Uhlo (va)) = Qio (OO) - hio (va)
for i = 0,1. One easily gets:
’ Uiy (1?2) Ujq (07Z)> fz(kl(y)—m)dy
Uh;, (1,2) = Uh;, (0,2) = — + e’s\nw o < +00 24
(La) = U (00) = [ (Hellz)y 2l (21)

and closed forms are now available for @;, (c0) and aqggfoo)’ using (14 — 15), (21 — 23) and (24).

~As for the transitory quantities, one needs to compute numerically quantities of the shape p;h and
cpz(fo) (i1, x, s) which appears in @, (¢) and (98@;79(” (see (16 — 17) and (18 — 20)). Such quantities are here
i1
computed using finite volume methods as in Cocozza & co (2006-2).

6.3 Numerical example
We assume that the system initially is in state (Ip, Xo) = (0, R/2). Beside, we take:

X@)=2% 5 ro(x)=(R—2)" ; M@)=(R-2)" ; r(z)=2a"

for z € [0, R] with a; > 0 and r; > 1. All conditions for irreducibility are here achieved.
We take the following numerical values:

ag=1.05;7g =1.2;a01 = 1.10;71 = 1.1; R=1;a = 0.3;6 = 0.7.

Similarly as for the first method, we test our results using finite differences (FD). The results are here
rather stable choosing different values for ¢ and the results are provided for € = 1076. The asymptotic
results are given in Table 2 and the transitory ones are given in Table 3 for ¢ = 2.

Table 2: 8%27}’0) by finite differences (FD) and the present method (MR).

9Q1(0) 9Q2(0)

i FD MR FD MR
—1.4471 x 1072 | —1.4469 x 1072 | —5.5294 x 10~2 | —5.5303 x 102
1| —1.7471 x 1072 | —1.7469 x 1072 | —4.9948 x 1072 | —4.9946 x 10~2

Table 3: M for ¢ = 2 by finite differences (FD) and the present method (MR).

Oy
9Q1(2) 9Q2(2)

1 FD MR FD MR
—4.7561 x 1072 | —4.7580 x 1072 | —8.6747 x 1072 | —8.6599 x 1072
1 | —4.5566 x 1072 | —4.5166 x 1073 | —2.7299 x 10=2 | —2.7370 x 10~2

The results are very similar by FD and MR both for asymptotic and transitory quantities, which
clearly validate the method.



7 Conclusion

This paper is a first step for the computation of derivatives of functionals of PDMP with respect to some
parameter p. The results appear as extensions of those available for jump Markov processes in Cao and
Chen (1997) and Gandini (1990). However, the present study is restricted to the case where only the
discrete transition rates depend on parameter p. Some additional mathematical work remains to be done
to extend the results to more general cases. Also, some reflexion should be lead on to go through the
numerical computation of the importance functions, in case of larger studies than the small examples of
this paper.
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