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Zh frqvlghu d v|vwhp zlwk d �qlwh vwdwh vsdfh vxemhfw wr frqwlqxrxv0wlph Pdunryldq ghwhulr0
udwlrq zkloh uxqqlqj/ wkdw ohdgv wr idloxuh1 Idloxuhv duh lqvwdqwdqhrxvo| ghwhfwhg1 Wklv v|vwhp
lv vxeplwwhg wr vhtxhqwldo fkhfnlqj dqg suhyhqwlyh pdlqwhqdqfh= xs0vwdwhv duh glylghg lqwr
�jrrg� dqg �ghjudghg� rqhv dqg wkh v|vwhp lv vhtxhqwldoo| fkhfnhg wkurxjk shuihfw dqg lq0
vwdqwdqhdrxv lqvshfwlrqv xqwlo lw lv irxqg lq d ghjudghg xs0vwdwh dqg vwrsshg wr eh pdlqwdlqhg
+ru xqwlo lw idlov,1 Wlph ehwzhhq lqvshfwlrqv lv udqgrp dqg lv fkrvhq dw hdfk lqvshfwlrq dffrug0
lqj wr wkh revhuyhg ghjudgdwlrq ghjuhh ri wkh v|vwhp1 Pdlqwhqdqfh gxudwlrq iroorzv jhqhudo
glvwulexwlrq1 Pdunry uhqhzdo htxdwlrqv ixo�oohg e| wkh uholdelolw| ri wkh pdlqwdlqhg v|vwhp
duh jlyhq dqg dq h{srqhqwldo htxlydohqw lv ghulyhg iru wkh uholdelolw|1 Zh suryh wkh h{lvwhqfh
ri dq dv|pswrwlf idloxuh udwh iru wkh pdlqwdlqhg v|vwhp/ zklfk zh duh deoh wr frpsxwh1 Zh
vkrz wkdw xqghu qdwxudo frqglwlrqv rq wkh suhyhqwlyh pdlqwhqdqfh srolf|/ wkh uholdelolw| dqg
wkh dv|pswrwlf idloxuh udwh ri wkh v|vwhp duh erwk lpsuryhg e| wkh suhyhqwlyh pdlqwhqdqfh
srolf|1

Nh|0zrugv= Suhyhqwlyh pdlqwhqdqfh> Vhtxhqwldo fkhfnlqj> Pdunry uhqhzdo htxdwlrq> Dv|pswrwlf
idloxuh udwh1
4 Lqwurgxfwlrq

Zh frqvlghu d v|vwhp zlwk d �qlwh vwdwh vsdfh vxemhfw wr frqwlqxrxv0wlph Pdunryldq ghwhulrudwlrq zkloh
uxqqlqj/ wkdw ohdgv wr idloxuh= w|slfdoo|/ zh duh khuh frqfhuqhg zlwk d v|vwhp iruphg ri frpsrqhqwv
zlwk frqvwdqw idloxuh udwhv/ zklfk fdqqrw eh uhsdluhg zkloh wkh v|vwhp lv uxqqlqj1 Krzhyhu/ wkh| pd|
eh uhsdluhg +ru uhsodfhg, gxulqj d vwrs ri wkh v|vwhp iru suhyhqwlyh pdlqwhqdqfh/ zlwk jhqhudo uhsdlu
udwhv1 Qr frqwlqxrxv prqlwrulqj lv shuiruphg rq wkh v|vwhp/ vr wkdw wkh vwdwh ri wkh uxqqlqj v|vwhp
lv qrw frqwlqxrxvo| nqrzq1 Krzhyhu/ idloxuhv duh lqvwdqwdqhrxvo| ghwhfwhg1 Dovr/ lw lv srvvleoh wr nqrz
wkh fxuuhqw vwdwh ri wkh uxqqlqj v|vwhp +dprqj d �qlwh qxpehu ri srvvleoh xs0vwdwhv, wkurxjk shuihfw
lqvwdqwdqhrxv lqvshfwlrqv/ zklfk gr qrw ghjudgh wkh v|vwhp1 Wkh v|vwhp lv wkhq vxeplwwhg wr wkh
iroorzlqj suhyhqwlyh pdlqwhqdqfh srolf|= wkh xs0vwdwhv duh glylghg lqwr wzr sduwv/ �jrrg� rqhv dqg
�ghjudghg� rqhv/ dqg wkh v|vwhp lv lqvshfwhg xqwlo lw lv irxqg lq d ghjudghg xs0vwdwh dqg vwrsshg wr eh
pdlqwdlqhg iru d udqgrp gxudwlrq wkdw ghshqgv rq wkh ghjudgdwlrq ghjuhh ri wkh v|vwhp1 Wlph ehwzhhq
lqvshfwlrqv pd| eh udqgrp dqg lv fkrvhq dw hdfk lqvshfwlrq dffruglqj wr wkh revhuyhg vwdwh ri wkh v|vwhp1
Vxfk d g|qdplf vxffhvvlrq ri lqvshfwlrqv kdg ehhq fdoohg vhtxhqwldo fkhfnlqj surfhgxuh e| Eduorz dqg
do1 +4<96, +wr eh rssrvhg wr shulrglf fkhfnlqj surfhgxuh,1

Wkh vdph prghol}dwlrq kdv douhdg| ehhq vwxglhg lq Frfr}}d0Wklyhqw +5333, dqg Eorfk0Phuflhu +5335,/
zkhuh wkh dxwkruv duh uhvshfwlyho| lqwhuhvwhg lq wkh dydlodelolw| dqg lq wkh phdq frvw shu xqlw wlph lq
orqj0wlph uxq1 Wkrxjk/ zh duh khuh rqo| frqfhuqhg zlwk wkh v|vwhp xs wr lwv �uvw idloxuh +zlwk srvvleoh
suhyhqwlyh pdlqwhqdqfh dfwlrqv krzhyhu, zkhuhdv vxfk sdshuv duh frqfhuqhg zlwk wkh v|vwhp lq orqj0wlph
uxq zlwk srvvleoh fruuhfwlyh pdlqwhqdqfh dfwlrqv1 Qrwh wkdw/ lq dq lqgxvwuldo frqwh{w/ lw pd| eh lqwhuhvwlqj
wr frqwuro gl�huhqw fulwhuld/ wkrxjk rswlpl}dwlrq ri wkh suhyhqwlyh pdlqwhqdqfh srolf| lv jhqhudoo| ohdg
zlwk uhvshfw wr rqh vlqjoh fulwhulrq1



Wkh surriv ri wkh gl�huhqw uhvxowv/ d qxphulfdo h{dpsoh dqg vrph pruh uhihuhqfhv pd| eh irxqg lq
Eorfk0Phuflhu dqg Urxvvljqro +5334,1
5 Qrwdwlrqv 0 Dvvxpswlrqv

Ohw 4/ 5/ 111/ p eh wkh xs0vwdwhv ri wkh v|vwhp dqg ohw p. 4/ 111/ p. s eh wkh grzq0vwdwhv1 Wkh v|vwhp
lv xs dw wkh ehjlqqlqj dqg wkhq hyroyhv lq wlph dffruglqj wr wkh Pdunry surfhvv +[w,w�3 dv orqj dv lw lv
uxqqlqj1 +Zh frqvlghu wkh grzq0vwdwhv dv devruelqj iru +[w,,1 Wkh v|vwhp doprvw vxuho| euhdnv grzq
diwhu d �qlwh wlph W lql= Sl �W lql ? .4� @ 4/ zkhuh Sl lv wkh frqglwlrqdo suredelolw|/ jlyhq wkdw wkh
v|vwhp vwduwhg iurp vwdwh l +doo 4 � l � p,1 V|pero Hl uhsuhvhqwv wkh dvvrfldwhg frqglwlrqdo h{shfwdwlrq1
V|pero +Sw +l> m,, uhsuhvhqwv wkh wudqvlwlrq vhpl0jurxs dvvrfldwhg wr +[w, = Sw +l> m, @Sl +[w @ m, +doo
4 � l> m � p. s,/ zlwk Sw +l> m, @ 3/ doo p. 4 � l � p. s/ 4 � m �p. s1

Jlyhq wkdw wkh v|vwhp vwduwhg lq vwdwh l +4 � l � p,/ zh uhfdoo wkdw lwv uholdelolw| lv=

Ulqll +w, @ Sl �W lql A w� @
p[
m@4

Sl +[w @ m, @
p[
m@4

Sw +l> m, +doo w � 3,

H{srqhqw lql khuh uhihuv wr wkh lqlwldo ru xqpdlqwdlqhg v|vwhp/ wr eh rssrvhg wr wkh pdlqwdlqhg
v|vwhp/ vxeplwwhg wr wkh iroorzlqj suhyhqwlyh pdlqwhqdqfh srolf|=

Wkh xs0vwdwhv duh glylghg ehwzhhq �jrrg� xs0vwdwhv= 4> ===> t dqg �ghjudghg� rqhv= t . 4> ===>p/ zlwk
t d �{hg lqwhjhu vxfk wkdw 4 � t � p� 41

Ohw �4/ �5/ 111/ �p eh vrph suredelolw| glvwulexwlrqv rq U. vxfk wkdw U .43 w=�l +gw, A 3/ doo 4 � l � p1
Qrz/ ohw V3 @ 3 dqg ohw V4 eh d udqgrp yduldeoh lqghshqghqw ri wkh hyroxwlrq ri wkh v|vwhp/ zlwk �[3dv glvwulexwlrq +zh uhfdoo wkdw [3 5 i4> ===>pj,1 Dv orqj dv wkh v|vwhp lv qrw idlohg/ lw lv lqvwdqwdqhrxvo|

lqvshfwhg e| wlph V4/ V5/ 111/ Vq/ 111 uhfxuvlyho| gh�qhg lq wkh iroorzlqj zd| +doo q 5 Q�,=
� Li [Vq @ m 5 i4> ===> tj/ wkh v|vwhp lv lq d �jrrg� xs0vwdwh1 Zh gr qrwklqj exw fkrrvlqj wkh wlph
wr qh{w lqvshfwlrq= qh{w lqvshfwlrq zloo wdnh sodfh dw wlph Vq.4 @ Vq .Xq/ zkhuh Xq lv d udqgrp
yduldeoh zlwk �m iru glvwulexwlrq/ lqghshqghqw ri wkh suhylrxv hyroxwlrq ri wkh v|vwhp ehiruh Vq1
+Wkh udqgrp yduldeoh Xq rqo| ghshqgv rq wkh vwdwh [Vq @ m ri wkh v|vwhp dw wlph ri lqvshfwlrq
Vq,1

� Li [Vq @ m 5 it . 4> ===>pj/ wkh v|vwhp lv lq d �ghjudghg� xs0vwdwh1 Wkh v|vwhp lv vwrsshg dqg
d pdlqwhqdqfh dfwlrq lv lqvwdqwdqhrxvo| ehjxq1 Wklv pdlqwhqdqfh dfwlrq ohdyhv wkh v|vwhp lq d
vwdwh zklfk lv dvvxphg wr eh lqghshqghqw ri wkh suhylrxv hyroxwlrq ri wkh v|vwhp ehiruh Vq dqg wkh
v|vwhp vwduwv djdlq lq wkh xs0vwdwh n +4 � n �p, zlwk suredelolw| G +m> n,1 Jlyhq wkdw wkh v|vwhp
vwduwv djdlq lq vwdwh n/ wkh gxudwlrq ri wkh pdlqwhqdqfh dfwlrq kdv wkh vdph glvwulexwlrq �m>n dv d
udqgrp yduldeoh Pm>n/ lqghshqghqw ri wkh suhylrxv hyroxwlrq ri wkh v|vwhp1 Wkh v|vwhp fdqqrw idlo
gxulqj d pdlqwhqdqfh dfwlrq1

Diwhu d suhyhqwlyh pdlqwhqdqfh dfwlrq/ d qhz vhtxhqfh ri lqvshfwlrqv lv ehjxq/ uhfxuvlyho| gh�qhg lq
wkh vdph zd| dv iurp wkh ehjlqqlqj1

Wkh wlph wr idloxuh ri wkh pdlqwdlqhg v|vwhp lv uhsuhvhqwhg e| W vr wkdw wkh uholdelolw| ri wkh pdlq0
wdlqhg v|vwhp ohdylqj iurp vwdwh l +doo 4 � l � p, lv Ul +w, @Sl +W A w,1
6 Pdunry uhqhzdo htxdwlrqv

Ohw � uhsuhvhqw wkh frqyroxwlrq ehwzhhq wzr phdvxuhv dqg ohw S� +l> m, �l eh wkh phdvxuh zlwk ghqvlw|
Sv +l> m, zlwk uhvshfw wr �l +gv, +qdpho|= +S� +l> m, �l, +gv, @ Sv +l> m, �l +gv,,1 Xvlqj vrph uhqhzdo surshuw|
dffruglqj wr zkdw kdsshqv e| wlph V4 ri wkh �uvw lqvshfwlrq +zkhqhyhu lw wdnhv sodfh,/ zh jhw wkh iroorzlqj
uhvxow=



Wkhruhp 4 Wkh uholdelolw| ri wkh pdlqwdlqhg v|vwhp Ul +w, ohdylqj iurp vwdwh l ixo�oov wkh iroorzlqj
Pdunry uhqhzdo htxdwlrqv=

Ul +w, @ Jl +w, .
p[
m@4

]
^3>w`

Um +w� v, �l>m +gv, +doo 4 � l � p, +4,

zlwk
�l>m +gv, @ 4i4�m�tjSv +l> m, �l +gv, .

p[
n@t.4

G +n> m, �+S� +l> n, �l, � �n>m
� +gv, +5,

Jl +w, @ Ulqll +w,Sl +V4 A w, .
p[

n@t.4

p[
m@4

]
^3>w`

�l +gv,�n>m +`w� v>.4^,Sv +l> n,G +n> m, +6,

7 Dv|pswrwlf ehkdylrxu ri wkh uholdelolw|

Iurp wkrvh Pdunry uhqhzdo htxdwlrqv/ zh qrz ghulyh vrph lqglfdwlrqv rq wkh dv|pswrwlf ehkdylrxu ri
wkh uholdelolw| ri wkh pdlqwdlqhg v|vwhp1 Zh �uvw qrwh wkdw v|pero �l>m +gv, wkdw dsshduv lq +4, lv qrw d
vhpl0Pdunry nhuqho lq wkh vhqvh wkdwSp

m@4
U.4
3 �l>m +gv, ? 41 Wkh uhvxowv ri wklv Vhfwlrq duh wkhq edvhg

rq Dvpxvvhq +4<;:,/ Fkdswhu [/ Wkp 519= wkh lghd lv wr wudqvirup htxdwlrqv +4, wr erlo grzq wr qhz
htxdwlrqv dvvrfldwhg wr d wuxh vhpl0Pdunry nhuqho/ dqg wkhq dsso| wkh nh| uhqhzdo wkhruhp +ru vrph
jhqhudol}dwlrq,1 Lq wkdw dlp/ zh gh�qh/ iroorzlqj Dvpxvvhq/ wkh pdwul{ �D� @

�
d�l>m
�
4�l>m�p vxfk wkdw

d�l>m @
] .4

3
h�x�l>m +gx, @ 4i4�m�tjHl �h�V4SV4 +l> m,

�.
p[

n@t.4
Hl �h�V4SV4 +l> n,

�H �h�Pn>m�G +n> m,

dqg zh jhw=
Wkhruhp 5 Ohw xv dvvxph wkdw=;AAAAAAAAA?

AAAAAAAAA=

+K4, Pdwul{ �D3 kdv jrw dq luuhgxfleoh frpsrqhqw L/
+K5, Wkh Odsodfh wudqvirup ri �l lv frqyhujhqw rq U +doo l 5 L,/
+K6, Wkh Odsodfh wudqvirup ri �n>m lv frqyhujhqw rq U
+doo t . 4 � n � p/ m 5 L vxfk wkdw G +n> m, A 3,/
+K7, Wkhuh lv vrph m3 lq L dqg vrph n3 +t . 4 � n3 �p,
vxfk wkdw G +n3> m3, A 3 dqg vxfk wkdw phdvxuh �n3>m3dgplwv d ghqvlw| wrzdugv Ohehvjxh phdvxuh1

Wkhq/ wkhuh lv vrph �3 vxfk wkdw D�3 kdv vshfwudo udglxv 4 +�3 A 3,/ zkhuh D�3 @
�
d�3l>m
�
+l>m,5L5 1 Iru

vxfk d �3/ ohw ��3 dqg ��3 srvlwlyh frpsrqhqwzlvh vxfk wkdw D�3��3 @ ��3 dqg ��3D�3 @ ��31 Wkhq=

olpw$.4 h�3wUl +w, @ ��3l
S

m5L ��3m
U4
3 h�3xJm +x,gxS

l5L
S

m5L ��3l ��3m
U4
3 x=h�3x�l>m +gx,

@+vd|, Ol / doo l 5 L

zlwk
3 ? Ol ? .4

Dv luuhgxflelolw| ri �D3 lv uhtxluhg iru wkh nh| uhqhzdo wkhruhp/ zh duh ohdg wr dvvxph wkh h{lvwhqfh
ri dq luuhgxfleoh frpsrqhqw L iru �D3 +K4, dqg wr dsso| wkh uhvxowv ri Dvpxvvhq +4<;:, rq wkh vhw L1
Dvvxpswlrqv +K5, dqg +K6, hqvxuhv xv zlwk wkh h{lvwhqfh ri �3 vxfk wkdw D�3 kdv vshfwudo udglxv 41 Wr
dsso| wkh nh| uhqhzdo wkhruhp/ zh dfwxdoo| xvh dowhuqdwlyh frqglwlrqv wr wkrvh xvhg e| Dvpxvvhq dqg
zh vkrz wkdw/ xqghu +K5�6,/ wkh ixqfwlrq h�3wJ�3l +w, lv erxqghg/ Ohehvjxh0lqwhjudeoh dqg whqgv wr }hur
zkhq w jrhv wr lq�qlw|1 Xqghu +K5�7,/ lw pd| dovr eh vkrzq wkdw wkh frqglwlrq ri dshulrglflw| lv fkhfnhg
wrr1

Xqghu dvvxpswlrqv +K4�6,/ zh zloo qrz uhihu wr v|pero �3 lq wkh iroorzlqj zlwkrxw dq| pruh suhflvlrq1



8 Dv|pswrwlf idloxuh udwh

Xqghu +K4�7, dqg iru l 5 L/ zh zulwh wkh dv|pswrwlf idloxuh udwh lq wkh iroorzlqj zd|=

olpw$.4 olpk$3.
4
kSl +W � w. kmW A w, @ � olpw$.4 h�3wU3.l +w,

olpw$.4 h�3wUl +w,
zkhqhyhu wkh uljkw0kdqg ghulydwlyh U3.l +w, ri Ul +=, dqg olplw lq qxphudwru h{lvw1

Lq rughu wr suryh wkh h{lvwhqfh dqg wr frpsxwh wklv h{suhvvlrq/ zh �uvw vkrz wkh h{lvwhqfh ri U3.l +w,
dqg jhw Pdunry uhqhzdo htxdwlrqv iru U3.l +w,1 Zh wkhq ghulyh olpw$.4 h�3wU3.l +w, lq wkh vdph zd| dv
iru Ul +w, +zlwk wkh vdph �3,1 Zh jhw=
Wkhruhp 6 Xqghu dvvxpswlrqv +K4�7,= li wkh v|vwhp vwduwv iurp d vwdwh l lq L/ �3 lv wkh dv|pswrwlf
idloxuh udwh iru wkh pdlqwdlqhg v|vwhp/ qdpho|=

�3 @ olpw$.4 olpk$3.
4
kSl +W � w. kmW A w, doo l 5 L

9 Frpsdulvrq ehwzhhq wkh lqlwldo dqg wkh pdlqwdlqhg v|vwhp

Zh vkrz khuh wkdw/ dv h{shfwhg/ li wkh v|vwhp lv lq d �ehwwhu� vwdwh diwhu d pdlqwhqdqfh dfwlrq wkdq ehiruh
+vhh +8, mxvw ehorz,/ wkhq/ wkh suhyhqwlyh pdlqwhqdqfh srolf| lpsuryhv wkh uholdelolw| ri wkh v|vwhp +dq|
wlph,1 V|pero !vwr vwdqgv iru wkh xvxdo vwrfkdvwlf rughulqj1 V|pero G +n> =, lv wkh nwk urz ri pdwul{ G
dqg uhsuhvhqwv wkh glvwulexwlrq ri wkh udqgrp vwdwh lq zklfk wkh v|vwhp vwduwv djdlq diwhu d pdlqwhqdqfh
dfwlrq wkdw ehjdq lq vwdwh n/ zkhuhdv v|pero �n lv wkh Gludf phdvxuh rq i4> ===>pj dw vwdwh n1
Wkhruhp 7 Xqghu dvvxpswlrqv +K4�7, dqg zlwk wkh vdph qrwdwlrqv/ li/ dgglqjo|=

Ulqll +w, �
p[
m@4

G +l> m,Ulqlm +w, / doo t . 4 � l � p +8,

ru li erwk
Ulqll +w, � Ulqll.4 +w, / doo w � 3/ 4 � l � p� 4 +9,

dqg
G +n> =, !vwr �n/ doo t . 4 � n � p +:,

duh wuxh/ wkhq=
Ulqll +w, � Ul +w, / doo l 5 L> w � 3 +;,

Ehvlghv/ li �lql h{lvwv vxfk wkdw olpw$.4 h�lqlwUlqll +w, lv �qlwh dqg srvlwlyh +doo l 5 L,/ wkhq= �3 � �lql

Li wkh vwdwhv duh udqnhg dffruglqj wr wkhlu lqfuhdvlqj ghjudgdwlrq ghjuhh dffruglqj wr +9,/ dvvxpswlrq
+:, wkhq lv dq dowhuqdwlyh wr +8,/ vrphzkdw hdvlhu wr fkhfn1
Uhihuhqfhv
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