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1. Modeling in electro-cardiology

Université de Nantes
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Microscopic structure

H ⊂ R3 : heart volume,
H = Hi ∪He ∪ Γm.

Hi, He : intra, extra cellular domains,
Γm : active cellular membrane.

Hi

Hi

He

He
Γm

Γm

φi : Hi 7→ R
φe : He 7→ R : intra, extra cellular potentials,

V = φi − φe : Γm 7→ R : transmembrane potential.
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Macroscopic structure : the bidomain model.
Schmitt (1969), Tung (1978).

Using a homogenization process, at a macroscopic scale :

H = Hi = He = Γm ,

V, φi, φe : H 7→ R

Fibrous structure of the muscular tissue =⇒ anisotropy :

Gi : Hi 7→ R3×3

Ge : He 7→ R3×3

intra, extra cellular tensors of conductivity (non constant)
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Bidomain model : equations

Bidomain model, evolution equation :

• Iion = Iion(V,w) : Γm 7→ R : ionic current across the membrane,

(homogenized Kirchhoff laws on the active membrane)

Am (Cm ∂tV + Iion) = −div (Ge∇φe)

• Cm : membrane capacitance per surface unit,

• Am � 1 : membrane surface ratio per volume unit.

Balance equation :

(homogenized current conservation on the membrane)

div (Gi∇φi) + div (Ge∇φe) = 0
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Limit conditions

T
n∂HH

n∂Ω
Γ0

Coupled heart/torso model :

Torso model + coupling relations on ∂H.

Isolated heart model :

Gi∇φi · n = 0 = Ge∇φe · n on ∂H .
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Main difficulties.

1. multi scale variables ⇒ rapid/slow dynamics,

2. anisotropy, two different tensors Gi and Ge on the same domain,

3. heart torso coupling,

4. general and unstructured meshes.
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Monodomain model.

Assuming the same type of anisotropy in the intra and extra cellular domains :

∀ x ∈ H : Gi(x) = λGe(x) ,

the two bidomain equations simplify in one single parabolic reaction diffusion
equation :

Am (Cm ∂tV + Iion) = div (G∇V )

Simplified Ionic current model : cubic like expression,

Iion(V,w) = Λ (V − V1) (V − V2) (V − V3) , V1 < V2 < V3

dw

dt
= g(V,w) .
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2. Stability analysis of the monodomain model

H ⊂ Rd, d = 1, 2, 3, bounded open set.

ε ∂tV =ε2div (G∇V ) + f(V,w)

∂tw =g(V,w)

With ε � 1 : ε ' 10−2, 10−3.

+ Neumann homogeneous boundary condition for V

+ Initial condition for V and w.
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Invariant rectangle for the associated ODE

ε ∂tV =f(V,w)

∂tw =g(V,w)

1a

V

Σ

f(V,w) = 0

g(V,w) = 0
w
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Invariant rectangle for the monodomain model

Lemma 1. If V has a local maximum in x ∈ H :

div (G∇V ) (x) ≤ 0
Moreover assuming

• a homogeneous Neumann boundary condition on V : G∇V · n = 0 on ∂H,

• an “adapted” boundary condition on the tensor G :

Theorem 1.

Invariant rectangle for the associated ODE

=

invariant rectangle for the monodomain model.
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4. Admissible finite volumes approximations

H

K

σ

nσ, K

The mesh T :

 K ∈ T : cells recovering H

σ : interfaces
.

The approximations : V ∈ L2(T ), V (x) = VK for x ∈ K.
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Space discretization

1
|K|

∫
K

div (G∇V ) dx =
1
|K|

∑
σ⊂∂K

∫
σ

G∇V · nσ, K

• GK : discrete tensor constant on cells.

H

σ

yσ

K

xK GKnσ, K

A : L2(T ) 7→ L2(T ) discrete diffusion operator :

(AV )K =
1
|K|

∑
σ⊂∂K

τσ (VL − VK) , τσ > 0
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Stability for the space discretized scheme

ε dVK/dt =ε2(AV )K + f(VK, wK)

dwK/dt =g(VK, wK)

Lemma 2. If V has a maximum on the cell K ∈ T :

(AV )K ≤ 0

Theorem 2.

Invariant rectangle for the associated ODE

=

invariant rectangle for the finite volume
space discretized approximations.
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Stability for Euler explicit and semi implicit schemes.

Diffusion term ⇒ explicit or implicit discretization.
Reaction terms ⇒ explicit discretization.

Theorem 3. Assuming the following stability condition :

Semi implicit Euler scheme : ∆t Creac ≤ ε
Explicit Euler scheme : ∆t

(
ε2 Cdiff + Creac

)
≤ ε

Invariant rectangle for the associated ODE
=

invariant rectangle for the discrete scheme.

Cdiff = sup
K∈T

1
|K|

∑
σ⊂∂K

τσ .
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Convergence of the discrete schemes

Theorem 4. V (x, t) solution of the continuous problem

V n
K discrete approximation on the mesh T , ∆t

(Euler explicit or semi implicit)

if ∆t satisfies the stability condition associated with T :

‖V − V ‖L2 ≤ C h

where : h = max∆t, diam(T )

C constant independent of the discretization.
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Numerical simulation : a 3D example, isotropic case.

fig 1. Action potential propagation through the myocardium.
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