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Abstract. During the initially exponential spread of the human immuno- 
deficiency virus (HIV-- the  causative agent of AIDS) the growth rate of the 
number of AIDS cases decreases from plus infinity to the growth rate of HIV 
infections. A sensitivity analysis shows that for all reasonable values of the 
parameters of the HIV epidemic (incubation period, initial doubling time, 
etc.) the effect of this positive transient becomes negligible when the annual 
number of AIDS cases reaches a few dozen. Necessary and sufficient condi- 
tions are given for the growth rate of the number of AIDS cases to be 
monotonically decreasing during the positive transient. A mildly pathological 
density function for the incubation period of AIDS provides an example of 
a growth rate of AIDS that does not decrease monotonically, even though 
HIV is spreading exponentially. A negative transient occurs when the growth 
rate of HIV begins to decrease. In this context a somewhat surprising result 
emerges under the assumption that the growth rate of HIV is non-increasing: 
the growth rate of AIDS is at all times larger than the growth rate of HIV. 
A logistic HIV epidemic illustrates this result, and implications for the 
growth of the HIV epidemic in the United States and Europe are discussed. 
In particular, it is shown that the positive transient must have passed by 1982 
in the United States and by 1986 or 1987 for the five European countries with 
the largest caseloads. 

Key words: Human immunodeficiency virus ( H I V ) -  Acquired immuno- 
deficiency syndrome (AIDS) - -  Transient 

1. Introduction 

It is now well established that the acquired immunodeficiency syndrome (AIDS) 
is the delayed manifestation of exposure to the human immunodeficiency virus 
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type 1 (HIV-1, referred to as HIV in the sequel) (Barre-Sinoussi et al. 1983; Gallo 
et al. 1983). Since the early 1980s a considerable body of literature has emerged 
on the modeling of the HIV/AIDS epidemic. Most recently, the transmission 
dynamics of HIV were investigated by Anderson et al. (1986), May and Anderson 
(1987), Dietz (1988), Anderson and May (1988), Anderson (1988a), Blythe and 
Anderson (1988a,b,c), Hyman and Stanley (1988), Nahmias (1989), De Gruttola 
and Lange (1989), Bailey (1988), Castillo-Chavez et al. (1989), Longini et al. 
(1989), Wiley and Herschkorn (1989), Eisenberg (1989), Tan and Hsu (1989), 
Taylor (1989). Reviews can be found in Anderson (1988b) and Isham (1988). 

Models that emphasize the sexual behavior of the at-risk population were 
proposed by Abramson (1988), Abramson and Rothschild (1988), and Blythe 
(1989) among others. Several computer models simulate the dynamics of HIV/ 
AIDS in specific risk groups or areas (Hethcote 1989; Cooley et al. 1989; Ahlgren 
et al. 1989; Stigum et al. 1989; Bolz et al. 1989; Stanley et al. 1989; Siegel et al. 
1989; van Druten et al. 1989). 

Because of the incubation period between infection and the onset of AIDS 
the densities of new HIV-infectives [h(t)] and new AIDS cases [a(t)] are translated 
one from the other with a lag approximately equal to the mean incubation period 
of AIDS. Recent estimates suggest that this mean is between 8 and 10 years 
although some believe it could be as long as 15 or even 18 years (Medley et al. 
1987; Lui et al. 1988; Bacchetti and Moss 1989; Rees 1987; Greatbatch and 
Holmes 1989). 

If for example the incubation period were exactly eight years for all infected 
individuals, then, in the absence of competing risks of death during the incuba- 
tion period, the two densities h(t) and a(t) of new HIV-infectives and new AIDS 
cases would be related by the equation a(t + 8) = h(t). In such a case both curves 
would have exactly the same shape and size with simply a lag of eight years 
between them. In reality of course the incubation period is a random variable 
with a probability distribution function p(t). In such a case a(t) and h(t) are 
related by the well-known integral equation (Hyman and Stanley 1988) 

a(t) = h(t - u)v(u) du. (1.1) 

This equation gives the density of new AIDS cases a(t) in an HIV epidemic that 
starts at t = 0. The probability distribution function p(t) is defined on the interval 
(0, co) where 09 is the maximum incubation period. (Therefore when t > co the 
upper limit t in the integral of Eq. (1.1) can be replaced by co.) 

Equation (1.1) assumes (a) that the incubation period does not change 
through time, and (b) that all infected individuals will eventually develop AIDS. 
Both assumptions will be made throughout this paper: the first one mainly for 
sake of simplicity and because nothing is known on trends in the incubation 
period. The second one because it is now believed that all infected persons may 
indeed develop AIDS (Anderson and May 1988). Equation (1.1) also assumes 
that there is no mortality between exposure to HIV and onset of AIDS. This 
assumption implies that at the end of the epidemic the cumulative number of 
infections will be equal to the cumulative number of AIDS cases. 
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The cumulative number of infected individuals up to time u will be denoted 
H(u) and is the integral of h(t) from 0 to u. Similarly A(u) is the cumulative 
number of AIDS cases up to u, and is the integral of a(t) from 0 to u. If h'(t) and 
a'(t) are the derivatives of h(0 and a(t) then the per capita growth rates Gh(t) and 
G~(t) of the densities h(t) and a(t) a r e  Gh(t ) = h'(t)/h(t) and Ga(t) = a'(t)/a(t). 
Similarly G/c(t) = h(t)/H(t) and GA(t) = a(t)/A(t) are the per capita growth rates 
of the cumulative incidences H(t) of HIV infection and A(t) of AIDS cases. The 
doubling time td of the cumulative number of infected persons is In 2/GH(t). A 
similar result holds for the doubling time of the cumulative number of AIDS 
c a s e s .  

My purpose is to examine rigorously the relationship between the two 
epidemic curves a(t) and h(t) in light of Eq. (1.1). I will focus specifically on the 
transitional effects in the growth of a(t) which have been described in a recent 
important article by Gonzalez and Koch (1987). Thege are two types of 
transitional effects: positive transients and negative transients. 

Gonzalez and Koch call positive transient the phenomenon by which the 
doubling time of the cumulative number of AIDS cases A(t) increases during the 
years immediately following the onset of an exponentially growing HIV epidemic 
within a particular risk group or compartment. Equivalently, the growth rate 
GA(t) of A(t) decreases, and after a few years reaches the growth rate of h(t). 
Gonzalez and Koch correctly warn against an erroneous interpretation of an 
initially decreasing growth rate of AIDS cases since such a decrease is merely a 
positive transient that occurs while the spread of HIV is still exponential. 
Negative transients in the AIDS curve appear when "the rate of spread of the 
virus declines". A positive transient thus occurs at the onset of the HIV epidemic, 
whereas a negative transient occurs whenever the growth of the number of 
HIV-infectives becomes less than exponential. A typical example is depicted in 
Fig. 1 which shows the natural logarithms of the cumulative incidences H(t) and 
A(t) where H(t) grows logistically. A logistic function for the cumulative 
incidence of HIV infection captures the dynamics of an epidemic that grows at 
first exponentially, then linearly, and finally levels off when all susceptibles have 
been infected. 

If one recalls that the growth rates are given by the slopes of the curves 
In H(t) and In A(t) the transient effects become apparent in Fig. 1. The positive 
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transient occurs during the initial exponential phase of the epidemic when the 
growth rate of H(t )  is constant. At first the growth rate of A(t)  is larger than that 
of H(t)  (steeper slope for In A(t)) but then it decreases over the next 3-4 years 
(decreasing slope) until it becomes equal to the growth rate of H(t)  (equal slopes, 
i.e., parallel curves). The negative transient occurs when the growth rate of H(t)  
decreases. Figure 1 shows that the growth rate of A(t)  then also decreases, but 
more slowly and later since by virtue of Eq. (1.1) the number of AIDS cases is 
an average of HIV infections over the past co years. 

Equation (1.1) implies that 

a'(t) = h'(t  - u)p(u) du + h(O)p(t). (1.2) 

Division of both sides of this equation by a(t) of Eq. (1.1) yields 

Ga(t) = a'( t) /a(t)  = St° Gh(t -- u)h(t - u)p(u) du + h(O)p(t).. (1.3) 
~ h(t - u)p(u) du a(t) 

Equation (1.3), which is general and makes no particular assumption on p(t)  
or the growth of the number of infectives h(t) shows that the growth rate Ga(t) 
is the sum of two terms: (a) an average of Gh(') over the interval (0, t) [or 
(t -co, t) when t > co] and (b) the term h(O)p(t)/a(t). Equation (1.3) will be the 
starting point of the study of both positive and negative transients in the AIDS 
epidemic. 

2. Positive transients 

2.1. The growth rates o f  the number o f  A I D S  cases 

In order to study positive transients we assume that the HIV epidemic begins at 
t = 0 with an exponentially growing density h(t) = K exp(rt). Then Gh(O = r and 
the cumulative number of infected individuals H(t)  is K[exp(rt) - 1]/r. It should 
be noted that H(t )  could not itself be an exact exponential. Indeed, if H(t)  were 
equal to K' exp(r't) [for some K', r'] then the density h(t) would have to 
approach + ~  for t close to 0. (However the cumulative incidence 
H(t)  = K [ e x p ( r t ) -  1]/r will be essentially exponential as soon as 1 becomes 
negligible compared to exp(rt).) 

With an exponentially growing HIV epidemic h ( t ) =  K exp(rt), the density 
a(0 is 

K exp(rt) f0 t exp(-ru)p(u) du. (2. I) a( t ) 

Given that Gh(t) = r, the growth rate Ga(t) of Eq. (1.3) is 

Kp(t) p(t) 
Ga(t) = r + a(t) = r + exp(rt) S~ exp(-ru)p(u) du" (2.2) 

The growth rate Ga(t) of the cumulative number of AIDS cases can be 
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calculated after noting that A(t) satisfies an equation formally identical to Eq. 
(1.1) in which a(t) and h(t) are replaced by their uppercase counterparts, i.e., 

10 A(t) = a(u) du = I-I(t - u)p(u) du = a(O/r - KF(t)/r (2.3) 

where F(0  is the cumulative distribution function of the incubation period (i.e., 
the integral ofp(u) from 0 to t). The last equality of Eq. (2.3) stems from the fact 
that H(t) = K[exp(rt) - l]/r. Equation (2.3) yields 

A ( t ) = K [ e x p ( r t ) f o ' e X p ( - r u ) p ( u ) d u - f : p ( u ) d u  ] (2.4) 

and therefore 

a(t) r 
Ga(t) - A(t~) 1 - Stop(u) du (2.5) 

exp(rt) Sh exp( - ru)p(u) du 

Given that p ( t ) = 0  for t >09 Eq. (2.2) shows that Ga(t)= r for t >o9. 
Therefore, as soon as t > o9 the density of AIDS cases a(t) grows exponentially 
with growth rate r. As soon as t reaches o9 the Values of the integrals on the 
right-hand side of Eq. (2.5) remain constant and the exponential quantity exp(rt) 
makes GA(t) approach r as t tends to infinity. 

This difference between the two rates is of some interest. The growth rate 
Ga(t) of the density a(t) is an instantaneous measure of the growth of the AIDS 
epidemic that becomes exactly equal to r for t > to. The growth rate Ga(t), on the 
contrary, carries information on the history of the epidemic since its beginning 
and approaches r only asymptotically. 

One way to assess the impact and duration of the transient effect at time t is 
to calculate Pa(t)= lO0(Ga(t)/r- 1) and PA(t)= lO0(GA(t)/r-  1): these func- 
tions tell us at every time t by how many percentage points the growth rates Ga(t) 
and GA(t) exceed the initial growth rate r of the spread of HIV. 

In order to investigate the functions Pa(t) and Pa(t) analytically the density 
function p(t) of the incubation period still needs to be specified; p(t) will be taken 
from the Weibull family of curves which has been used as a model for the density 
function of the incubation period (Lui et al. 1986; Lui et al. 1988). The Weibull 
density is of the form p ( x ) = ~ v - r x r - l e x p ( - [ x / v ]  r) where ~ is the shape 
parameter and v the scale parameter which is equal to #/(ln 2) 1/r (where/~ is the 
median incubation period). A shape parameter 7 equal to 2.6 was obtained on 
the basis of a study of homosexual/bisexual men in San Francisco (Lui et al. 
1988). The Weibull density for a median of 8 years appears in Fig. 2. 

Typical trajectories of P~(t) = lO0(Ga(t)/r - 1) and PA(t) = lO0(GA(t)/r -- 1) 
(where G~(t) and GA(t) are given by Eqs. (2.2) and (2.5)) are depicted in Fig. 3. 
The doubling time td of the density of new HIV infections is taken equal to 8 
months which corresponds to a value of r equal to 12(ln 2)/8 = 1.04. 

Figure 3 shows that the two functions are monotonically decreasing and that 
PA(t) remains larger than P~(t) for all t (i.e., GA(t) >1 G~(t)). Although this has 
been found to be true for practical purposes (i.e., for any reasonable density 
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Fig. 2. Density function of  a 
WeibuU distribution with 
median 8 years and shape 
parameter 7 = 2.6 

function P(0 and growth rate r) it will be seen from a theorem given below that 
such a result is not true in general. 

In the deterministic approach considered here, the incidence a(t) of AIDS 
cases is an expected value that will be less than 1 at the beginning of the 
epidemic. In the example of Fig. 3 the cumulative (expected) incidence A(0 of 
AIDS cases reaches 1 only 5 years into the HIV epidemic, and is equal to 38 after 
8 years (the number H(8) of infections is 3939). Therefore, in a stochastic 
modeling of the transition from HIV infection to full-blown AIDS there are 
several years following the onset of the HIV epidemic without a single AIDS 
case. Simulations show that the early AIDS epidemic is then characterized by 
numbers of cases fluctuating between 0, 1, 2, etc. The corresponding observed 
growth rate of the cumulative number of AIDS cases thus also fluctuates 
erratically and approaches its expected value Ga(t) only when the number of 
cases reaches a few dozen or a few hundred. 

2.2. Sensitivity analysis 

(i) Sensitivity to the number o f  A IDS  cases a(t) when nothing else is known. The 
percentage Pa(t) has a particularly simple expression since Eq. (2.2) shows that 
Pa(t) = lOOKp(t)/ra(t). For a given time t a lower bound for r and upper bounds 
for the quantities K and p(t) can be derived. It will then be possible to obtain an 
upper bound for Pa(t) when only a(t) is known. 
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corresponding to a doubling time t d of  8 
months; p(t) is taken from the Weibull 
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Given the variance that must exist in the incubation period the density 
function P(O will certainly never be more than 0.2 or 0.3 for any t (see Fig. 2). 
The initial number K of HIV infections may be 5 or 10. (Although K could be 
as small as 1, since the epidemic may start with a single individual; however one 
cannot discount the possibility of a source of infection starting with a small 
cluster of say 5 or 10 homosexuals returning at about the same time from a 
country where they have been infected with HIV.) 

The doubling time td can be assumed not to exceed 16 months (May and 
Anderson 1987); this implies that r is no less than 12(In 2)/16 = 0.520. The term 
lOOKp(t)/r is then no more than 100 x 10 x 0.3/0.52 = 577. When nothing is 
known on K, p(t) and r, the inequality Pa(t) ~ 577/a(0 insures that P#(t) falls 
below one percent as soon as the density a(t) reaches 577 [for a(t) = 100, 500, 
and 1 000, the upper bound 577/a(t) for Pa(t) is 5.77, 1.15, and 0.58%, respec- 
tively]. 

This result can be used to shed light on the duration and timing of the 
positive transience in countries with fairly accurate data on AIDS cases. In the 
United States there were about 1 000 new AIDS cases in 1982 (but less than 300 
in 1981). I f  H I V  were still spreading exponentially in 1982, then the above results 
shows that the positive transient must have been essentially over by then since 
Pa(t) was less than 577/1 000 = 0.58%. 

The Federal Republic of Germany and France had more than 500 new AIDS 
cases in 1986. This threshold was reached in 1987 by Italy, Spain, and the United 
Kingdom (WHO Collaborating Center on AIDS 1989). With 500 cases and an 
exponentially spreading HIV epidemic the growth rate of AIDS cases is at most 
1.15% above that of the number of HIV-infectives. This shows that by 1986 or 
1987 the positive transient must have been almost over in those five European 
countries with the largest caseloads. 

These results are predicated on the crucial assumption that HIV was growing 
exponentially during the early phase of the epidemic. Although an early exponen- 
tial increase is a cornerstone of many mathematical models of the spread of 
infectious diseases, it is possible that the spread of HIV does not follow this law. 
Anderson and May (1987) have reported linear patterns in the carly rise in 
seropositivity among geveral cohorts of homosexual/bisexual men and drug 
addicts in the United States and Europe. 

The bound P~(t) ~< 577/a(t) is valid for any reasonable density function P(O, 
for any K ~< 10, and for any t d ~ 16 months, and does not require the knowledge 
of the time at which the HIV epidemic began. The bound is therefore necessarily 
crude, as will be seen in the next section devoted to a sensitivity analysis in which 
all the parameters are assumed known. It will then become apparent that P~(t) 
often becomes less than one percent for values of a(t) much less than 500. 

(ii) Sensitivity to I~, ~, and t d. The functions G#(t) and Ga(t) (and therefore the 
percentages P#(t) and PA(t)) can be calculated from Eqs. (2.2) and (2.5) using 
simple numerical integration techniques. This will be done for different values of 
the parameters/~, ?, and t d :/.t ----- 8, 10,  and 12 years, ~ = 2.3, 2.6, and 2.9, td = 6, 
8, 10 months. These parameter values cover plausible ranges that reflect our 
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current state of knowledge concerning the density p(t) and the doubling time ta 
(May and Anderson 1987). 

The percentages Pa(t) and PA(t) were calculated at t = 8 years. Eight years 
was found to be a reasonable time horizon to measure the overall effect of the 
positive transient. Indeed, if t were taken equal to 7, the expected number of 
AIDS cases for the longer median incubation period (e.g., # = 12 years) and the 
slower HIV epidemic (e.g., td = 10) would be less than 1 and the values of  Pa(t) 
and PA(t) therefore not very meaningful. For t larger than 8 the cumulative 
number of HIV-infectives for the faster epidemic (td = 6) would become unrealis- 
tically large. 

It can readily be seen from Eqs. (2.2) and (2.5) that for fixed t both Ga(t)/r 
and GA(t)/r (and therefore both P~(t) and PA(t)) are decreasing functions of  r, 
i.e., increasing functions of td. The sensitivity to # and ~ is less transparent, 
though. 

Table 1 below gives the percentages Pa(8) and Pa(8) as well as the corre- 
sponding cumulated numbers of infections H(8) and of AIDS cases A(8). (The 
fifth row of the table corresponds to the case described in Fig. 3.) For td = 6, 8, 
and 10 months the numbers of  infectives H(8) at 8 years are 47 272, 3 939, and 
932. The corresponding AIDS cases A(8), as well as the percentages Pa(8) and 
PA(8) depend on the parameters # and ~ of the density p(t). The initial number 
K of HIV-infectives at t = 0 was taken equal to 1. The value of K affects 
multiplicatively the incidences H(t) and A(t) but does not affect the values of 
Pa(t) and PA(t) as can be seen from Eqs. (2.2) and (2.5). 

The following conclusions can be drawn from Table 1: 

(1) The table shows that PA(8) is roughly three to six times larger than Pa(8), 
depending on the parameter values. This confirms an earlier observation, namely 
that the transient effect persists longer when looking at the growth rate of the 
cumulative number of cases, than when looking at the density of new AIDS 
cases. One can loosely argue that this difference stems from the fact that the 
cumulation A(t) carries information on the history of the epidemic, including the 
early period during which the transient effect was strong; the density a(t) is less 
sensitive to the early history of the epidemic. 

(2) The duration of the transient effect is much more sensitive to the doubling 
time t d than to the parameters/ t  and y. With a shorter doubling time both the 
HIV epidemic and the epidemic of AIDS cases grow faster and the positive 
transient passes more quickly. For example if # = 8, y = 2.6, and td = 6 months 
there are 227 AIDS cases after eight years and Pa(8) is only 0.03%; when td = 10 
months there are only 15 AIDS cases after eight years and Pa(t) is 35 times larger 
(1.04%). If  t d = 8 months, and/z remains equal to eight years, a shift of  y from 
2.3 to 2.9 (i.e., a shift from a relatively skewed incubation curve to a relatively 
symmetric one) increases Pa(8) by a factor of only 2.4: Pa(t) increases from 0.17 
to 0.40%. Similarly, if y = 2.6, td = 8 then an increase from 8 to 12 years in the 
median incubation period g less than doubles Pa(8) which increases from 0.27 to 
0.40%. Although the doubling time of HIV infections is the same in both cases, 
the AIDS epidemic is slower to develop with a median incubation period of 12 
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Table 1. Sensitivity at eight years of the HIV/AIDS epidemic (H(8) and A(8)) 
and of the positive transient (Pa(8) and PA(8)) to the parameters # and ~, of the 
density function p(t) and to td, the initial doubling time of the number of 
HIV-infectives (in months); K, the number of HIV-infectives at t = 0 is 1 

].1 ~ I d n(8) a(8) ea(8) PA(8) 

8 2.3 6 47 273 338 0.02 0.11 
8 2.3 8 3 939 53 0.17 0.91 
8 2.3 10 932 20 0.71 3.07 

8 2.6 6 47 273 227 0.03 0.16 
8 2.6 8 3 939 38 0.27 1.25 
8 2.6 10 932 15 1.04 3.99 

8 2.9 6 47 273 157 0.04 0.23 
8 2.9 8 3 939 29 0.40 1.68 
8 2.9 10 932 12 1.46 5.07 

10 2.3 6 47 273 205 0.02 0.12 
10 2.3 8 3 939 32 0.22 1.02 
10 2.3 10 932 12 0.91 3.39 

10 2.6 6 47 273 129 0.03 0.18 
10 2.6 8 3 939 22 0.36 1.41 
10 2.6 10 932 9 1.36 4.45 

10 2.9 6 47 273 83 0.06 0.26 
10 2.9 8 3 939 15 0.54 1.91 
10 2.9 10 932 6 1.95 5.70 

12 2.3 6 47 273 135 0.02 0.13 
12 2.3 8 3 939 21 0.26 1.08 
12 2.3 10 932 8 1.04 3.57 

12 2.6 6 47 273 81 0.04 0.19 
12 2.6 8 3 939 14 0.41 1.50 
12 2.6 10 932 5 1.55 4.70 

12 2.9 6 47 273 49 0.07 0.28 
12 2.9 8 3 939 9 0.62 2.02 
12 2.9 10 932 4 2.22 6.02 

years (there are only 14 A I D S  cases after eight years) which explains why the 
t ransient  effect is s tronger than  with a median  of 8 years (for which the n u m b e r  
of  AIDS  cases at 8 years is then 38). 

(3) Table  1 shows that  in contras t  to the very rough upper  b o u n d  given above 

when no th ing  was known  abou t  the epidemic, the t ransient  effect may have 
essentially passed even when numbers  of  AIDS  cases are very small. For  
example, Table  1 shows that  if the cumulat ive n u m b e r  A(8) of  A I D S  cases at 
eight years is above 15, then Pa(8) ~< 1.04 which means  the growth rate of  the 
density of  AIDS  cases is less than 1.04% above the growth rate of  the HIV 

epidemic. Also, if A(8) />  15 then PA(8) ~< 3.99: the growth rate of  the cumulative 
number of A I D S  cases is less than  3.99% above that  of  the H I V  epidemic (see 
line 6 of Table  1). 
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The reason why the percentages Pa(8) and PA(8) are less sensitive to g and 
than to ta (or r) can be explained by a close inspection of Eqs. (2.2) and (2.5). 
Let us suppose for a moment that the density function p(t) can be approximated, 
at least over the interval 0 to 8 years, as a straight line p( t )  = at, for some 0t > 0 
(which is not unreasonable in view of Fig. 2). In such a case the rates Ga(t) and 
GA(t) (and therefore the functions Pa(t) and PA(t))  are independent of a - - a n d  
therefore of the function p(t)--since 0t then cancels out in the numerators and 
denominators appearing in Eqs. (2.2) and (2.5). 

The probability of developing AIDS within the first two years of infection is 
known to be very small (Taylor 1989). The possibility thus exists of a latency 
period in the development of AIDS, i.e., the density function p(t) may be zero for 
t less than some value z (z will not realistically be greater than one or two years). 
In order to explore this possibility, consider such a density function 7r(t) defined 
as r i f t )= 0 for t < z and ~ ( t ) = p ( t -  z), for t >t z, where p(t) is a Weibull 
function. The density rift) is thus a Weibull translated by • from the origin. If  for 
example p(t) is a Weibull with median 8 years, then 7r(t) is a "translated Weibull" 
with median 8 + z years. I f  a~(t) is the density of AIDS cases when the incubation 
period has density 7r(t), and a(t) is the density function of AIDS eases when the 
incubation period has density p(t) then it is easily seen from Eq. (1.1) that 
a~(t) = 0 for t < • and a~(t) = a(t - ~) for t > z: a latency of z years thus results 
in a delay of z years in the onset of the AIDS epidemic. This translation of the 
density function of  AIDS cases prolongs the positive transient by the same 
amount of time z. 

(iii) Sensit ivi ty  to infectiousness and  to heterogenei ty  in sexual  behavior. Given the 
sensitivity of the positive transient to the doubling time td it is of some interest 
to examine the relationship between td and the basic epidemiologic parameters 
that have been used to model the sexual transmission of HIV (May and 
Anderson 1987; Anderson and May 1988; Anderson 1988). This will yield 
insights into the impact of different levels of infectiousness and heterogeneity in 
sexual behavior on the positive transient. 

Simple models of the transmission dynamics of HIV show that the growth 
rate r of the number of HIV-infectives is equal to 

r = [3c - 1/D (2.6) 

where /3 is the average probability (per partner contact) that the virus is 
transmitted from an infected individual to a susceptible partner; c is the effective 
average number of new partners (per year); and D is the average duration of 
infectiousness (May and Anderson 1987; Anderson and May 1988). The effective 
rate c is equal to 

c = m + tr2/m (2.7) 

where rn and tr 2 are the mean and variance of the number of new sexual partners 
per unit of time. The basic reproductive rate Ro (i.e., the average number of 
secondary infections produced by one infected individual in the early stages of 
the epidemic) is equal to flcD. 
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If td is expressed in months, Eqs. (2.6)-(2.7) yield 

td = (In 2)/r = 12 x (In 2)/[fl[m + a2/m] -- 1/D]. (2.8) 

Table 2 summarizes a sensitivity analysis of the doubling time ta (and 
therefore of the positive transient) to the parameters m, a 2, and D that character- 
ize the simple transmission model described above. 

Table 2 shows the sensitivity of the doubling time td (in months, column 4), 
of the corresponding cumulative incidences of HIV and AIDS cases at eight 
years (columns 5, 6) and of the percentages Pa(8), PA(8) (columns 7, 8) to the 
average duration of infectiousness (D = 5 or 6 years), to the mean number of 
new partners per year m (column 1) and to different assumptions on the 
heterogeneity in sexual behavior as measured by the variance or:. The probability 
fl is set equal to 0.2 throughout. The number of AIDS cases in column (6) is 
calculated under the assumption that the median incubation period # is eight 
years and the shape parameter for p(t) is 2.6. 

For every value of m and D the analysis is performed for three values of cr 2. 
These three values are derived from an empirical relationship established by 

Table 2. Sensitivity of the doubling time t d (in months, from Eq. (2.8)), of the cumulative numbers 
of HIV-infectives and AIDS cases at 8 years (H(8) and A(8)), and of the positive transient (Pa(8) and 
Pa(8)) to various assumptions on the length D of the infectiousness period (in years), on the mean 
number of partner change per year (m) and on its standard deviation a 2 (c given by Eq. (2.27) is the 
corresponding effective mean rate of partner change per year). The probability/~ is set equal to 0.2 
throughout. Given m, the most likely value for the variance a 2 is 0.555m 3231 (Anderson and May 
1988). The values of a 2 in column 2 that are followed by (a) are 10% below 0.555m 3-231 (e.g., 
4.7 = 0.9 x 0.555 x 23"231); values followed by (b) are equal to the most likely values, and those 
followed by (c) are 10% above the most likely value. The calculations of Pa(8) and PA(8) assume a 
median incubation period # of 8 years and a shape parameter ~, of 2.6 

D = 5  

(1) rn (2) a 2 (3) c (4) t a (5) H(8) (6) A(8) (7) Pa(8) (8) Px(8) 

2.0 4.7(a) 4.3 12.4 314 8 2.9 9.5 
2.0 5.2(b) 4.6 11.5 443 10 2.1 7.2 
2.0 5.7(c) 4.9 10.8 627 12 1.5 5.5 
3.0 17.4(a) 8.8 5.3 167 163 599 0.0 0.1 
3.0 19.3(b) 9.4 4.9 432 541 1 267 0.0 0.0 
3.0 21.2(c) 10.1 4.6 1 125 768 2 736 0.0 0.0 

D = 6  

(1) m (2) tr 2 (3) c (4) t a (5) H(8) (6) A(8) (7) Pa(8) (8) PA(8) 

2.0 4.7(a) 4.3 11.8 391 9 2.4 7.9 
2.0 5.2(b) 4.6 11.0 553 11 1.7 6.0 
2.0 5.7(c) 4.9 10.3 785 14 1.2 4.6 
3.0 17.4(a) 8.8 5.2 213 685 725 0.0 0.0 
3.0 19.3(b) 9.4 4.8 553 806 1 544 0.0 0.0 
3.0 21.2(c) 10.1 4.5 1 443 375 3 349 0.0 0.0 
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Anderson and May (1988) who have determined on the basis of a number of 
studies that the variance was roughly related to the mean m by the power law 
0 .2 = 0 . 5 5 5 m  3231. (These studies used different sampling techniques and recorded 
the numbers of sexual partners over different periods of time, but the empirical 
power law derived by Anderson and May provides at least plausible estimates of 
0.2.) For every m, each one of three values chosen for 0.2 was 

(1) Ten percent below the "most likely" value 0.555m 3-231 (these values of 0.2 are 
followed by (a) in column 2). 

(2) Equal to the "most likely" value 0 . 5 5 5 m  3"231 (these values of a 2 are followed 
by (b) in column 2). 

(3) Ten percent above the "most likely" value 0.555m 3-231 (these values of 0.2 are 
followed by (c) in column 2). 

As an example, the first row of Table 2 assumes a mean number of new partners 
per year equal to 2, with a variance 10% below the value 0.555m 3"231. The 
resulting effective number c of new partners per year is thus 4.3 (Eq. (2.7)). These 
parameter values correspond approximately to what might be expected in a 
heterosexual community. The resulting doubling time of the number of HIV- 
infectives is thus 12.4 months (Eq. (2.8)). The number of HIV-infectives at 8 
years is 314 (assuming one infected persont at time 0) and the number of AIDS 
cases is 8. 

Table 2 first shows the sensitivity of the doubling time td (and thus of the 
transient effect) to the average duration of infectiousness D: the doubling time 
decreases for a larger value of D. For example with rn = 2 and for the most likely 
value (b-value) of the variance 0.2, the doubling time td decreases from 11.5 to 11 
months when D increases from five to six years. This decrease in td causes Pa(8) 
to decrease from 2.1 to 1.7%. 

Table 2 shows that for a given mean number m of new sexual partners and 
a fixed D the doubling time ta decreases as the variance 0.2 increases from its low 
(a) value to its high (c) value. For m = 2 the more rapid epidemic obtained for 
the larger value of 0.2 implies a percentage Pa(8) that falls by about 50% between 
the low and the high values of 0.2. Indeed, for D = 5 the percentage Pa(8) drops 
from 2.9% to 1.5%. For D = 6 the percentage P~(8) drops from 2.4% to 1.2%. 
The values of PA(8) drop by about 42%, from 9.5% to 5.5% for D = 5 and from 
7.9% to 4.6% for D = 6. The table also shows that when the number m of new 
sexual partners rn is three instead of two, then for a given level a, b, or c of the 
variance, the effective rate of partner change c is roughly multiplied by 2 (e.g., 
when rn increases from two to three then c grows from 4.6 to 9.4 for a variance 
at its most likely value ([b-value]). The corresponding doubling time is cut in 
half, which in turn results in percentages Pa(8) and PA (8) that become essentially 
equal to 0. (For m = 3 eleven of the twelve percentages are 0.0 and only one is 
0.1.) 

To summarize, infectiousness and heterogeneity in sexual behavior have an 
influence on the duration of the positive transient through their effect on the 
doubling time td. The doubling time td is quite sensitive to the mean number m 
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of partner changes and to the heterogeneity in sexual activity. (This sensitivity is 
made larger by the fact that the variance a 2 tends to increase with m (according 
to the power law a 2 = 0.555mS231).) Greater sexual activity decreases td, which in 
turn leads to a shorter positive transient. 

2.3. Theoretical developments and a counter example 

A theorem will now provide precise results on the functions Ga(t) and G~(t). A 
mildly pathological example of a density function p(t) for which the two 
functions are not monotonically decreasing will also be given. 

Theorem 1. Let Ga(t) and Ga(t) be the growth rates of  A IDS  cases given in Eqs. 
(2.2) and (2.5). Assume that p(t) can be expanded in a Taylor series p(t) = ~ ajt j 
at 0 and let n be the index of  the first nonzero aj in this expansion. (p'(t)  denotes 
the derivative of  p(t) at t.) Then 

G a ( t ) = r + [ n + l + e l ( t ) ] / t ,  e l ( t )~O  as t ~ 0  (2.9) 

G a ( t ) = ( n + 2 ) [ l + e 2 ( t ) ] / t ,  e2(t)--*0 as t ~ 0  (2.10) 

which implies that the growth rates approach oo for t approaching O. 
The following relations hoM concerning the derivatives dGa( t )/dt and dG A ( t) /dt : 

dG~(t) p'(t) p(t) 
d----f-- < 0 ¢> p(t) < r + exp(rt) ~ exp(-ru)p(u) du' (2.11) 

dGA (t) p(t) r 
d-----~ < 0 ~ r + exp(rt) ~ exp( - ru)p(u) du < 1 - ~ p(u) du 

exp(rt) .~ exp( - ru)p(u) du 

Ga(t ) < GA(t ). (2.12) 

The statements of  (2.11) and (2.12) are true in a small neighborhood (0, e) o f  
the origin. Furthermore, i f  p(t) is unimodal with a maximum at t = T o, then 
dGa(t)/dt < 0 for t > To since p'(t) < 0 for t > To and therefore both statements 
of(2.11) are true for t > To. 

Proof. See Appendix. 

Among other things the theorem asserts that both growth rates are decreas- 
ing in a small neighborhood of 0 and that Ga(t) is less than GA(t) in that 
neighborhood. A question of some theoretical interest is whether the statements 
of (2.11) and (2.12) will always be true, as in Fig. 3, and not only in a 
neighborhood of 0. A close inspection of (2.11) and (2.12) helps in determining 
where a counter example would come from, i.e, under what condition on p(t) 
(and r) the statements of (2.11) and (2.12) would be false. Ifp(t) increases rapidly 
(thus producing a large derivative p'(t)), but in such a way that the right-hand 
side of the inequalities involving the function p(t) in (2.11) and (2.12) do not 
increase as rapidly, then one or both statements may be untrue. 
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A mildly pathological example in which the statements of  (2.1 1) and (2.12) 
will not be true over some interval appears in Fig. 4. The density function p(t) is 
piecewise linear, with a slow growth of p(t)  at first, followed by a rapid rise at 
t = 4 years. 

At t = 4 the density function p(t)  rises sharply and in a small interval after 
t = 4 both statements (2.1 1) and (2.12) are false: the two function increase, and 
as predicted by (2.12) the upturn in GA(t) coincides with a crossover of  the two 
curves. As soon as GA(t) begins to decrease again, the curves cross over. 

3. Negative transients 

A negative transient occurs when the growth rate of the number of infected 
individuals begins to decrease. This occurs for example when Gh(t) is constant up 
to some time tl then decreases after tl. I f  Gh(t) is non-increasing, then for any u 
satisfying 0 < u < co we have 

Gh(t) <<. Gh(t -- u) <~ Gh(t -- co) (3.1) 

where Gh(Z) is set equal to Gh(O) for z ~< 0. We recall Eq. (1.3), 

Ga(t) = a'( t) /a(t)  = St° Gh(t -- u)h(t - u)p(u) du F h(O)p(t_______~) (3.2) 
~ h(t - u)p(u) du a(t) 

which combined with (3,1) yields 

h(O)p(t) h(O)p(t) 
Gh(t) + - -  <<. Ga(t) <~ Gh(t -- 09) + -  (3.3) 

a(t) a(t) 

Inequality (3.3) implies in particular that Gh(t) <<. Ga(t) for all t. This inequal- 
ity is sharp in the sense that when Gh(t) is a constant r (i.e., the HIV epidemic 
grows exponentially) and when the positive transient is over (i.e., h(O)p(t)/a(t) is 
negligible with respect to r) then G~(t) is essentially equal to r and therefore to 
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G~(t). The inequality Gh(t) ~< G~(t) is also quite general since it was based only on 
the fundamental integral equation (1.1) and the assumption that Gh(t) was 
non-increasing. It does not depend on the particular transmission dynamics of 
HIV. The inequality remains true even if the density function p(t) changes 
through time for example because of  heterogeneity in the composition of the 
epidemic. 

A practical implication of the inequality Gh(t ) <~ G~(t) is that G~(t) (which is 
generally known) can be used as an upper bound for Gh(t), the growth rate of the 
"invisible" HIV epidemic. For example, when the annual number of new AIDS 
cases stops increasing then G~(t)=0.  The growth rate Gh(t ) of new HIV 
infections is then necessarily ~<0: h(0, the density of new infections is either 
constant or decreasing. This is not surprising since AIDS is a delayed manifesta- 
tion of infection with HIV: if the annual number of AIDS cases stops increasing, 
the same thing must have occurred at some point in the past for the number of 
new HIV infections--provided Gh(t) is non-increasing. 

For t >1 co then h(O)p(t)/a(t) is 0 and Eq. (3.2) becomes 

Ga(t) - S'~ Gh(t -- u)h(t - u)p(u) du 
- S'~ h(t - u)p(u) du (3.4) 

which shows that G~(t) is then an average value of G~(.) over (t - o9, t). 
Similar observations can be made about the cumulative incidences A(t) and 

H(t) after noting that they satisfy an equation formally identical to Eq. (1.1), i.e., 

~/ H(t  - u)p(u) du. (3.5) A(t) 

We then have, as in Eq. (3.4) 

a(t) St o h(t - u)p(u) du jto Gn(t  - u)H(t - u)p(u) du (3.6) 
Ga (t) = A(t) = ~t o H( t  - u)p(u) du = ~to n ( t  - u)p(u) du 

As with Ga(t), the growth rate GA(t) of the cumulative incidence of AIDS cases 
is an average value of Gi-z(') over (t - co, t). 

It should be borne in mind, however, that in general the function GH(t) is not 
defined at t = 0. Indeed, as in the case of G~(t) and GA(t) there is a transient 
effect in the growth rate GH(t) which causes Gz(t)  to approach oo for t close to 
0. (This is easily seen when approximating h(t) by its Taylor expansion 
h(t) ~ a + bt (for some a, b) in a small neighborhood of 0. The cumulation of 
h(t) is then H(t) = at + bt2/2 and therefore GH(t ) = h(t)/H(t) approaches oo for 
t approaching 0.) However, the function G ~ i ( t -  u ) H ( t -  u) appearing in Eq. 
(3.6) is defined for t - u  = 0 since it is of course equal to h(t - u ) .  

As was the case for Gh(t) and G~(t), Eq. (3.6) shows that if G~i(t) is a 
non-increasing function of t, then the growth rate G~(t) will always be larger 
than G~/(t), since Ga(t) is an average value of GH(') over (t --o9, t). 

Equations (3.4) and (3.6) that relate the growth rates Ga(t ) and Ga(t) to Gh(t) 
and Gl~(t) are formally similar to the integral equation (1.1) giving a(t) as a 
function of h(t). In all cases the measure of the progress of AIDS [a(t), G~(t), or 
Ga(t)] is an average over (t - o9, t) of the corresponding measure of the spread of 
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HIV [h(t), Gh(t), or GH(t)]. In particular this means that a(t) (or Ga(t), or Ga(t)) 
will be equal to h(z) (or Gh(Z), or Gx(z)) for some z e (t - o~, 0. This shows that 
a(t), G~(t), and Gaff) will lag behind their counterpart measures of the spread of 
HIV. 

In order to investigate empirically the impact on a(t) and A(t) of a growth 
rate Gh(t) that is first constant then decreases, a logistically growing cumulative 
incidence H(t) of new HIV infections was considered. H(t) must however be 
equal to 0 at t = 0 since otherwise the corresponding density h(t) would have to 
approach infinity at t = 0. The cumulative incidence H(t) will thus be taken as a 
logistically growing function from which we subtract the value of the logistic 
function at t = 0: 

H(t) = A/[1 + B exp( -rt)] - A/(1 + B) (3.7) 

and therefore the density h(t) = dH(t)/dt is 

h(t) = [rAB exp( -rt)]/[1 + B exp( - r t ) ]  2. (3.8) 

Such a density is depicted in Fig. 5, together with a(t) and the four growth rates 
Gh(t), G.(t), GnU) and Ga(t). 

Given that Gh(t ) and Gn(t) are both monotone decreasing functions, the 
growth rates Ga(t) and Ga(O will remain larger than Gh(t) and Gu(t), respec- 
tively, as can be seen from Fig. 5b,c. We also note the transient effect in Gig(t) 
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which is close to infinity for t close to 0, and after a few years approaches the 
initial growth rate of HIV. 

Discussion 

An investigation of positive transients has shown that during the exponential 
spread of HIV the growth rate Ga(t ) of the density of AIDS cases as well as the 
growth rate GA (t) of the cumulative number of AIDS cases will decrease from 
plus infinity to the growth rate of HIV. However, it was shown that this decrease 
is not necessarily monotone. 

A negative transient, which occurs when the growth rate of HIV begins to 
decrease, brings about a decrease in the growth rates of AIDS. A somewhat 
peculiar result emerges on the relationship between the growth rates of HIV 
infections and those of AIDS cases. Provided Gh(t ) and Gn(t) are non-increasing 
the growth rate of the density of new AIDS cases remains at all times larger than 
the growth rate of the density of new HIV infections, i.e., Ga(t)/> Gh(t) for all t. 
The same result holds for cumulative incidences: Ga(t) I> Gn(t) for all t. 

The simple quantity Pa(t) = lOOKp(t)/ra(t) (which is 0 for t > co) represents 
the percentage by which the growth rate of the density of AIDS cases exceeds the 
growth rate of HIV infections during the initially exponential phase of the spread 
of HIV. As soon as the annual incidence of new AIDS cases reaches a few dozen, 
then Pa(t) becomes negligible and the transient effect has passed (Table 1). 

This result is in agreement with the findings of Gonzalez and Koch (1987) 
who have studied the duration of the positive transient in Canada. Under the 
assumption of a doubling time of the cumulative number of HIV infections equal 
to 9.4 months, Gonzalez and Koch have fitted the cumulative AIDS incidence to 
a modeled epidemic which grows with a doubling time of 9.3 months by the end 
of 1984; PA(1984) is then only 100"[9.4/9.3 - 1] = 1.1%. This shows that by the 
end of 1984 (during which there were only 138 new AIDS cases) the transient 
effect was essentially over since the growth rate of AIDS cases was only 1.1% 
above that of the number of HIV infections. 

If the growth rate of AIDS cases stabilizes after the passing of the positive 
transient, this means that the number of new HIV infections is still spreading 
exponentially. If on the contrary the growth rate of AIDS cases decreases after 
the passing of the positive transient, then such a decrease is necessarily brought 
about by a negative transient, i.e., by a decrease in the growth rate of HIV 
infections. 

These theoretical developments have practical implications for countries of 
North America and Europe. In the previous section it was shown that the 
positive transient must have ended around 1982 in the United States and 1986 or 
1987 in the five European countries with the largest caseloads. If we can assume 
that the growth rates of HIV infection in these countries is non-increasing, then 
Fig. 5 may be considered a reasonable stylization of what may be happening. 

A period of exponential growth of AIDS cases in these six countries was 
never observed though, which indicates that there was probably no plateau 
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during which both HIV and AIDS spread at the same rate. This suggests that the 
exponential spread of HIV did not last long enough for the growth rate of AIDS 
to reach that of HIV and stabilize itself (as in Fig. 5b,c). The continued decline 
in the growth rates of AIDS cases in the United States after 1982 and in the five 
European countries after 1986 or 1987 is thus necessarily caused by a negative 
transient brought about by an earlier decrease in the growth rate Gh(t) of the 
HIV epidemic. Saturation phenomena among the high risk groups (homosexual/ 
bisexual men and intravenous drug users) and the fact that the epidemic is 
spreading only slowly in the heterosexual community are doubtless responsible 
for the early decline in the growth rate of HIV. 

Appendix 

The Taylor expansion of p(u) at 0 is 

p ( u )  ~" anl, g n -]- an+ i n n +  I .4- o ( u n +  1) ( 1 )  

where each aj is pU)(O)/j! and o(s) is such that o(s)/s ~ 0  as t ~ oo. Bearing in 
mind the Taylor expansion of exp( - ru)  it can be seen that 

exp(-ru)p(u) = aou" + (a.+l - rao)u "+1 + o(u n+ 1). (2) 

Integrating Eq. (2) yields 

fo teXp(-ru)p(u)du a"t"+l a"+l-ra" t"+2 +o(t"+2). (3) 
n + ~  + n + 2  

And therefore 

exp(rt) exp(-ru)p(u)du=txltn+l +o~2tn+2+o(t n+2) (4) 

where 

oq =a./(n + 1) and ~2=ra./(n + 1) + (a .+  1 - ra . ) / (n  +2).  

The growth rate Go(t) of Eq. (2.2) is then 

a.t" + a.+ it "+ 1 + o(t.+ 1) 
G.(t) = r + ~qt" + 1 + 0t2t. +2 + o(t.+z)" (5) 

Routine simplifications in Eq. (5) yield 

G.(O = r + In + 1 + ~ l ( t ) l / t  (6) 
where el (t) approaches 0 as t approaches 0. This completes the proof of Eq. 
(2.9). 

Similar Taylor expansions yield for GA(t) of Eq. (2.5) 

r 
aA(t )=  1 a . . l  2) t .+2 (7) 

a"t"+ ~ 4-o(t "+ 
n + l  n + 2  

1 • 1 t"+ 1 + ~t2tn + 2 -'l'- o(t "+2) 
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which after some simplifications yields 

GA(t) = (n + 2)[1 + eE(t)]/t 

where e2(t ) approaches 0 as t approaches 0. This is Eq. (2.10). 
The derivative of G~(t) given in Eq. (2.2) is 

dGa(t) _ 

dt 

p'(t) exp(rt) ~ exp( - ru)p(u) du - p(t)[r • exp(r0 S~ exp( - ru)p(u) du + p(t)] 
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(8) 

[exp(rt) J~ exp( -- ru)p(u) du] 2 
(9) 

from which it can be seen that dGa(t)ldt is negative if and only if 

p'(t) p(t) 
p(t----) < r + exp(rt) S~ exp(-ru)p(u)  du (10) 

which is (2.11). 
The result of  (2.12) is easily obtained after noting that dGA(t)/dt = 

[a'(t)A(t) - a(t)2]/A(t)2; dGA(t)/dt < 0 is thus equivalent to Ga(t) < GA(t) which 
is 

p(t) r 
r + exp(rt) S~ exp(-ru)p(u)  du < 1 ~'o p(u) du (11) 

exp(rt) ~ exp( - ru)p(u) du 

I next use the fact that (10) is equivalent to p'( t) /p(t)  < G~(t) to show that 
(10) and (11) hold in a small neighborhood of 0. Consider for t small the ratio 

p'(t) nant n -  l + (n + 1)an+ i t  ~ + o(t n) 

p(t) = ( a n t ' + a . + l t n + l + o ( t ~ + l ) ) [ r + ( n + l + e l ( t ) ) / t ] "  (12) 

G~(t) 
This ratio approaches n/(n + I) as t approaches 0, and therefore p'(t)/ 
p(t) < G~(t) in a sufficiently small neighborhood of 0. Division of G~(t) in Eq. (6) 
by G~(t) in Eq. (8) shows that Ga(t)/GA(t) approaches (n + 1)/(n +2) as t 
approaches 0. Therefore G~(t)/GA(t) is also less than I in a small neighborhood 
of 0 and dGA (t)~dr is negative in that same neighborhood. 
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