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Abstract

Probabilities of transmission and numbers of secondary cases are

given for an infection which is transmitted sexually by individuals en-

gaged in multiple partnerships with specified durations and timings. The

results, applied to the human immunodefficiency virus (HIV), hinge on

a function which captures the dependence of the per coital act probabil-

ity of transmission on the time since disease onset and on the duration

of infection at death. Reproduction numbers are derived in a heteroge-

neous population consisting of low- and high-activity men and women.

An expression for the basic reproduction number R0 of this system sheds

light on the role of concurrency, on the timing of the partnerships, and

on bridging effects. Results suggest that a high-activity group can cause

a significant epidemic outbreak no matter how small the bridging ef-

fect is, as long as it is not 0. Only if the bridging effect is eliminated

altogether can the growth factor in the low-activity group be reduced
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independently of what happens in the high-activity group. Results are

used to assess the role of the client or sex worker relationship and of

bridging populations in sub-Saharan Africa.

Keywords: Transmission probability, basic reproduction number, HIV, het-

erogeneous populations.
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1 INTRODUCTION

Compartmental models of the spread of HIV which take into account variable

infectivity exist since the late 1980s (Blythe and Anderson, 1988; Castillo-

Chavez, 1989; Dietz et al., 1993; Longini et al., 1989; Kretzschmar and Dietz,

1998; Thieme, 2003). Since then it has become clear that our understanding

of a complex, heterogeneous disease such as HIV is enhanced by focusing on

the transmission dynamics at the individual level. This is the case regardless

of the mode of transmission but is particularly true when dealing with the

complexities of the heterosexual spread of HIV in sub-Saharan Africa.

Pair-formation mechanisms are the building blocks of individual-based two-

sex models of sexually transmitted infections (Boily et al., 2007; Eames and

Keeling, 2004; Korenromp et al., 2000; Kretzschmar, 2000; Morris and Kret-

zschmar, 2000; Orroth et al., 2007; White et al., 2004). Xiridou et al. (2004)

describe a model for the spread of HIV among homosexual men in Amster-

dam. Their model captures the role of the high-infectivity primary stage on

the spread of the disease. They compare the spread for steady and casual

partnerships.

The insights gained by some of these models remain empirical. Ideally

however these insights would come hand in hand with analytical results on

probabilities of transmission, on numbers of secondary or tertiary cases, and

on the basic reproduction number R0 (R0 is the expected number of secondary

infections generated by one newly infected individual in an entirely susceptible

population).

Although R0 is usually defined in mixing models characterized by instan-

taneous contacts with new partners, Dietz et al. (1993) have calculated R0 in

a pair formation model which includes a finite number of disease states. Diek-
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mann et al. (1998) derive a basic reproduction number in a one-sex model in

which each individual has contacts with a fixed number of individuals.

In the case of HIV much information has come to light recently on the

dependence of the probability of transmission per coital act on the time a

since disease onset (Gray et al., 2001; Wawer et al., 2005; Pinkerton, 2008;

Hollingsworth et al., 2008). This probability is high during the short primary

stage, low during the long asymptomatic stage and increases during the late-

stage preceding death. Because the time d between the onset of disease and

death is variable the probability of transmission is a function β(a, d) of both a

and d.

In Section 3 we will use β(a, d) to derive expressions for the probability of

transmission and the number of secondary infections generated by an infected

individual involved in one or more possibly overlapping discordant partnerships

with specified durations and timings. For example we will be able to calculate

the probability of transmission for an individual who between the first month

and the first year of infection has a partnership with an average 20 coital acts

per year. If the same infected individual also has a partnership between the

third month and the second year of the infection with 25 coital acts per year,

we calculate an expected number of secondary cases resulting from these two

partially overlapping partnerships.

In Section 4 we apply these results to HIV in sub-Saharan Africa. We study

the effect of the timing and duration of partnerships on the potential spread of

the disease. We also derive reproduction numbers in a heterogeneous popula-

tion consisting of low- and high-activity individuals. We derive an expression

for the basic reproduction number R0 in this system. Results are used to shed

light on the effect the partnership patterns and the bridging populations have

on the potential spread of the infection.
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2 NOTATIONS

In the simplest infectious disease model, the potential spread of the infection

is measured by the basic reproduction number

R0 = cβD (2.1)

where c is the number of contacts per year, β the probability of transmission

per contact and D the average duration of infection at death (or removal). We

paraphrase this definition by saying that in the absence of removal or death

an infected person intends on having c contacts per year. At some point these

contacts are cut short by removal or death.

2.1 One partnership

In order to extend the approach leading to R0 of Eq. (2.1) we define an “in-

tended discordant partnership” between a susceptible and a person who suffers

from a sexually transmitted infection. Such a partnership is defined in the ab-

sence of any risk of mortality by a three-dimensional vector v = (vj) pertaining

to the infected:

v
def.
=




v1 = time since disease onset at the inception of the partnership

v2 = duration of infection at the end of the partnership

v3 = rate of coital acts during the partnership (per year)




.

(2.2)

If the unit of time is the year then v = (1/12, 1, 20) defines a partnership which

starts one month after the infection and lasts until the time since disease onset

is 1. The partnership lasts 11 months during which the couple has coital acts

at an annnualized rate of 20 per year. Even if it is short such a partnership will
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be called steady to distinguish it from the instantaneneous partnerships which

take place for example between sex workers and their clients.

The three components of v, combined with the probability of transmission

per coital act β(a, d) will be used to express the probability of transmission

over the entire partnership. This probability is also the expected number of

secondary cases which is less than 1 because only one person can be infected.

This is in contrast with the instantaneous partnerships between clients and sex

workers which can result in an arbitrary number of secondary infections.

For simplicity we assume that there is no risk of death (or removal) for the

susceptible partner and that the risk of transmission does not depend on any

characteristic of the susceptible partner (such as age).

2.2 Multiple partnerships

We generalize our notations to the case of an infected individual engaged in n

discordant partnerships defined by n vectors

v(m) def.
=




v
(m)
1

v
(m)
2

v
(m)
3




, m = 1, 2, ..., n (2.3)

of the type given in Eq. (2.2).

In order to describe these multiple partnerships we bring together the n

column vectors of Eq. (2.3) into one 3× n partnership matrix ṽ:

ṽ
def.
=

(
v(1) v(2) . . . v(n)

)
. (2.4)
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We illustrate these notations with the numerical example

ṽ =




1/12 1/4

1 2

20 25




. (2.5)

This partnership matrix represents the life course of an infected individual

who in the absence of mortality will have a first steady partnership between

times since disease onset 1/12 and 1 with 20 coital acts per year. The infected

individual has between times since disease onset 1/4 and 2 another steady

partnership with 25 coital acts per year. The partnerships overlap between

durations 1/4 and 1. We will derive a formula for the expected number of

secondary cases resulting from these partnerships.

3 PROBABILITIES OF TRANSMISSION AND

SECONDARY CASES

We consider infections such as HIV for which the probability of transmission

per coital act depends on the time since disease onset. The probability of trans-

mission increases then decreases rapidly (determined by the viral load) during

the primary stage which lasts a few months. After an asymptomatic stage

which can last several years, the disease progresses to a late (symptomatic)

AIDS stage characterized by an increase of the viral load and of the proba-

bility of transmission. This late stage starts two or three years before death

(Rapatski et al., 2005; Wawer et al., 2005). If the duration of infection at death

d were the same for all infected individuals then the probability of transmission

during the late stage would be considered a function of the time since disease

7



onset alone. However d varies from individual to individual. The probability

of transmission must therefore be defined conditionally on d. We call βs(a, d)

the per coital act probability of transmission for an infected individual of sex

s who has been infected a years and dies d years into the disease (s = 0 for

a man, s = 1 for a woman, d ≥ a). In Section 4.1.1 we give a functional

expression for βs(a, d) which reflects the increasing probability of transmission

as a approaches the duration of infection at death d.

3.1 Transmission in a single discordant partnership

We first consider an infected of sex s who has a single discordant partnership

defined by a vector v given in Eq. (2.2). Conditionally on the duration of

infection at death d, the partnership takes place during the time since disease

onset interval (v1, max(v1, min(d, v2))). With this notation the interval reduces

to (v1, v1) (there is no partnership) when the infected dies before the inception

of the intended partnership (d < v1).

The hazard of transmission during the time interval (a, a+da) is v3βs(a, d)da.

The sum of the hazards of transmission over the interval (v1, max(v1, min(d, v2)))

is

ξ(v, s, d)
def.
= v3

∫ max(v1,min(d,v2))

v1

βs(a, d)da. (3.1)

The probability of transmission conditionally on d is then

A(v, s|d)
def.
= 1− exp (−ξ(v, s, d)) . (3.2)

If the infected dies before the inception of the intended partnership (d < v1)

then the partnership never materializes and A(v, s|d) = 0 as required.

The infection-induced mortality does not enter into the probability A(v, s|d)

of Eq. (3.2) which is conditional on d. In order to have unconditional prob-
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abilities, we introduce the sex-specific probability density functions hs(x) and

cumulative distribution functions Fs(x) of d :

P (d < x) = Fs(x) =

∫ x

0

hs(u)du. (3.3)

We calculate the probability of transmission conditionally on the fact that

the infected lives long enough for the partnership to begin, or d > v1. The

probability of transmission is denoted A1(v, s|d > v1) to emphasize that it

depends on v, on the sex s of the infected, and is conditional on d > v1:

A1(v, s|d > v1)
def.
=

∫ ∞

x=v1

hs(x)A(v, s|x)dx

1− Fs(v1)
=

∫ ∞

x=v1

hs(x) (1− exp (−ξ(v, s, x))) dx

1− Fs(v1)

= 1−
∫∞

x=v1
hs(x) exp (−ξ(v, s, x)) dx

1− Fs(v1)
. (3.4)

3.2 Transmission with multiple partnerships

3.2.1 Secondary infections from an infected individual engaged in

several partnerships

When calculating a basic reproduction number we are interested in the expected

number of secondary infections generated by one infected individual of sex s

who has n susceptible partnerships characterized by the matrix ṽ of Eq. (2.4).

Conditionally on the duration of infection at death d, the probability of

infecting the m-th partner is A(v(m), s|d) of Eq. (3.2). This probability is also

the expected number of transmissions. Conditionally on d the expected number

of transmissions over the n partnerships is the sum

A2(ṽ, s|d)
def.
=

m=n∑
m=1

A(v(m), s|d) = n−
m=n∑
m=1

exp
(−ξ(v(m), s, d)

)
(3.5)
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where v(m) is the m-th column vector of the partnership matrix ṽ.

Unconditionally on d the number of secondary cases (expected number of

transmissions) is obtained by weighing the conditional probability with the

density function hs(x) of the duration of infection at death d:

A3(ṽ, s)
def.
=

∫ x=∞

x=0

hs(x)A2(ṽ, s|x)dx =
m=n∑
m=1

∫ x=∞

x=0

hs(x)A(v(m), s|x)dx

= n−
m=n∑
m=1

∫ ∞

x=v
(m)
1

hs(x) exp
(−ξ(v(m), s|x)

)
dx. (3.6)

These expressions implicitly assume that partnerships are independent. As

required A2(ṽ, s|d) and A3(ṽ, s) are smaller than n, the number of partnerships.

3.2.2 From serial to instantaneous partnerships

We examine the case of an individual with a large number of very short serial

partnerships that follow each other without gaps. When the durations of these

partnerships tend to zero we will obtain a limiting expression for the number

of secondary infections in the case of instantaneous new partnerships. We will

verify that when contact rates and transmission probabilities are constant this

expression coincides with the elementary basic reproduction number R0 = cβD

of Eq. (2.1).

If κ is the maximum duration of the disease we divide the time interval

(0, κ) into n intervals of duration κ/n. We consider an infected individual who

in the absence of mortality would have n partnerships, with the m-th one taking

place during the m-th interval [(m − 1)κ/n,mκ/n]. The m-th partnership is
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defined by a matrix v(m) of the form

v(m) =




(m− 1)κ/n

mκ/n

cs((m− 1)κ/n)




, m = 1, 2, ..., n (3.7)

where the rate of coital acts (third component) is a sex- and disease age-specific

contact rate function cs(.) taken at (m − 1)κ/n, the beginning of the m-th

partnership.

For a large n the duration κ/n of each partnership becomes small. The

conditional probability of transmission of Eq. (3.2) for the m-th partnership is

then

A(v(m), s|x) ≈ cs((m− 1)κ/n)βs((m− 1)κ/n, x)(κ/n) (3.8)

when x > (m − 1)κ/n and 0 otherwise. We call ṽn the partnership matrix

consisting of the n vectors v(1), v(2),..., v(n). The expected number A3(ṽn, s)

of secondary infections is then

A3(ṽn, s) =

∫ x=∞

x=0

hs(x)

(∑
m

A(v(m), s|x)

)
dx

≈
∫ ∞

x=0

hs(x)




[xn
κ ]∑

m=1

cs((m− 1)κ/n)βs((m− 1)κ/n, x)(κ/n)


 dx. (3.9)

where
[

xn
κ

]
is the integer part of xn

κ
. When the number of partnerships n tends

to infinity then A3(ṽn, s) tends to

A4(cs, s)
def.
= lim

n→∞
A3(ṽn, s) =

∫ ∞

x=0

hs(x)

(∫ x

a=0

cs(a)βs(a, x)da

)
dx (3.10)

where for future purposes the dependence on the function cs(.) and on the sex
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s are emphasized with the functional notation A4(cs, s). This probability is

the expected number of secondary cases generated by an infected individual

with an instantaneous contact rate cs(a) with new partners. We will use this

formula for the number of secondary infections in the case of instantaneous

partnerships between clients and sex workers.

When the contact rates cs(a) and the transmission probabilities βs(a, x) are

constants c and β, respectively, then the number of secondary cases A4(cs, s)

of Eq. (3.10) reduces to

A4(c, s) = cβ

∫ ∞

x=0

hs(x)

∫ x

a=0

da dx = cβ

∫ ∞

x=0

xhs(x)dx = cβD (3.11)

where D =
∫∞

x=0
xhs(x)dx is the average duration of infection at death (or re-

moval). This A4(c, s) is the elementary basic reproduction number of Eq. (2.1).

4 APPLICATION TO HIV IN SUB-SAHARAN

AFRICA

4.1 Model parameters

4.1.1 Probability of transmission βs(a, d)

A careful study of a population-based cohort of discordant couples in the dis-

trict of Rakai, Uganda, has provided useful data on the probability of trans-

mission per coital act βs(a, d) as a function of the disease age a and the disease

age at death d (Gray et al., 2001; Wawer et al., 2005; Pinkerton, 2008). The

probabilities obtained from the Rakai study for the high-low-high pattern dur-

ing the primary, asymptomatic, and late stages of the disease are captured in

a stylized fashion by the eight-parameter function:
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βs(a, d) =

4MI[0,α](a) exp

(
α− a

σ1α

)

(
1 + exp

(
α− a

σ1α

))2 + I[α,+∞]




4(M −m) exp

(
α− a

σ2α

)

(
1 + exp

(
α− a

σ2α

))2 + m




+I[max(ζ,d−ν),+∞](a)×m


exp




(a−max(ζ, d− ν)) ln

(
M ′

m

)

ν


− 1


 (4.1)

where I[x,y](a) is the indicator function equal to 1 for a ∈ [x, y) and 0 otherwise.

We use the same parameters for both sexes because no significant difference was

found between men and women of the Rakai study. The probability becomes

β(a, d) with the susbscript s dropped.

The first term in Eq. (4.1) represents the ascending probability of transmis-

sion during the primary infection period with β(a, d) reaching a maximum of

M at a disease age α. The second term represents the descending phase with

β(a, d) dropping to its low asymptomatic value m.

The parameter ζ is the duration of infection at death d below which there

is no late stage increase of β(a, d). When d < ζ, the probability β(a, d) is

independent of d and consists only of these first two terms in Eq. (4.1). The

parameter ν is the full length of the late-stage increase of β(a, d) when d > ζ+ν.

If ζ < d ≤ ζ +ν then β(a, d) is independent of d and increases exponentially

as soon as a reaches ζ (third term of Eq. (4.1)). In this case the late stage

lasts only d−ζ years and β(a, d) reaches a late stage maximum β(d, d) at death

which is equal to the parameter M ′ when d ≥ ζ + ν. When d > ζ + ν then

β(a, d) increases exponentially only for a > d− ν. After a full-length late stage

(of duration ν years), the probability β(a, d) reaches its maximum M ′ at the

time of death when a = d.
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The first two terms in Eq. (4.1) are derivatives of a logistic function and the

third is an exponential function. The three terms can therefore be integrated

in closed form and the building block ξ(v, s, d) of Eq. (3.1) also has a closed

form. Although subsequent integrals involving ξ(v, s, d) must be calculated

numerically, the closed form for ξ(v, s, d) makes these calculations manageable.

TABLE 1 ABOUT HERE -

Table 1 has the list of parameters, their biological interpretation, and plausi-

ble numerical values based on a statistical analysis of the Rakai study (Pinker-

ton, 2008). A 9-day latent period is followed by a 49-day primary-infection

period characterized by a peak probability of M = 0.07 at α = 0.063 years (23

days) and an average probability of 0.036. The probability of transmission dur-

ing the asymptomatic stage is m = 0.00084. The highly stylized exponential

increase of the transmission probability over a full-length late stage of ν = 2

years with a peak probability of M ′ = 0.01 at death is based on White et al.

(2004) and Wawer et al. (2005). The graph of β(a, d) is depicted in Figure 1.

FIGURE 1 ABOUT HERE -

4.1.2 Probability density function hs(x) for the duration of infection

at death d

Following the World Health Organization we assume a Weibull distribution for

the duration of infection at death d in the absence of treatment (UNAIDS,

2002). We parameterize this distribution with its median µs and shape param-

eter αs where as before the sex s is 0 for men and 1 for women. If we define

βs
def.
= µs (ln(2))−1/αs the density hs(x) of d is then of the form

hs(x) =
xαs−1αs

βαs
s

exp

(
−

(
x

βs

)αs
)

. (4.2)
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We take α0 = α1 = 2.5, i.e. the same shape parameter for both sexes. We

use for men and women the median values µ0 = 9.4 years and µ1 = 8.6 found

in UNAIDS (2002).

4.2 Per partnership probability of transmission

We illustrate our results with the functions β(a, d) and hs(x) of Eq. (4.1)-(4.2).

We will assume for all partnerships an average 120 coital acts per year (Wawer

et al., 2005).

We will examine the sensitivity of the female conditional probability A1(v, 1|d >

v1) to the time since disease onset at the inception of a single partnership. We

will consider partnership durations u of 0.5 and 4 years. To do that we define a

variable vector vu(x) of the form given in Eq. (2.2). The first two components

of vu(x) are the durations x and x+u of infections at the inception and at the

end of a partnership. The third component is the constant number of coital

acts per year:

vu(x)
def.
=




x

x + u

120




. (4.3)

For a single partnership that starts at a time since disease onset x and lasts 0.5

or 4 years, the probabilities of transmission conditionally on d > v0.5(x)1 and

on d > v4(x)1 are

A1(v0.5(x), 1|d > v0.5(x)1) and A1(v4(x), 1|d > v4(x)1). (4.4)

The corresponding unconditional probabilities of transmission are

A3(v0.5(x), 1) and A3(v4(x), 1). (4.5)
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FIGURE 2 ABOUT HERE -

Figure 2 shows that the probabilities are highest when the partnership starts

at the time of infection (x = 0). For x = 0 the conditional and unconditional

probabilities are both equal to 0.48 for a partnership which lasts 0.5 years and

are both equal to 0.65 for a partnership which lasts 4 years. The probability

of transmission is only 35% larger for a partnership which is 8 times longer.

This is because the per coital act probability of transmission drops to a very

low level after just a few months. (see Figure 1).

For this same reason the probabilities initially drop steeply for a time since

disease onset x at the inception of a partnership which becomes slightly larger

than 0. As x increases beyond 1 year the probabilities recover with initially

little difference between the conditional and unconditional probabilities. They

both increase after the primary stage because of the increasing probability of

late-stage transmission associated with an early death (second panel of Figure

1). As x continues to increase the conditional and unconditional probabilities

diverge. The fact that the unconditional probability starts to decrease after

3 years reflects an increasing probability of the infected dying before reaching

the time since disease onset at which the intended partnership was to begin.

As the time since disease onset x increases, a characteristic of the Weibull

distribution is that the hazard of death increases and the average time re-

maining until death decreases. This shorter time until death means a larger

probability of being close to the late stage which translates into an increasing

probability of transmission. Figure 2 shows that for a partnership duration of

0.5 year, this increase lasts until a time since disease onset of 20 years (which

very few infectives reach). For partnership durations of 4 years starting 10

years or more after the infection (x > 10), the closeness to the late stage that

tends to increase the probability of transmission is more than offset by the
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shortened time remaining until death. This is why the conditional probability

decreases somewhat for x > 10.

4.3 Basic reproduction number in a heterogeneous sys-

tem with bridge populations

4.3.1 The bridging model

We calculate a basic reproduction number for a heterogeneous system that

plays an important role in the transmission of HIV in sub-Saharan Africa. The

system has high- and low-activty groups. The high-activity group consists of

sex workers (SW) and their clients (CL) who have instantaneous new partner-

ships with each other. The numbers of clients infected by each sex worker and

of sex workers infected by each client are of the form A4(cs, s) given in Eq.

(3.10) (s=0, 1).

The low-activity group consists of men and women who have steady part-

nerships with each other described by partnership matrices ṽ. Each infected

low-activity man (LM) infects an average A3(ṽLM,LW , 0) low-activity women

(LW) where ṽLM,LW is the partnership matrix between infected low-activity

men and women. Similarly, each infected low-activity woman infects an aver-

age A3(ṽLW,LM , 1) men.

We assume that sex workers are true “super-spreaders” who have contacts

only with their clients. Clients however bridge the low- and high-activity groups

by also having steady partnerships with low-activity women. The correspond-

ing numbers of “bridging” secondary cases from one client to low-activity

women and from one low-activity woman to clients are A3(ṽCL,LW , 0) and

A3(ṽLW,CL, 1) for partnership matrices ṽCL,LW and ṽLW,CL of the form given

in Eq. (2.4).
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These relationships are depicted in Figure 3 with the high- and low-activity

populations in the first and second row, respectively.

FIGURE 3 ABOUT HERE -

4.3.2 The basic reproduction number

We let K1,0 be the matrix of secondary male infections of each type produced

by each type of woman. The first row has the number of low-activity male

infections and client infections generated by one low-activity woman. The

second row has the numbers generated by one sex worker:

LM CL

K1,0 =




A3(ṽLW,LM , 1) A3(ṽLW,CL, 1)

0 A4(c1, 1)




LW

SW
. (4.6)

Similarly, the matrix of secondary female infections produced by men is

LW SW

K0,1 =




A3(ṽLM,LW , 0) 0

A3(ṽCL,LW , 0) A4(c0, 0)




LM

CL
(4.7)

The next generation matrices Ψ1 and Ψ0 for women and men are obtained by

multiplying these two matrices in the right order:

Ψ1
def.
= K1,0K0,1 (4.8)

and

LM CL

Ψ0
def.
= K0,1K1,0 =




RL M1

M0 RH + RB




LM

CL
(4.9)
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with

RL
def.
= A3(ṽLW,LM , 1)A3(ṽLM,LW , 0) (4.10)

M1
def.
= A3(ṽLM,LW , 0)A3(ṽLW,CL, 1) (4.11)

M0
def.
= A3(ṽCL,LW , 0)A3(ṽLW,LM , 1) (4.12)

RH
def.
= A4(c1, 1)A4(c0, 0) (4.13)

RB
def.
= A3(ṽLW,CL, 1)A3(ṽCL,LW , 0) (4.14)

The quantities RH and RL are intrinsic high- and low-activity reproduction

numbers; RH is the tertiary number of clients (or sex workers) infected through

sex workers (or clients) by one client (or sex worker). Similarly, RL is the ter-

tiary number of low-activity men (women) infected through low activity women

(men) by one low-activity man (woman). The parameter RB is a “bridging”

reproduction number equal to the number of tertiary low-activity women (or

clients) infected through clients (or low-activity women) by one low-activity

woman (or client); M0 and M1 are “mixed” reproduction numbers combining

intrinsic and bridging effects.

If there is no bridging activity, then the bridging and mixed reproduction

numbers RB, M0, and M1 are 0 and the next generation matrix Ψ0 of Eq.

(4.9) is diagonal. The low- and high-activity groups each have their intrinsic

reproduction numbers RL and RH .

When there is a bridge between the two groups, then RB > 0, M0 > 0, M1 >

0. The common growth factor for both groups is then the basic reproduction

number R0 which is equal to the common spectral radius (dominant eigenvalue)

of Ψ1 and Ψ0 (Diekmann et al., 1990, 1991):

R0 = ρ(Ψ0) = ρ(Ψ1). (4.15)
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We define the maximum R∗ of the four tertiary numbers of infections which

involve steady partnerships:

R∗ def.
= max(RL,M1,M0, RB). (4.16)

We use the fact that the spectral radius of a nonnegative matrix is a non-

decreasing function of the entries and is larger than any entry on the main

diagonal of the matrix (Horn and Johnson (1985): 491). Therefore

R0 ≥ R∗ + RH (4.17)

which means in particular that R0 is larger than both R∗ and RH .

4.3.3 Numerical illustration

A stylized numerical example is used to explore the sensitivity of R0 to the

timing of the steady partnership, to the relative role of the steady and client

or sex worker relationships and to the level of sexual activity in the low- and

high-activity groups.

In order to limit the number of parameters we make the simplifying as-

sumption that all low-activity individuals have the same partnerships and the

same annualized rate of sexual contacts ω. This means that the four partner-

ship matrices ṽLW,LM , ṽLM,LW , ṽLW,CL, and ṽCL,LW in Eq. (4.10)-(4.12) and

(4.14) are all equal to a common partnership matrix ṽ. We will consider two

“High-Infectivity” and two “Low-Infectivity” scenarios for ṽ. The value of ṽ
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for each one of the two “High-Infectivity” scenarios is

ṽHiInfOver
def.
=




0 0

1 1

ω ω




, ṽHiInfSer
def.
=




0 1

1 2

ω ω




. (4.18a,b)

The “High-Infectivity-Overlapping” partnership matrix of Eq. (4.18a) means

that all individuals in the system have two one-year overlapping partnerships

which start at the time of infection. The “High-Infectivity-Serial” partnership

matrix of Eq. (4.18b) has the second one-year partnership starting when the

first one ends.

The “Low-Infectivity” partnership scenarios are the same as in Eq. (4.18),

except that all partnerships start a year later and therefore take place during

the low infectivity period:

ṽLowInfOver
def.
=




1 1

2 2

ω ω




, ṽLowInfSer
def.
=




1 2

2 3

ω ω




. (4.19a,b)

We consider a baseline sexual activity scenario (denoted S1) with the fol-

lowing characteristics:

• The annualized rate of coital acts in all the partnerships appearing in Eq.

(4.18)-(4.19) is ω = 120.

• Once infected, sex workers have an average 365 clients for one year

(Asamoah-Adu et al., 2001; Elmore-Meegan et al., 2004; Lowndes et al.,

2002). The corresponding contact rate function c1(a) used to calculate

A4(c1, 1) of Eq. (4.13) is the constant 365 on the interval (0, 1) and 0
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elsewhere:

c1(a) = γ1I[0,ϕ1](a), γ1 = 365; ϕ1 = 1 (4.20)

where I[0,ϕ1](a) is 1 for a < ϕ1 and 0 otherwise.

• Once infected, clients have an average 12 contacts for one year. These are

again plausible specifications and the corresponding contact rate function

c0(a) used to calculate A4(c0, 0) of Eq. (4.13) is 12 on the interval (0, 1)

and 0 elsewhere:

c0(a) = γ0I[0,ϕ0](a), γ0 = 12; ϕ0 = 1. (4.21)

A first alternate sexual activity scenario (S2) assumes halved client or sex

worker contacts (γ0 = 6 and γ1 = 182.5). The second scenario (S3) assumes a

halved low activity contact rate (ω = 60).

Because the four matrices ṽLW,LM , ṽLM,LW , ṽLW,CL, ṽCL,LW used in Eq.

(4.10)-(4.12) and (4.14) are all equal, the maximum R∗ of Eq. (4.16) is equal

to the common value of RL, M1, M0, and RB.

TABLE 2 ABOUT HERE -

Table 2 shows that when in the baseline case an infected individual has

two overlapping one-year partnerships starting at the time of infection (Sce-

nario S1.a) then the basic reproduction number R0 is the highest at 3.01. The

transmission within the low activity population (measured by R∗) decreases

substantially from 1.02 to 0.36 or 0.04 for the lower-risk partnership patterns

S1.b, S1.c, S1.d. However R0 is still 1.92 or 1.51, well above the threshold value

1. The lower bound R∗ + RH = R∗ + 1.47 for R0 given in Eq. (4.17) means

that no matter how much we reduce R∗ > 0 the basic reproduction number R0

will not drop below RH = 1.47. The only way of bringing the growth factor in
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the low-activity group below RH is by eliminating the bridges completely. As

pointed out earlier the low-activity group has then its own growth factor RL

which can be reduced independently of RH .

A halving of the low activity contact rate ω (scenarios S3) reduces R0 from

3.01 to 1.90 (37%) for the “High-Infectivity-Overlapping” scenario and from

1.92 to 1.60 (17%) for the “High-Infectivity-Serial” scenario. The reduction in

R0 is from 1.51 to its lower bound R∗ + RH = 0.01 + 1.47 = 1.48 (only 1%) for

both the “Low-Infectivity-Overlapping” and “Low-Infectivity-Serial” scenarios.

These results illustrate the fact that R0 is more sensitive to a reduction in sexual

activity when partnerships begin closer to the time of infection. This reflects

the high-infectivity of the primary-stage of the disease.

A halving of the number of contacts among client or sex workers (scenarios

S2) reduces R0 from 3.01 to 2.24 (26%) for the “High-Infectivity-Overlapping”

scenario and from 1.92 to 0.96 (50%) for the “High-Infectivity-Serial” scenario;

R0 drops from 1.51 to 0.41 (73%) for the “Low-Infectivity-Overlapping” sce-

nario and from 1.50 to 0.42 (72%) for the “High-Infectivity-Serial” scenario.

These larger drops for “Low-Infectivity” scenarios to practically the lower

bound R∗ + RH = 0.04 + 0.37 = 0.41 reflect the fact that later steady partner-

ships play a smaller role in the overall transmission.

Our numerical example illustrates the implications of the inequality R0 ≥
R∗ + RH . No matter how much R∗ is reduced, the basic reproduction number

R0 cannot drop below the threshold value 1 if RH ≥ 1. The same argument

could apply to a sub-group of highly active homosexual men.

The basic reproduction number R0 is a useful parameter only during the

early spread of an infectious disease when susceptible individuals are available

in unlimited numbers. In the long run relatively small populations of clients

or sex workers would be quickly saturated, a fact which could bring about a
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rapid leveling off of the number of new infections.

5 CONCLUSION

We have proposed simple expressions for the probability of transmission and

the number of secondary cases for a sexually transmitted infection in which in-

dividuals engage in multiple partnerships with specified timings and durations.

Applied to the case of HIV, these expressions incorporate recent information

on the probability of transmission β(a, d) as a function of the time since disease

onset and the duration of infection at death.

The functional form derived here for β(a, d) can be used in an individual-

based model of the spread of HIV. The time since disease onset until death d

is simulated as soon as a person is infected. The per coital act probability of

transmission for any time since disease onset a < d is then β(a, d).

Numerical examples show that a per coital act probability of transmission

peaking at 0.07 a few weeks into the infection, which then remains very low

until it reaches a late-stage maximum of 0.01 is consistent with recent estimates

of per partnership transmission probabilities. Probabilities of transmission un-

conditionally on survival to the inception of a partnership decrease with the

time since disease onset at inception. This is because an infected is less likely

to survive until the inception of the intended partnership. The probability of

transmission conditionally on survival to the inception of a partnership tends

to increase with the time since disease onset at inception. This is because a

shorter time until death causes a quicker late stage increase in the probability

of transmission.

Results were used to explore the critical question of bridging populations in

a heterogeneous system composed of low- and high-activity groups. Although
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highly simplified, our numerical examples shed light on the role of concurrency,

on the timing of the partnerships and on the effect of a drop in the level of sexual

activity among low- and high-activity individuals. In particular, our results

suggest that a high-activity group can cause a significant epidemic outbreak in

the population at large no matter how small the bridging effect is, as long as

it is not 0. Only if the bridging effect is eliminated altogether can the growth

factor in the low-activity group be reduced independently of what happens in

the high-activity group.
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Variable Interpretation Baseline value
α Time since disease onset at first peak transmission probability 0.063 years
M First peak transmission probability 0.07
σ1 Variance ascending side (primary stage) 0.10
σ2 Variance descending side (primary stage) 0.48
m Low asymptomatic value of transmission probability 0.00084
ζ Minimum disease age at death to have late-stage increase 1 year
ν Duration of full-length late-stage increase 2 years
M ′ Max. transmission probability after full-length late-stage 0.01

Table 1: Parameters of the probability of transmission function β(a, d) of Eq.
(4.1), where a is the time since disease onset and d the duration of infection at
death.
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Figure 1: Probability of transmission per coital act β(a, d) for a duration of
infection at death d and a time since disease onset a ≤ d. On the left, proba-
bilities up to a = 0.5 are independent of d. The graph continues on the right,
with a different x-axis scale. For any d ≤ ζ + ν = 3 the probability β(a, d) is
the minimum m = 0.00084 when a ≤ ζ = 1; β(a, d) increases exponentially
for a between ζ and d. For d ≥ ζ + ν = 3 there is a full-length (ν = 2 years)
late-stage increase in β(a, d) that reaches its maximum M ′ = 0.01 at the time
of death a = d; β(a, d) is depicted for d = 4 and d = 5 with late-stage increases
starting at 2 and 3 years, respectively. For more typical durations of infection
at death of 9 or 10 years, the late-stage increase starts at 7 or 8 years.
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Figure 2: Probabilities of transmission over the entire partnership between an
infected woman and a susceptible man for partnerships of duration 0.5 and 4
years, as functions of the woman’s time since disease onset at the inception
of the partnership. Probabilities are given i) conditionally (Eq. (4.4)) on the
time since disease onset being larger than the duration at inception of the
partnership (the woman survives until the inception of the partnerships), and
ii) unconditionally (Eq. (4.5)) on the time since disease onset (the woman may
not survive until the inception of the intended partnership).
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A3(ṽLM,LW ,0)
// Low-activity

women (LW)

Figure 3: Spread of HIV between clients (CL), sex workers (SW ), and low ac-
tivity men and women (LM, LW ). Clients and sex workers have instantaneous
contact rates with secondary infection given by the function A4 of Eq. (3.10).
Low activity individuals have possibly multiple regular partners with secondary
infections given by the function A3 of Eq. (3.6). Clients and low-activity women
bridge the two populations and also produce secondary infections given by A3.
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Sexual activity and partnership scenarios R∗ RH R0

S1. Baseline
a. High-Infectivity-Overlapping (Eq. (4.18a)) 1.02 1.47 3.01
b. High-Infectivity-Serial (Eq. (4.18b)) 0.36 1.47 1.92
c. Low-Infectivity-Overlapping (Eq. (4.19a)) 0.04 1.47 1.51
d. Low-Infectivity-Serial (Eq. (4.19b)) 0.04 1.47 1.51
S2. Halved client/sex worker contacts γ0 and γ1

a. High-Infectivity-Overlapping (Eq. (4.18a)) 1.02 0.37 2.24
b. High-Infectivity-Serial (Eq. (4.18b)) 0.36 0.37 0.96
c. Low-Infectivity-Overlapping (Eq. (4.19a)) 0.04 0.37 0.41
d. Low-Infectivity-Serial (Eq. (4.19b)) 0.04 0.37 0.42
S3. Halved low-activity contacts ω
a. High-Infectivity-Overlapping (Eq. (4.18a)) 0.35 1.47 1.90
b. High-Infectivity-Serial (Eq. (4.18b)) 0.12 1.47 1.60
c. Low-Infectivity-Overlapping (Eq. (4.19a)) 0.01 1.47 1.48
d. Low-Infectivity-Serial (Eq. (4.19b)) 0.01 1.47 1.48

Table 2: Reproduction numbers for four scenarios concerning the timing and
duration of partnerships (Eq. (4.18)-(4.19)) and three levels of sexual activity
among low-activity individuals and clients/sex workers. The baseline level (S1)
is defined by ω = 120 low-activity coital acts, γ0 = 12 sex worker visits per
client and γ1 = 365 clients per sex worker (per year). The alternate scenario
S2 is defined by a halving of the numbers γ0 and γ1 of sex worker visits and
clients (to 6 and 182.5); S3 is defined by a halving of the annual number of
contacts ω to 60. R∗ is the common value of the low-activity reproduction
number RL (Eq. (4.10)), the bridging reproduction number RB (Eq. (4.14))
and the mixed reproduction numbers M0 (Eq. (4.12)) and M1 (Eq. (4.11));
RH of Eq. (4.13) is the intrinsic high-activity reproduction number within the
client or sex worker population; R0 of Eq. (4.15) is the basic reproduction
number.
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