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Abstract

A matrix model is used to describe the dynamics of a population of female tsetse flies structured by par-
ity (i.e., by the number of larvae laid). For typical parameter values, the intrinsic growth rate of the pop-
ulation is zero when the adult daily survival rate is 0.970, corresponding to an adult life expectancy of 1/
0.030 = 33.3 days. This value is plausible and consistent with results found earlier by others. The intrinsic
growth rate is insensitive to the variance of the interlarval period. Temperature being a function of the time
of the year, a known relationship between temperature and mean pupal and interlarval times was used to
produce a time-varying version of the model which was fitted to temperature and (estimated) population
data. With well-chosen parameter values, the modeled population replicated at least roughly the population
data. This illustrates dynamically the abiotic effect of temperature on population growth. Given that tsetse
flies are the vectors of trypanosomiasis (‘‘sleeping sickness’’) the model provides a framework within which
future transmission models can be developed in order to study the impact of altered temperatures on the
spread of this deadly disease.
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1. Introduction

Matrix models have been used successfully to describe the population dynamics of a variety of
biological and human populations [1–4]. In their simplest forms, these models describe the linear
dynamics of a discrete population structured by the age of each individual. Straightforward exten-
sions yield more complex multisite or stage-classified models with populations structured accord-
ing to biological stage or place of residence in addition to age [3,5].

The model described here for the dynamics of female tsetse flies (Glossina spp.) falls into this
last category. An accurate model of the population dynamics of tsetse flies is crucial to our under-
standing of the spread of trypanosomiasis, also known as sleeping sickness. This disease, which
affects millions in Central Africa, is transmitted by tsetse flies (the ‘‘vectors’’) when they bite hu-
mans for their ‘‘blood meal’’. In a series of papers, our team and others have shown that the
spread of this disease hinges on a sufficiently large vector population [6,7]. However these early
models are based on aggregate tsetse populations and captured only crudely an important epide-
miological characteristic of the disease. Indeed, a tsetse fly can only become infected at its first
blood meal on a human, which takes place during the first three to five days of the nulliparous
stage. A sound epidemiological model must therefore rest on a time step and an age-interval of
one day.

The life cycle of a Glossina starts when a larva is laid (larviposition). A few hours later the larva
enters its pupal stage which lasts anywhere from 10 to 100 days, depending on climatic and other
factors [8] (Fig. 1).

Emergence from the pupal stage is followed by a pre-reproductive adult phase during which the
fly is of parity 0 (nulliparous). This stage lasts approximately 20 days, and ends when the first lar-
va is laid (larviposition). The fly is then of parity 1 and either dies in that state or survives until the
next larviposition which takes it to parity 2. This and subsequent interlarval periods are approx-
imately 10 days long, with some variation between individuals.

Hargrove [9] and Jarry et al. [10] have described Leslie matrix models for the population
dynamics of tsetse flies. However these models have limitations that preclude their use in an epi-
demiological model of the spread of trypanosomiasis.

Hargrove proposes a classical Leslie matrix model with a time-step of one day; the Leslie matrix
is of dimension 200, which means a maximum life span of 200 days.

As a first but somewhat crude approximation to the near cyclical nature of fertility (one larvi-
position approximately every 10 days), Hargrove assumes a uniform fecundity at all adult ages.

Fig. 1. Life cycle of tsetse fly.
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We feel that this assumption is too crude to incorporate into an epidemiological model in which
the birth process plays a crucial role.

The matrix model by Jarry et al. [10] addresses the cyclic nature of the birth process by consid-
ering a time-step of 10 days corresponding to the average interlarval period. The release of one
mature larva every 10 days thus translates into the same fecundity rates during each time-step
of the reproductive adult phase. With this crude age-aggregation the possibility of small variations
around a 10-day average interlarval period is lost. Modeling human-to-fly transmission through a
blood meal during the first few days of life also becomes problematic.

We will describe here a one-sex matrix model that captures the nuances of variable pupal, pre-
reproductive, and interlarval periods without making the simplifying assumptions of the Har-
grove and Jarry et al. Leslie matrix models. To achieve this, a one-day time-step is required as
in the Hargrove model. The difficulty encountered with that model arose from the fact that an
interlarval period implies a memory of when the previous larviposition took place. This memory
will be kept by structuring the life cycle of a fly into different stages: the larval/pupal stage; the
adult pre-reproductive stage; the parity-specific adult reproductive stages. Each stage is structured
by the number of days spent in the stage, i.e., the age within the stage.

2. The model

2.1. The pupal stage

The duration l of the pupal period depends on fluctuating environmental conditions [11]; l,
which incorporates both the risks of death and emergence, is therefore a discrete random var-
iable with a maximum value denoted k. The pupal population at time t is then represented by
the vector

LðtÞ ¼ ðl0ðtÞ l1ðtÞ � � � lk�1ðtÞÞ0; ð2:1Þ
where the apostrophe means ‘‘transpose’’; lj(t) is the pupal population aged j. (Fig. 2 where each
state is identified by the corresponding population without the functional dependence on time.)

A pupa is subjected to two competing risks (assumed independent): death and emergence. The
‘‘emergence rate’’ en is the probability that in the absence of the risk of mortality a larva aged n
emerges to enter the first age group of the pre-reproductive adult phase. If l* is the discrete ran-
dom variable equal to the age of emergence in the absence of the risk of mortality, then en is the
conditional probability

en ¼def:
Probðl� ¼ n=l� P nÞ: ð2:2Þ

The probabilities en are discrete hazards that will be calculated on the basis of an assumed distri-
bution of l*.

The probability of survival from age n to n + 1 is denoted sn. In order to move from state ln to
ln+1, a pupa must survive without emerging. With the usual independence assumptions, this means
that the probability rn of this transition is

rn ¼def: snð1� enÞ; n ¼ 0; 1; . . . ; k � 2: ð2:3Þ
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In order to emerge, a pupa aged n must survive and emerge. The probability dn of emergence is
therefore

dn ¼def: snen; n ¼ 0; 1; . . . ; k � 1: ð2:4Þ
The model is deterministic with the components of population size calculated as expected values

lnþ1ðt þ 1Þ ¼ rnlnðtÞ; n ¼ 0; 1; . . . ; k � 2: ð2:5Þ

2.2. The adult stages

For h = 0,1,2, . . . ,q (q = maximum parity) we define

AhðtÞ ¼ ðah;0ðtÞ ah;1ðtÞ � � � ah;mðhÞ�1ðtÞÞ; ð2:6Þ
as the population vector of adult flies who are of parity h at time t. The component ah,k(t) thus
represents the number of flies of parity h who have been in that stage for k days. Each m(h) is
the maximum value of the discrete random variable ih equal to the time spent in parity h.

The vector A0(t) is the nulliparous population vector at time t with a0,0(t) equal to the number
of flies emerging between times t � 1 and t, i.e.,

a0;0ðtÞ ¼
Xk�1

n¼0

dnlnðt � 1Þ: ð2:7Þ

For a fly entering parity h, we let Ih be the time until larviposition in the absence of the risk of mor-
tality. As with the probabilities of emergence ek, we can define conditional probabilities fh,j of a
larviposition (in the absence of mortality) for a fly that has been for j days of parity h

fh;j ¼def:
ProbðIh ¼ j=Ih P jÞ: ð2:8Þ

Fig. 2. Life cycle graph.
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We let si,j be the daily probability of survival for a fly that has been of parity i for j days. The
probability of death for that fly is therefore 1 � si,j. There are two possible transitions for a fly
that does not die:

(i) transition (with survival) to the next age group without larviposition. The probability ri,j of
this transition and the corresponding population dynamics equation are

ri;j ¼def: si;jð1� fi;jÞ; ai;jþ1ðt þ 1Þ ¼ ri;jai;jðtÞ ð2:9Þ
(ii) laying of a larva (larviposition) which brings the fly to the first age group of the next parity.

The probability pi,j of this ‘‘change-of-parity-transition’’ is

pi;j ¼def: si;jfi;j: ð2:10Þ

The transition to an incremented parity i + 1 is then described by

aiþ1;0ðt þ 1Þ ¼
XmðiÞ�1

n¼0

pi;nai;nðtÞ: ð2:11Þ

If n is the average number of female larvae produced by each female (n will typically be 0.5), this
change-of-parity translates into a female fecundity rate of

/i;j ¼
def:

nsi;jfi;j: ð2:12Þ
The population ai,j(t) thus contributes /i,j ai,j(t) individuals to l0(t + 1), the total number of new
larvae at time t + 1. This number, collected from all parities is then

l0ðt þ 1Þ ¼
Xq

r¼1

XmðrÞ�1

j¼0

/r;jar;jðtÞ: ð2:13Þ

3. Matrix formulation

3.1. Construction of the matrix

There are two ways of constructing the total population vector. One can stack the vectors by
stage (the larval population followed by the parity specific ones). Each vector provides population
counts broken down by the age within the stage.

One can also stack the vectors by time spent in each stage. We let N0(t) denote the first such
vector of populations aged 0 within each stage, namely

N 0ðtÞ ¼ ðl0ðtÞ a0;0ðtÞ a1;0ðtÞ � � � aq;0ðtÞÞ0: ð3:1Þ
More generally

NpðtÞ ¼ ðlpðtÞ a0;pðtÞ a1;pðtÞ � � � aq;pðtÞÞ0; p ¼ 0; 1; . . . ð3:2Þ
is the q + 2 dimensional vector of populations aged p within the pupal stage and the q + 1 sub-
sequent adult stages. Not all q + 2 stages have the same maximum duration however. We
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therefore let k* denote the maximum of these maximum durations and define the Np(t) 0s of (3.2)
for p going from 0 to k* � 1.

A number of population components ap,r(t) will therefore be zero for ages r larger than the
maximum attainable age within that pth stage. In terms of the life cycle graph this translates into
dummy states that can be neither reached nor left.

The total population vector N(t) is then obtained by stacking the k* vectors
N 0ðtÞ;N 1ðtÞ; . . . ;N k��1

NðtÞ ¼

N 0ðtÞ
N 1ðtÞ
. . .

N k��1ðtÞ

0
BBB@

1
CCCA: ð3:3Þ

The matrix M satisfying N(t) = M · N(t � 1) will bring together in a compact form Eqs. (2.5),
(2.7), (2.9), (2.11)–(2.13). To construct M we first define k* square fecundity and change-of-parity
matrices Qm of dimension q + 2

Qm ¼
def:

0 /0;m /1;m : : /q;m

dm 0 0 : : :

0 p0;m 0 0 : :

: 0 p1;m 0 : :

: : : : : :

0 0 : : pq�1;m 0

0
BBBBBBBB@

1
CCCCCCCCA
; m ¼ 0; 1; . . . ; k�: ð3:4Þ

There are also k* � 1 diagonal q + 2-dimensional survival matrices Sm defined by their diagonal
entries

Sm ¼ Diagðrm; r0;m; r1;m; . . . ;rq;mÞ; m ¼ 0; 1; . . . ; k� � 2: ð3:5Þ
The matrix M is of dimension k* · (q + 2) and is a block-matrix constructed with the Q0ms and S0ms:

M ¼def:

Q0 Q1 Q2 : : Qk��1

S0 0 0 0 : 0

0 S1 0 0 : 0

0 0 S2 0 : 0

: : : : : :

0 0 : 0 Sk��2 0

0
BBBBBBBBB@

1
CCCCCCCCCA

ð3:6Þ

and

NðtÞ ¼ M � Nðt � 1Þ: ð3:7Þ
We note that M of Eq. (3.6) is formally a multiregional Leslie matrix [5]. This is because the q + 2
stages can be viewed as a set of q + 2 ordered regions within which the population is structured
by the ordinary (chronological) age. Region �1 is the pupal stage, and Regions 0,1, . . . ,q, are the
q + 1 parity-specific stages. A newly laid larva migrates instantly into the first age group of
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Region�1. Emergence into the first age group of the nulliparous stage and parity changes are formally
equivalent to births followed by instant migration into the first age group of the next stage/region.

3.2. The renewal equation approach

As in [4, p. 296] we define the backward products

Lm ¼def: Sm � � � S1S0; m ¼ 0; 1; . . . ; k � 2: ð3:8Þ
Eq. (3.7) implies that

NpðtÞ ¼ Lp�1N 0ðt � pÞ; p ¼ 1; 2; . . . ; k� � 1: ð3:9Þ
Eqs. (3.7) and (3.9) now yield the renewal equation for the process {N0(t)}t=1,2,. . ., i.e.,

N 0ðtÞ ¼ Q0N 0ðt � 1Þ þ Q1L0N 0ðt � 2Þ þ � � � þ Qk�1Lk�2N 0ðt � kÞ: ð3:10Þ
We seek an equilibrium solution of the form N 0ðtÞ ¼ kt

0N 0 with N 0 > 0. If we define

NðkÞ ¼def: I �
Xk��1

m¼0

QmLm�1k
�m

" #
ð3:11Þ

then N0 and k0 must satisfy

Nðk0ÞN 0 ¼ 0: ð3:12Þ
We can solve this system (which is only of dimension q + 2, the number of stages) by finding
k0 > 0 such that det(N(k0)) = 0. However the equation involves the determinant of a sum of k*

matrices which is cumbersome.
In the next section, we will see that an equation giving k can be written down explicitly by direct

consideration of the original equations, prior to any matrix formulation.

3.3. Main result

Because of its null rows and columns (corresponding to the dummy stages that can be neither
reached nor left), the matrix M of (3.7) is reducible. However we can delete the dummy states as
well as the corresponding zero rows or columns of M. We obtain a matrix M1 whose associated
graph is given in Fig. 2. (There is a directed arc from a node a to a node b if and only if the cor-
responding transition rate is strictly positive).

We can now show by consideration of Fig. 2 that M1 is irreducible. After removing the dummy
states, the remaining survival rates are all positive, including the ones into the last age group of
each stage (rk�2 and rh,m(h)�2, h = 1,2, . . . ,q). The emergence, larviposition, and fecundity rates
dk�1, ph,m(h)�1, /h,m(h)�1 (h = 1,2, . . . ,q) from the last age group of each stage are now also po-
sitive. These assumptions insure that in Fig. 2 there is an arc connecting the last node of each stage
to the first node of the next stage. (There are also fecundity arcs from the last age group of each
adult phase into the first pupal stage l0). The graph is then strongly connected, i.e., there exists a
path between any two nodes. The matrix M1 is therefore irreducible.

A first theorem from the theory of nonnegative matrices gives simple and biologically realistic
conditions under which the matrix is primitive (i.e., an eigenvalue k0 > 0 strictly dominates all
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others). This insures the existence of a stable exponential equilibrium population, with a popula-
tion that grows asymptotically as the function k0

t of time t.

Theorem 3.1. If there are two successive emergence, fecundity, or larviposition rates that are
positive, then M1 is primitive.

Proof. Under these assumptions there are two paths from l0 to itself that have consecutive
lengths. The greatest common divisor of all lengths is therefore 1 and M1 is primitive [12, p.
49]. h

We next seek the dominant eigenvalue k0 of M1 which determines the long-run growth potential
of the population. The standard approach is to solve the characteristic equation

detðM1 � kIÞ ¼ 0: ð3:13Þ
However, given the near-triangular structure of the system, it is simpler to seek k0 by considering
the original equations. This will also lead to an explicit expression for the net reproduction rate.

We first define the equilibrium populations that we are seeking, namely

L ¼def :ðl0 l1 � � � lk�1Þ0 ð3:14Þ
and

Ar ¼def:ðar;0 ar;1 . . . ar;mðrÞ�1Þ0; r ¼ 0; 1; . . . ; q: ð3:15Þ
At an equilibrium, Eq. (2.13) yields

Xq

r¼0

XmðrÞ�1

j¼0

/r;jar;j ¼ kl0: ð3:16Þ

We will be able to express each ar,j on the left-hand side of Eq. (3.16) as a product of l0 multiplied
by a polynomial in 1/k. Dividing both sides by kl0 will yield an equation equivalent to the char-
acteristic equation of M1.

We first need to define the probabilities mp that a newly laid larva survives to the p + 1st larval
age group

tp ¼def:
Yp

r¼0
rr; p ¼ 0; 1; . . . ; k � 2; t�1 ¼def:

1: ð3:17Þ

Similarly, ts,p is the probability that a fly that reaches the first age group as,0 of parity s, will sur-
vive p + 1 days within that parity

ts;p ¼def:
Yp

r¼0
rs;r; s ¼ 0; 1; . . . ; q; p ¼ 0; 1; . . . ;mðsÞ � 2; ts;�1 ¼def :

1: ð3:18Þ

We also define

QðkÞ ¼def:
Xk�1

r¼0

drvr�1

krþ1
: ð3:19Þ

The quantity Q(1) is the probability that a newly laid larva reaches adulthood (i.e., the stage a0,0).
Indeed, Q(1) is the probability d0 of reaching a0,0 from stage l0+ the probability d1t0 of reaching
a0,0 from stage l1, etc.
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Similarly, we define

ZhðkÞ ¼def :
XmðhÞ�1

s¼0

ph;sth;s�1

ksþ1
; h ¼ 0; 1; . . . ; q� 1: ð3:20Þ

The quantity Zh(1) is the probability that a fly that has reached the first stage ah,0 of parity h will
survive to the next parity h + 1, i.e., to stage ph+1,0; Zh(1) is also the probability of a larviposition
for that fly, since surviving to the next parity means a larviposition.

Theorem 3.2. The characteristic equation of M1 in the unknown k is equivalent to the equation

HðkÞ ¼def :
Xq

r¼0

XmðrÞ�1

j¼0

/r;jqr;jðkÞ ¼ 1; ð3:21Þ

where

qr;jðkÞ ¼
def: QðkÞtr;j�1

Qr�1
n¼0ZnðkÞ

kjþ1
r ¼ 0; 1; . . . ; q; j ¼ 0; 1; . . . ;mðrÞ � 1 ð3:22Þ

with the convention that
Qr�1

n¼0Zn (k) =1 when r = 0.
The root k0 is the unique positive value of k for which the decreasing function H(k) is equal to 1.
Each qr,j(1) is the probability that a newly laid larva will reach age group j of parity r; H(1) is the

net reproduction rate (NRR), i.e., the average number of female larvae eventually produced by a
newly laid female larva. The NRR is >1 if and only if k0 > 1.

For an arbitrary first component l0 > 0 of L in (3.14), the other components are

lj ¼ l0vj�1=k
j
0; j ¼ 1; 2; . . . ; k � 1; ð3:23Þ

ar;j ¼ l0k0qr;jðk0Þ; r ¼ 0; 1; . . . ; q; j ¼ 0; 1; . . . ;mðrÞ � 1: ð3:24Þ

Proof. Eq. (2.5) yields

lj ¼ l0tj�1=k
j; j ¼ 1; 2; . . . ; k � 1: ð3:25Þ

From Eq. (2.7) we have

ka0;0 ¼
Xk�1

r¼0

drlr ) a0;0 ¼
Xk�1

r¼0

drl0tr�1=k
rþ1 ¼ l0QðkÞ: ð3:26Þ

Similarly, from Eq. (2.9), we obtain

a0;r ¼ a0;0t0;r�1=k
r ¼ l0QðkÞt0;r�1=k

r; r ¼ 0; 1; . . . ;mð0Þ � 1: ð3:27Þ
We next have

a1;j ¼ l0QðkÞZ0ðkÞt1;j�1=k
j; j ¼ 0; 1; . . . ;mð1Þ � 1 ð3:28Þ

and more generally

ar;j ¼ l0QðkÞtr;j�1

Yr�1

n¼0
ZnðkÞ=kj;¼ l0qr;jðkÞk; r ¼ 2; 3; . . . ; q; j ¼ 0; 1; . . . ;mðrÞ: ð3:29Þ
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We now substitute the expression obtained in (3.29) for ar,j of (3.16). Dividing both sides by p0k
yields H(k) = 1 of Eq. (3.21). The function H(k) is a polynomial in 1/k of degree w with no con-
stant term. The equation H(k) = 1 is therefore the characteristic equation of M1 in which both
sides are divided by kw. Because its coefficients are nonnegative, the function H(k) decreases from
+1 to 0 for k increasing from 0 and +1. (It is thus a particularly simple numerical matter to find
the (unique) positive value k0 of k for which H(k) is equal to 1).

The quantity qr,j(1)is the probability that a newly laid larva reaches the first stage ar,0 of the rth
parity multiplied by the (conditional) probability mr,j�1 of surviving j days within that parity; qr,j(1)
is therefore the probability that a newborn larva will reach age group j of parity r. The value H(1)
is then the net reproduction rate (NRR) because it is the sum of the probabilities qr,j(1) multiplied
by the corresponding fecundity rate /r,j. As one would expect, the NRR is larger than 1 if and
only if k0 > 1 (because H(1) > 1 means that the argument 1/k must drop below 1 in order for H(1/
k) to reach 1). h

4. Sensitivity analysis

4.1. Probabilistic models for pupal and interlarval times

Little information is available on the exact statistical distribution of the pupal time l* in the ab-
sence of mortality. With no reason to suspect any skewness, we will therefore assume that l* is a
discretized version of a normal random variable. We define the cumulative distribution function

F ðx;l; rÞ ¼ 1

r
ffiffiffiffiffiffi
2p
p

Z x

�1
exp �ðu� lÞ2

2r2

 !
du ð4:1Þ

of the normal random variable with mean l and standard deviation r. The corresponding discrete
hazard of the event occurring between times n and n + 1 is

Zðn;l; rÞ ¼def: F ðnþ 1; l;rÞ � F ðn; l; rÞ
1� F ðn;l;rÞ : ð4:2Þ

We consider that a pupa in the pth age group has an average age of p + 0.5. The probability of
emergence from that group is then taken as the probability that the normal random variable is
between p and p + 1

Probðl� ¼ pÞ ¼def : F ðp þ 1;le;weÞ � F ðp;le;weÞ; ð4:3Þ
where (le,we) are the mean and standard deviation of the pupal period. (we must be small enough
for the probability of l* < 0 to be negligible).

From Eq. (2.2) the discrete hazard en of emergence during the nth period is therefore

en ¼ Probðl� ¼ n=l� P nÞ ¼ Zðn; le;weÞ: ð4:4Þ
The time I0 spent in the nulliparous stage until the first larviposition is equal to the duration of
two ovarian cycles. The subsequent times Ih (h P 1)between two larvipositions are equal to the
duration of one ovarian cycle [13]. As above we will assume that the durations Ih are discretized
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versions of a normal random variable. If we let l1 and w1 be the mean and standard deviation of
Ih (h P 1) then I0 is normal with mean 2l1 and standard deviation 2w1. The parity-specific fertility
rates fh,n at parity h and age-within parity n are then the discretized hazards

f0;n ¼ Zðn; 2l1; 2w1Þ; n ¼ 0; 1; . . . ð4:5Þ
and

fh;n ¼ Zðn; l1;w1Þ; h P 1; n ¼ 0; 1; . . . ð4:6Þ

4.2. Sensitivity analysis of the growth rate

We will assess the effect of different parameters on the long-run growth rate measured by k0.
This quantity is easily calculated numerically (‘‘Bisection Method’’) because it is the unique value
of k for which the decreasing function H(k) of (3.21) is equal to 1.

Little is known on survival rates during the pupal stage. However mortality is generally consid-
ered quite small and results primarily from environmental conditions; aging is less of a factor [13].

In order to assess the upper limit to the growth rate, Hargrove and Jarry et al. in [9] and [10]
both assumed a daily survival rate of 1 during the pupal period. We will make that same assump-
tion in order to compare our results with theirs.

Following Hargrove we assume a mean pupal period le in the absence of mortality equal to 20
days (we will see in the next section that this mean is affected by the temperature).

The mean interlarval time l1 will be taken equal to 10 days, a generally accepted value under
normal circumstances [14]. The standard deviation w1 of the interlarval time is taken equal to 1, 2,
or 3. These values imply that 95% of the interlarval times are within 2, 4, or 6 days of the mean 10,
which seems a reasonable range of possible deviations.

Finally, the parity- and age-specific adult survival rates si,j will be assumed equal to a common
value s in the 0.95–0.99 range. This is a plausible range based on earlier mortality studies [9].

With these parameter values and ranges summarized in Table 1, we calculated k0 and represent-
ed in Fig. 1 the corresponding monthly growth rate 100ðk30

0 � 1Þ (in %).
Fig. 3 shows the increase of the monthly growth rate with the adult daily survival rate s. The

growth rate is insensitive to the assumed standard deviation. Variances in the nulliparous and
interlarval stages mean that some females lay their larva earlier, and others later. Regardless of
the magnitude of the variance these two effects must cancel each other which may explain this
insensitivity.

Table 1
Demographic parameters/ranges

Pupal daily survival rate (rk) 1
Mean pupal duration (le) 20 days
Mean nulliparous duration (2l1) 20 days
Standard dev. nulliparous duration (2w1) 2, 4, 6
Adult daily survival rate (s) 0.95–0.99
Mean interlarval period (l1) 10 days
Standard dev. interlarval period (w1) 1, 2, 3
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We next define s* as the value s of the survival rates corresponding to k0 = 1. With a mean inter-

larval time of 10 days, Hargrove and Jarry et al. obtained values of s* equal to 0.960 and 0.965,
respectively. For all three values of the standard deviation w1 our parity-structured model puts s*

at 0.970 (i.e., the growth rate in Fig. 3 is 0 for a survival rate of 0.970).
This discrepancy can be investigated when we recall that the daily survival rate is 1 during the

pupal period, and that the daily adult mortality rate m ¼def:
1� s is assumed to be the same for all

ages. The survival rate to age x is then exp(�m · x). Under these circumstances the net reproduc-
tion rate NRR (i.e., the average number of female larvae produced by each female) is independent
of the pupal period (during which there is no mortality) and can be calculated directly. Indeed, if
the first larviposition takes place deterministically on the gth day of adulthood, if subsequent lar-
vipositions take place exactly every 10th day, and if the expected number n of female larvae per
larviposition is 0.5, then the NRR is

NRRðg;mÞ ¼def:
X1
k¼0

expð�m� ðgþ k � 10ÞÞ
 !

0:5: ð4:7Þ

We next define the value s(g) of the survival rate 1 � m for which NRR(g,m) is 1, i.e.,

sðgÞ ¼def :
1� fm such that NRRðg;mÞ ¼ 1g: ð4:8Þ

In other words s(g) is the value of the survival rate 1 � m for which the NRR (and therefore k0) is
1. With a time g = 20 days until the first larviposition, s(20) is 0.969 which is very close to the val-
ue 0.970 corresponding to k0 = 1 found here with three different values of w1.

The smaller values 0.960 and 0.965 found by Hargrove and Jarry et al. may be due to shorter
nulliparous stages than the 20 days assumed here: 14 days for Hargrove and 10 days for Jarry
et al. With shorter nulliparous stages one expects the population to be asymptotically in equilib-

Fig. 3. Growth rate as a function of daily adult survival s, for three different standard deviations w1 of one ovarian
cycle.
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rium (k0 = 1) with lower survival rates. There is however a small inconsistency between the two
authors: the one with the shorter nulliparous stage has slightly higher survival rate.

This inconsistency can be further analyzed by calculating the presumably accurate survival
rates s(14) = 0.964 and s(10) = 0.959. These values obtained from (4.8) are very close to the values
0.960 and 0.965 of Hargrove and Jarry et al., but in switched order. Notwithstanding the crude-
ness of the models used by these authors, their ‘‘equilibrium survival rates’’ in the 0.960–0.965
range are remarkably close to those obtained with the function s(g).

5. Data fitting with a time-varying matrix model: the abiotic effect of temperature

Matrix models such as the one proposed here are rarely realistic representations of reality. This
is because few biological populations are subjected to truly unchanging fertility and mortality
rates. This is obvious from fluctuations that are observed in most population data. Fluctuating
population counts can result from random variations in an otherwise stationary process. Fluctu-
ations or longer-term secular changes can also result from:

• density-dependent mechanisms (see Caswell [3] for a review and [15] for our model of a migra-
tory density-dependent mechanism applied to tsetse flies).

• abiotic factors such as temperature.

We next illustrate this latter possibility by fitting a time-varying version of our matrix model to
experimental data.

5.1. Trapping and temperature data

A trapping experiment was conducted by one of the authors in Vavoua (Ivory Coast). The
experiment yielded apparent densities AD(t) and temperatures d(t) at 13 points in time during
an 11-month period in 1983–1984. Apparent densities are daily numbers of flies trapped per trap.

Non-linear regression techniques provided rough estimates E(t) of the fly population affected by
each trap, as a function of the apparent densities [16]:

EðtÞ � 831:83ADðtÞ0:62 ð5:1Þ
The main point here is not the absolute numbers but their variation over time. With day 0 cor-
responding to March 11, 1983, Table 2 below provides estimated fly populations affected by
one trap as well as temperatures (in Celcius) at 13 points in time (unpublished data).

Temperature affects to various degrees all demographic parameters of the model, including the
duration l* of the pupal period. Indeed, an inverse linear relationship between temperature and
this duration was proposed by Harley [11]. From his data we derive a model of the mean value
le(d) as a linearly decreasing function of the temperature d in Celsius degrees

leðdÞ ¼ 145:976� 4:405d: ð5:2Þ
The 25–30� range in Table 2 translates through this formula into an average pupal duration that
falls from 35.9 to 13.8 days. These are typical and quite plausible durations. We will assume some-
what arbitrarily a standard deviation equal to one quarter of the mean: we(d) = le(d)/4.
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As with the pupal period, Harley [11] has an inverse relationship between the temperature d and
the mean interlarval period l1(d) also considered a function of d:

l1ðdÞ ¼ 18:39� 0:352d: ð5:3Þ

Eq. (5.3) translates into an average duration l1(d) that falls from 9.6 to 7.8 days when the tem-
perature increases from 25 to 30 degrees. (We again take w1(d) = l1(d)/4.)

5.2. The time-varying matrix model

The temperature data of Table 2 is interpolated linearly in order to obtain an estimated tem-
perature for each day t from 0 to 305. The time-invariant system N(t) = M · N(t � 1) of Eq.
(3.7) thus becomes a time-varying one in which the matrix M is now a function M(d(t)) of time
through the effect of temperature on pupal duration and interlarval times:

NðtÞ ¼ MðdðtÞÞ � Nðt � 1Þ ¼ MðdðtÞÞMðdðt � 1ÞÞ � � �Mðdð1ÞÞNð0Þ; t ¼ 1; 2; . . . ð5:4Þ

The fact that the matrices M(d(t)) depend on the piecewise linear function d(t) (which stays in a
narrow range) suggests that these matrices vary smoothly and relatively slowly. Previous work on
inhomogeneous products of nonnegative matrices has shown that if the matrices vary slowly en-
ough, then for every t the population vector N(t) will asymptotically remain relatively close in
direction to the normed eigenvector X(t) associated with the dominant eigenvalue k0(t) of
M(d(t)) [17,18]. (We recall that X(t) gives the direction towards which N(t) would converge if
the population matrix remained unchanged and equal to M(d(t))).

In order to fit the model to population data in Table 2, we need an initial population vector
N(0). Given the remark just made, we take N(0) equal to X(0) renormalized in such a way that
the total adult population is equal to the estimated count E(0) of 1809 flies at time 0.

Fig. 4 depicts the components of N(0). The first 50 components are those of the pupal stage.
The subsequent components are those of the parity-specific stages: the nulliparous population fol-

Table 2
Population estimates/temperature data in Vavoua (1983–1984)

Day t Estimated pop. E(t) Temperature d(t)

0 1809 27.1
20 1678 26.2
40 1711 28.9
65 2025 29.1
85 1995 28.3

105 1903 26.1
125 1841 24.6
165 1903 27.6
195 1643 28.0
225 2143 29.9
255 2114 28.9
275 1777 29.3
305 1505 28.8
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lowed by the parity specific populations, with components ordered by increasing age within the
stage. The sawtooth pattern reflects the decrease of the population within each stage as flies either
die or move to the next parity (Fig. 4).

Fig. 4. Components of initial population vector N(0).

Fig. 5. Output of time-varying version of the model. (a) Compares the modeled adult population with the estimated
one. (b) Compares the time-varying dominant eigenvalues k0(t) with the ratios of total populations at times t and t � 1.
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We let AP(t) denote the total modeled adult population, i.e., the sum of the components of N (t)
corresponding to adult stages. (The initial condition on N(0) therefore implies that AP(0) = 1809,
the initial estimated adult population). We then adjusted by trial and error the adult survival rate s
in order to obtain a modeled adult population AP(t) (driven by Eq. (5.4)) that would duplicate at
least roughly the pattern of Table 2. Not surprisingly the modeled trajectory is very sensitive to s.
The results are reported in Fig. 5 with s = 0.9845.

Fig. 5 a depicts AP(t) as well as the population counts E(t) of Table 2. The figure shows that for
the first 250 days of the simulation the modeled population roughly follows the estimated one.
During this period, the relative humidity remained quite stable. The divergence observed in
December–January is likely due to the rapidly declining relative humidity reported during that
time (data not shown but available). Indeed, it is known that even if the temperature does not
change much in the winter, a lower relative humidity has an adverse effect on population growth
[19].

We let TP(t) denote the total pupal + adult modeled population at period t (i.e., the sum of all
components of N (t)). If the matrices vary slowly, it is known that asymptotically the ratio TP(t)/
TP(t � 1) remains close to k0(t) [17,18]. The slower the matrices vary, the closer each ratio is to
k0(t). Fig. 5b shows that the ratios do remain reasonably close to the eigenvalues, although with
a lag that reflects the rate of change of the matrices: if the matrices changed more slowly, this lag
would decrease and the two curves would come closer to one another.

6. Conclusion

We described in this paper a parity-specific matrix model that incorporates the cyclical nature
of the reproductive cycle of tsetse flies. Temperature being a function of the time of the year, a
known relationship between temperature and mean interlarval time was used to produce a
time-varying version of the model which was fitted to temperature and (estimated) population
data. The modeled population’s ability to replicate at least roughly the population data illustrates
dynamically the abiotic effect of temperature on population growth.

The fact that the model diverged from observations when humidity decreased shows that our
environmental modeling is still crude. Indeed, we only considered the effect of temperature on
the duration of the pupal stage and on the interlarval period. In reality survival rates both in
the pupal and adult stages are also sensitive to temperature and to other more complex vari-
ables such as water vapour pressure and humidity. These relationships remain to be explored
and perhaps incorporated into a wider class of density-dependent models. It is indeed highly
likely that both abiotic and biotic factors play an important role in the population dynamics
of tsetse flies.

As early as 1997 the Intergovernmental Panel on Climate Change (IPCC) drew attention to
the increased risk of vector-borne disease in Africa [20]. The IPCC warns that ‘‘altered temper-
ature and rainfall patterns also could increase the incidence of yellow fever, dengue fever, oncho-
cerciasis, and trypanosomiasis’’. Our study of the effect of temperature on the potential growth
rate of tsetse flies, and in the future on the spread of trypanosomiasis, may provide at least a
crude quantification of the possible impact of ‘‘altered temperatures’’ on the spread of this dead-
ly disease.
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