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Abstract—In this work, we study a class of abstract semilinear functional differential equations
of a neutral type. Our main results concern the existence, uniqueness, and regularity of solutions.
We assume that the linear part is nondensely defined, closed, and satisfies the Hille-Yosida condition.
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1. INTRODUCTION AND PRELIMINARIES

In this paper, we study the abstract Cauchy problem

% (z(t) — Lxy) = Aoz (t) + F(t,x:), for t > 0, 1)

zo = ¢ € CE,

where Ag : D(Ap) C E — E is a linear operator, E is a Banach space, Cg := C([~7,0], E); r > 0,
L is a continuous linear operator from Cg into E, F is a function from [0,7] x Cg, T > 0 into E,
and for ¢ € C([~r,b],E), b > 0, and t € [0, b], the function z, denotes the element of Cr defined
by z,(68) = z(t + 8), for 6 € [—7,0]. It is well known that if Ay is the infinitesimal generator of a
Co-semigroup of bounded linear operators in E and under some conditions on F and L (see, for
example, [1,2]), the classical semigroup theory ensures the well posedness of problem (1).

In (3], we considered system (1) in the case where F is linear, L : ¢ — Bp(—r), with B € L(E)
and Ag satisfying the usual Hille-Yosida conditions except the density of D(Ag) into E (see
Definition 4). A natural generalized notion of the solution was provided by the integral solutions.
The basic existence and uniqueness result was given and the solution was shown to generate an
integrated semigroup. In this paper, we assume the following.

(H1) Ao satisfies the Hille-Yosida condition on E (without being densely defined).

(Hz) L : Cg — E is defined by Ly = Loy + E;.':l Bjp(—hj), for all ¢ € Cg, where range
(L) € D(Ap), Lo is a continuous linear operator from Cg into E such that ||Lo| < 1,
0 < hy <--- < hy, = r are given real numbers, and B; € L(E), j=1,2,...,n.
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(Hs) F is a continuous function from [0,T] x Cg, T > 0, into E and there exists a positive
constant Ko such that |[F(t, 1) — F(t, @2)|| < Kolle1 — p2ll, for t € [0,T], ¢1,¢2 € Ck.
There are many examples in concrete situations where evolution equations are not densely
defined. Only hypothesis (H;) holds. One can refer to [3] or [4] for more details and [5] for another
approach in the case of partial F.D.E. Nondensity occurs, in many situations, from restrictions
made on the space where the equation is considered (for example, periodic continuous functions,
Holder continuous functions) or from boundary conditions (e.g., the space C! with null value on
the boundary is nondense in the space of continuous functions).
Our objective in this paper is to prove existence, uniqueness, and regularity of solutions and
to give a natural generalization of previous related results [1,3,6].
We now give a short review of the theory of integrated semigroups.

DEFINITION 1. (See [7].) Let X be a Banach space. A family (S(t)):>0 C L(X) is called an
integrated semigroup if the following conditions are satisfied:
(i) 5(0) =0;
(if) for any x € X, S(t)z is a continuous function of t > 0 with values in X; and
(iii) for any t,s >0, S(s)S(t) = f;(S(t +7)—8(7)) dr.

DEFINITION 2. (See [7].) An operator A is called a generator of an integrated semigroup, if there
exists w € R such that (w,+o00) C p(A), and there exists a strongly continuous exponentially
bounded family (S(t));>0 of linear bounded operators such that S(0) = 0 and (\I — A)~! =
A JoF eS8 (t) dt for all A > w.

DEFINITION 3. (See [8].) An integrated semigroup (S(t)):>o is called locally Lipschitz continuous,
if for all T > 0, there exists a constant k(t) > 0 such that

1S(®) — S(s)|| < k{7)|t — s|, for allt,s € [0,7].

In this case, we know from [8], that (S(t)):>0 is exponentially bounded.

DEFINITION 4. (See [8].) We say that a linear operator A satisfies the Hille-Yosida condition
(HY) if there exist M > 0 and w € R such that (w, +00) C p(A) and

sup {(A —w)"||M - A)™"||, ne N, A>w} < M. (HY)

THEOREM 5. (See [8].) The following assertions are equivalent.

(i) A is the generator of a locally Lipschitz continuous integrated semigroup.
(if) A satisfies the condition (HY).

2. MAIN RESULTS

DEFINITION 6. We say that a function u : [-r,T| — E is an integral solution of equation (1) if
the following conditions hold:

() ue C([—T,T],E),'
(ii) fot u(s) ds € D(Aq), for t € [0,T); and
(iii) w(t) = Lu; + (0} — Le + Ao(fot u(s) ds) + fot F(s,u,)ds, for 0 <t < T, ug = ¢.

DEFINITION 7. We say that a function z : [-r,T] — E is a strict solution of equation (1) if
(i) =(t) - Lz, € C'([0,T], E) n C((0, T], D(Ao)),
(ii) z satisfies equation (1) on [0,T], and
(iil) zo = .
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REMARK 1.

(1) Theorem 5 shows that Ay is the generator of a locally Lipschitz continuous integrated
semigroup (So(t))¢>0 on E and we have ||So(t)|| < Moe“°t, for t > 0.
(2) The condition (Hy) implies that ApL is a bounded linear operator on Ck.

(3) If u is an integral solution of equation (1), then for all t € [0, 7], u(t) € D(Ao), in particular
¢(0) € D(Ay).
(4) If z is an integral solution of (1) such that t — z(t) — Lz, € C'([0,T],E) or C([0,T},

D(Ay)), then z is a strict solution of (1).
Now we state the first result.

THEOREM 8. Assume that (H;), (Hz), and (H3) hold. Let ¢ € Cg such that ¢(0) € D(Ap).
Then, equation (1) has a unique integral solution u given by

u(t) = Lug + So(8)(0(0) — L) + % / *So(t — ) (AoL)us + F (s5,u5)) ds,  fort € [0.7),
0

where (So(t))¢>0 is the integrated semigroup on E generated by Ay.

For proving this theorem, we need the following general result.
LEMMA 9. Let (U(t))e>0 be a locally Lipschitz continuous integrated semigroup on a Banach
space E and G : [0,T] — E(T > 0), a Bochner-integrable function. Then, the function K :
[0,T} — E defined by K(t) = f(: U(t — s)G(s)ds is continuously differentiable on [0,T] and
satisfies I%(t)lg < 2k f(: |G(s)|g ds, for t € [0,T), where k := k(T) is the Lipschitz constant of
U(-) on [0,T).
PROOF OF LEMMA 9. It is immediate that, for t,7 € [0, T},

t T
K(t) - K(r) = / Ut - s)G(s)ds + /o (Ut —s)—U{r — 8))G(s)ds.

This gives
max(t,T)
K - Klp <2kle—r| [ 16()g ds
Consequently, K is Lipschitz continuous on [0, T]. Since C*([0,T), E) is dense in L*(0, T, E) with
respect to the L!-norm, it follows that there exists a sequence (Gy,)nen, Gn € CY([0,7T), E) which
converges to G in L}(0,T, E).

For each n € N, let K, be the function defined by K,(t) = fot U(s)Gn(t — s8)ds, for t € [0,T).
This shows that K, € C'([0,T), E), for n € N, and satisfies

|Kn = Klyp < 2k|Gn —Glpa,  forneN.

But, C1([0,T), E) is a closed subspace of Lip([0, T}, E). We conclude that K € C*([0, T}, E), and
satisfies

dK t
— ()| <2k | |G(s)|g ds, fort € [0,T]. [ ]
dt " g 0

PRrOOF oF THEOREM 8. It follows immediately form (H,) that equation (1) can be written as

'c% (z(t) — Lzy) = Ao (z(t) — Lzy) + (AoL) x¢ + F (2, 7¢), fort >0, @)

z9=yp€CEg.

In conjunction with this system, we consider an integrated form given by

o(6) = Lo+ S40) (00) - L9) + . [ Solt=9)(AoL)zs + Flam) ds, (3
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for t > 0, and z(t) = p(t), for t € [-r,0]. Let 0 < Ty < T. Consider the set
Se ={z € C([-,To),E) :x(0) = (9), for 6 € [-r,0]}.

S, is a closed subset of C([—r,To], E). Let H be the operator defined on C([-r,Ty], E) by

H(@)®) = Lo+ S5(0(00) = L) + 5, [ Solt=5) (oL, + F(5,2.)) ds,
if t € [0,To] and H(z)(t) = () if t € [~r,0].

It follows immediately that H(S,) C S, and for z,y € S,, t € [0, Ty,

(Ho - Hy)(®) = (e =)+ 5 [ So(t =) ((AoD) (2 = o) (F (s.22) = F (s,3) ds.

First, we choose To < h;. Then, we obtain L(x;—y;) = Lo(z:—y:), for t € [0, Tp]. By Lemma 9,
we deduce that, for t € {0, Tp),

(Ho — By)(®) = Lo @~ w) + 5 [ Solt = 9) (AoD) (22 =) + (F (5,2) = F (5,u0)) .
So, we obtain
|(Hz — Hy) (t)| < [||Loll + 2kTo (| AoL|| + Ko)] llz — yll,  for t € [0, To],

where ||z — y|| denotes the supnorm on [-r,Tp] and k := k(T') is the Lipschitz constant of Sp(-)
on [0,7]. Let Tp be a constant such that ||Lo|| + 2kTo(|| AoL|| + Ko) < 1 and 0 < Tp < hy. Then,
H is a strict contraction in S,. So, H has one and only one fixed point u in S,. We conclude
that equation (1) has one and only one integral solution which is defined on the interval [—r, Tp]
and satisfies

¢
u(t) = Lugy + Sp(t) (¢(0) — L) + dit/(, So(t — s) ((AoL) us + F(s,u,)) ds.

If Ty = T, the proof is complete. If this is not the case, we can repeat the previous argument on
[-7,T1), where T1 = min{Tp + hy, T}, with the initial condition z(t) = u(t), for t € [Tp — r, Tp].
In this case, it is easy to see that, for t € [Tp, T1], we have

t
z(t) = Lxy + S (t — To) (u(t) — Lug) + % /T So(t — 8) ((AoL) x5 + F (s, 1)) ds.

We also have
L(zt - yt) = Lﬁ(zt - yt)v forte [O’ Tl]-
We remark that ||Lo|| + 2k(Ty — To)(||AoL|| + Ko) < 1. We obtain in such a way an integral
solution on [-r,T}).
If T} < T, we can repeat the previous argument. At the end, we obtain an integral solution of
problem (1) defined on [-r,T). ]

THEOREM 10. Assume that (H,), (H;), and (H3) hold, F : [0,T) x Cg — E is continuously
differentiable, and there exist constants K1, Ko > 0 such that

|D:F(t,0) — DiF(t,¥)|| < K1llo — ¥l and [[DyF(t,¢) — Do F(t, )| < K2 |l — 9],
for allt € [0,T] and ¢,v € Cg,
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where D;F' and D,F denote the derivatives. Then, for given ¢ € Cg such that ¢(0) € D(Ay),

¢' € Cg, ¢'(0) € D(Ay), and ¢’(0) = Ly'+Aop(0)+F(0, @), the integral solutionu : [-r,T) — E
of equation (1), such that ug = ¢ is the unique strict solution of equation (1).

PROOF. We know from Theorem 8 that equation (1) has a unique integral solution « which is
given, for 0 <t < T, by

ut) = Lu+ Sy (0O - o)+ ; | “So(t— ) (AoL)us + F(s,ua)) ds. (4
Since ¢(0) € D(Ayp), then ¢(0) — Ly € D(Ap) and we deduce that
So (8) (¢ (0) — L) = ¢ (0) — L + So(t) (Ao (0) — (AoL) ).
So, u can be written as
u(®) = Luc+9(0) ~ Lp + 5o(t) (Ao (0) ~ (AoL) o) + /0 S0t~ 9) ((AoL) uy + F (5,1,)) ds.
Consider the following Cauchy problem:

d
P (y () — Lys) = Aoy (t) + Do F (t,ue) + Do F (t, ug) ys, for0 <t <T, (5)
Yo = .

By assumptions on ¢, we know that ¢’ € Cg and ¢'(0) € D(Ap). Theorem 8 implies that
equation (5) has a unique integral solution y which is given by yo = ¢’ and for t € [0, T

y (t) = Lys + Sy () (¢ (0) - Ly')

d [t (6)
+ 5 [ S0t~ 5) ((AoL)yu + DiF (5,u) + DyF (5,0} ws) ds.
0
Let w : [~7,T] — E be the function defined by
v (0) + ty(s) ds, for0<t<T,
wy = { £ ©
e(t), for —r<t<0.
We will show that u = w on [0, T.
Using the expression (6) and the expressions satisfied by , we obtain, for 0 <t < T,
w(t) = L (we) +¢(0) — Ly + So (t) (Aog (0) + F (0,¢))
(8)

t
+ / So(t - 5) ((AoL) Yo + DuF (5,13) + DoF (5,u5) 3s) ds.
0
It follows that, for 0 <t < T,
d t
So(®) (L) 0+ F(0,0)) = % /0 So (t = ) ((AoL) w, + F (s,w,)) ds
t
- / S0 (t — 5) (AoL) s + DiF (5,w,) + Dy F (5,1,) ys) ds.
0

Consider the functions z; and z; defined on [0, T} by

z1(t) =u(t) — Lu; and 2;(t) = w(t) — Lwy.
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First, we take t € [0, h;]. We obtain

21 (t) —22(t) = % /‘; So (t — 8) ((AoL) (us — wy) + F (s,us) — F (s,ws)) ds
- / " S (t  5) (Do (5,s) — DoF (5,,)) ds
0

- /0 t So (t — 8) (Do F (8,us) — DyF (s,w,)) ys ds.

If we put

c=max(sup 1S ()1, sup sup|y(s)|),
0<s<T —r<s<T

we obtain |z;(t) — 22(t)] < 7f0t lus — ws|| ds, where v = 2k(|| AoL|| + Ko) + cK; + c*K,. On
the other hand, we have v = w in [—7,0] and L(u; — w¢) = Lo(us — wy), for t € [0, hy]. Then,
we obtain |juy — wel] < ||Lol|||ue — well + 'yfot llus — ws|| ds. The condition ||Ly]| < 1 implies that
flue — well < (v/(1 = || Loll)) fot lus — w,|| ds. By Gronwall’s inequality, we conclude that u; = w,
for t € [0, hy).

Repeating the same procedure in [hy, 2h,], [2h1,3h1],. .., [ph1, (p+1)h,], we obtain that u = w
on [-r,T]. So, t — u(t) — Lu; is continuously differentiable on [0,7] and u is the unique strict

solution of (1) on [—r,T). [
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