
Accepted Manuscript

Reduction principle and dynamic behaviors for a class of partial
functional differential equations

Mostafa Adimy, Abdelhai Elazzouzi, Khalil Ezzinbi

PII: S0362-546X(09)00014-5
DOI: 10.1016/j.na.2009.01.008
Reference: NA 7094

To appear in: Nonlinear Analysis

Received date: 29 September 2008
Accepted date: 8 January 2009

Please cite this article as: M. Adimy, A. Elazzouzi, K. Ezzinbi, Reduction principle and
dynamic behaviors for a class of partial functional differential equations, Nonlinear Analysis
(2009), doi:10.1016/j.na.2009.01.008

This is a PDF file of an unedited manuscript that has been accepted for publication. As a
service to our customers we are providing this early version of the manuscript. The manuscript
will undergo copyediting, typesetting, and review of the resulting proof before it is published in
its final form. Please note that during the production process errors may be discovered which
could affect the content, and all legal disclaimers that apply to the journal pertain.

http://dx.doi.org/10.1016/j.na.2009.01.008


AC
C

EP
TE

D
M

AN
U

SC
R

IP
T

ACCEPTED MANUSCRIPT

Reduction Principle and Dynamic Behaviors for a
Class of Partial Functional Differential Equations 1

Mostafa Adimy a, Abdelhai Elazzouzi b, Khalil Ezzinbi b,2

a ANUBIS Team, INRIA
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Abstract: We investigate the dynamic of solutions in the α−norm for some nonhomo-
geneous linear partial functional differential equations. We suppose that the undelayed
homogeneous part is the infinitesimal generator of an analytic semigroup, the delayed part
is continuous with respect to fractional powers of the generator. We establish a reduction
principle for the infinite dimensional system in order to reduce its qualitative analysis to
a finite dimensional one. Our reduction method is based on a new variation of constants
formula. As application, the reduced system is used to prove the existence of almost
automorphic, almost periodic and periodic solutions for the whole infinite dimensional
system.

Keywords and phrases: Analytic semigroup; Fractional power of operators; Mild solu-
tion; Variation of constants formula; Spectral decomposition; Reduction principle; Almost
automorphic solution.
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1. Introduction

The reduction principle for infinite dynamical systems is an interesting tool to reduce
their complexity. Frequently, a model formulated in terms of partial differential equations
(PDE) can be reduced to an ordinary differential equation (ODE) in finite dimensional
space. This ODE is usually obtained by projecting the PDE on a finite dimensional
subspace which retains most relevant features of the whole system. At any rate the
asymptotic behavior of the original system is the same as that of the reduced one.

In this work, we study the behavior of the following class of partial functional differential
equations {

d

dt
u(t) = −Au(t) + L(ut) + f(t) for t ≥ σ,

uσ = ϕ ∈ Cα := C([−r, 0] ;Xα),
(1.1)

1 This work was supported by a grant from an international convention between CNRS (France) and
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where the operator −A : D(A) → X is the infinitesimal generator of an analytic semigroup
(T (t))t≥0 on a Banach space (X, |.|). For 0 < α ≤ 1, Xα denotes the Banach space D(Aα)
endowed with the norm

|x|α = |Aαx| for x ∈ D(Aα),

where Aα is the fractional power of A which will be defined below. Cα := C([−r, 0] ;Xα)
is the space of continuous functions from [−r, 0] to Xα endowed with the uniform norm
topology

|φ| Cα = sup
−r≤θ≤0

|φ(θ)|α.

As usual, for every σ ∈ R and t ≥ σ, the history function ut ∈ Cα is defined by

ut(θ) = u(t+ θ) for θ ∈ [−r, 0] .

L is a bounded linear operator from Cα into X and f is a continuous function from [σ,+∞)
into X. As a model for the class (1.1) one may take the following system which describes
many phenomena in physical systems




∂

∂t
v(t, x) =

∑n
i,j=1

∂

∂xi

(
aij(x)

∂

∂xj

v(t, x)

)
− a0v(t, x) + ε

∑n
i=1

∂

∂xi

v(t − ri, x)

+

∫ 0

−rn+1

β(θ)v(t+ θ, x)dθ + Θ (t, x) for t ≥ 0 and x ∈ Ω,

v(t, x) = 0 for t ≥ 0 and x ∈ ∂Ω,

v(θ, x) = ϕ0(θ, x) for θ ∈ [−r, 0] and x ∈ Ω,
(1.2)

where a0, ε are constants, r = max {r1, ..., rn+1} , Ω is an open bounded set in Rn with a
smooth boundary ∂Ω, β ∈ L2([−rn+1, 0] ,R), Θ : R+ × Ω → R is continuous, the initial
function ϕ0 : [−r, 0] × Ω → R is a given function.

The theory and applications of partial functional differential equations are an active
research area. It has been extensively studied in the past years (see [1], [2], [3], [4], [5],
[20], [28] and the references therein). Additionally, such equations can exhibit a very rich
behavior like almost periodicity, almost automorphy or periodicity ( see [7] and [8]). Since
1974, Travis and Webb [25], [26], [27] established the basic theory for the existence and
stability of solutions for the following equation

{
d

dt
u(t) = −Au(t) +G(t, ut) for t ≥ σ,

uσ = ϕ ∈ Cα := C([−r, 0] ;Xα),

where G : [σ,+∞)×X → X is a nonlinear continuous function, as application the authors
proposed in [26] the following model




∂

∂t
v(t, x) =

∂2

∂x2
v(t, x) + F

(
v(t − r, x),

∂

∂x
v(t − r, x)

)
for t ≥ 0 and x ∈ [0, π] ,

v(t, 0) = v(t, π) = 0 for t ≥ 0,

v(θ, x) = ϕ0(θ, x) for θ ∈ [−r, 0] and x ∈ [0, π] ,
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where F : R2 → R is a Lipschitz continuous function.

In this paper, we develop a new reduction principle for Equation (1.1) to prove that
the dynamic of bounded solutions on R is governed by an ordinary differential equation
in a finite dimensional space. This goal will be done through a new variation of constants
formula. As application, we propose to study the existence of almost automorphic, almost
periodic and periodic solutions of Equation (1.1). In the periodic case, usually we use the
fixed point theory to prove that the Poincaré map associated to the equation has a fixed
point. In the almost automorphic and the almost periodic cases the situation is different
and more complicated since the fixed point approach cannot be applied.

Almost automorphic, almost periodic and periodic solutions are interesting phenomena
in dynamical systems. Recall that the concept of almost automorphy is more general than
the one of almost periodicity. It was introduced by Bochner and studied by many authors.
For more details on almost automorphic functions we refer to [23]. Let us recall some well
established results in this field. Consider the following ordinary differential equation

d

dt
x(t) = Bx(t) + b(t) for t ∈ R, (1.3)

where B is a constant n × n-matrix and b : R → Rn is continuous and τ -periodic. In [19],
Massera proved the existence of an τ -periodic solution under the existence of a bounded
solution on R+. Bohr and Neugebauer extended Massera’s Theorem to almost periodic
case ( see [12]). Recently, the results in [18] extended Bohr and Neugebauer’s Theorem to
almost automorphic case for Equation (1.3). For partial functional differential equations,
we refer to [1], [3], [4], [7], [8], [10] and [11].

For Equation (1.1), we use the reduction principle to show the existence of almost au-
tomorphic, almost periodic and periodic solutions. Massera’s Theorem, Bohr and Neuge-
bauer’s Theorem and the results of [18] are extended to Equation (1.1): the existence of
a bounded solution on R+ implies the existence of an almost automorphic (resp. almost
periodic, resp. periodic) solution if the imput function f is almost automorphic (resp.
almost periodic, resp. periodic).

The organization of this work is as follows: in Section 2, we recall some preliminary
results on the fractional powers of unbounded linear operators generating analytic semi-
groups and some results regarding the existence of solutions for Equation (1.1). In Section
3, we establish a variation of constants formula for Equation (1.1). In Section 4, we de-
velop a reduction principle for Equation (1.1). In Section 5, we prove the existence of
almost automorphic, almost periodic and periodic solutions of Equation (1.1). In the
hyperbolic case, we study the uniqueness of almost automorphic, almost periodic and
periodic solutions of Equation (1.1). In the last section, we apply our theoretical results
to the partial functional differential equation (1.2).

2. Preliminary results

We recall some results about fractional powers that will be used in the next. Here and
hereafter we assume that

(H0) −A : D(A) → X is the infinitesimal generator of an analytic semigroup (T (t))t≥0

on a Banach space (X, |.|) such that

|T (t)x| ≤ Meωt|x| for t ≥ 0 and x ∈ X,
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whereM ≥ 1 and ω ∈ R.Without loss of generality, we assume that 0 ∈ ρ(−A). Otherwise
we can substitute −A + δI to −A such that 0 ∈ ρ(−A + δI).

It is well known (see [24, p. 69-70]) that Condition (H0) allows us to define, for 0 < α ≤ 1,
the linear operator A−α on X by

A−α =
1

Γ(α)

∫ ∞

0

tα−1T (t)dt

where Γ denotes the Gamma function

Γ(α) =

∫ ∞

0

tα−1e−αtdt.

Definition 2.1. [24, p. 74] For 0 < α ≤ 1, the fractional power Aα of A is the closed
linear operator defined from D(Aα) = Im(A−α) to X by

Aα = (A−α)−1.

Theorem 2.2. [24, p. 74] The following properties hold.
(i) A−α is a bounded linear operator on X.
(ii) (Xα, |.|α) is a Banach space.
(iii) If 0 < β < α ≤ 1, then Xα →֒ Xβ.
(iv) T (t) : X → Xα for every t > 0.
(v) For every t > 0, the operator AαT (t) is bounded on X and

|AαT (t)x| ≤ Mα
eωt

tα
|x| for x ∈ X and t > 0, (2.1)

where Mα is a positive constant and ω ∈ R is given by (H0).

We consider the following definition of the mild solutions for Equation (1.1).

Definition 2.3. [26] Let (σ, ϕ) ∈ R × Cα. A function u : [σ − r,+∞) → Xα is said to be
a mild solution of Equation (1.1) if the following conditions hold
(i) u : [σ − r,+∞) → Xα is continuous,

(ii) u(t) = T (t − σ)ϕ(0) +

∫ t

σ

T (t − s) [L(us) + f(s)] ds for t ≥ σ,

(iii) uσ = ϕ.

Theorem 2.4. [26] For all ϕ ∈ Cα, Equation (1.1) has a unique mild solution on
[σ − r,+∞).

Throughout this work, the mild solutions of Equation (1.1) are denoted by u(., σ, ϕ, f)
and will be called solutions of Equation (1.1). For any t ≥ 0, we define the operator U (t)
on Cα by

U (t)ϕ = ut(., 0, ϕ, 0) for ϕ ∈ Cα.

Proposition 2.5. [26] (U (t))t≥0 is a strongly continuous semigroup on Cα, that is:
(i) for all t ≥ 0, U (t) is a bounded linear operator on Cα,
(ii) U (0) = I,
(iii) U (t+ s) = U (t)U (s) for all t, s ≥ 0,
(iv) for all ϕ ∈ Cα, U (t)ϕ is a continuous function of t ≥ 0 with values in Cα.
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Proposition 2.6. [26] Let A U be the infinitesimal generator of (U (t))t≥0. Then



D(A U ) = {ϕ ∈ Cα : ϕ′ ∈ Cα, ϕ(0) ∈ D(A) and ϕ(0) = −Aϕ(0) + L(ϕ)} ,

A Uϕ = ϕ′.

We assume that

(H1) T (t) is compact on X for each t > 0.

Consequently, we have the following important result on the eventual compactness of the
semigroup (U (t))t≥0.

Proposition 2.7. [27, Proposition 4.1] Assume that (H1) holds. Then for each t > r,
U (t) is compact on Cα.

3. Variation of constants formula for Equation (1.1)

In this section, we obtain a variation of constants formula associated to the nonhomoge-
neous Equation (1.1) in terms of the semigroup (U (t))t≥0 in the space Cα := C([−r, 0] ;Xα).
This formula is inspired by [17], where the authors considered an infinite delay but for
α = 0. We used our new variation of constants formula to explain some asymptotic
behaviors of solutions of Equation (1.1) in the α-norm.

Without loss of generality, we assume that ω > 0 and we introduce for n > n0 =[
max

(
ω, 1

r

)]
+ 1, the function Λnx defined, for x ∈ X, by

(Λnx) (θ) =





(nθ + 1)Bnx if θ ∈ [− 1
n
, 0],

0 if θ ∈ [−r, − 1
n
],

where [y] denotes the integer part of y and Bn = nR(n, −A) with R(n, −A) = (nI+A)−1.
It follows from (iii) of Theorem 2.2 that for any x ∈ X the function Λnx belongs to Cα.
The following theorem gives a variation of constants formula for Equation (1.1) in Cα.

Theorem 3.1. The solution u(., σ, ϕ, f) of Equation (1.1) satisfies the following variation
of constants formula

ut(., σ, ϕ, f) = U (t − σ)ϕ+ lim
n→+∞

∫ t

σ

U (t − s)Λnf(s)ds for t ≥ σ. (3.1)

Moreover, the above limit exists uniformly over t ≥ σ such that t − σ is bounded.

For the proof, we need the following Proposition.

Lemma 3.2. [15, Lemma 2] Let ψ and w : [a, b] → [0, ∞) be continuous functions. If
Φ(·) is nondecreasing and there are constants ϑ > 0 and 0 < α < 1 such that

Ψ(t) ≤ Φ(t) + ϑ

∫ b

a

Ψ(s)

(t − s)1−α
ds for t ∈ [a, b].

Then for every t ∈ [a, b] and every k ∈ N such that kα > 1, we have the following
estimation

Ψ(t) ≤ eϑkΓ(α)k(t−a)kα/Γ(kα)
k−1∑

i=0

(
ϑ(b − a)

α

)i

Φ(t).
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Proof of Theorem 3.1 . Let u(., σ, ϕ, f) be the solution of Equation (1.1). Then for
t ≥ σ, we have

ut(., σ, ϕ, f) = ut(., σ, ϕ, 0) + ut(., σ, 0, f),

= U (t − σ)ϕ+ ut(., σ, 0, f).

We claim in the Cα-norm that

lim
n→+∞

∫ t

σ

U (t − s)Λnf(s)ds = ut(., σ, 0, f),

uniformly in (t, σ) such that t ≥ σ and t − σ is bounded. In fact, let

gn(t, σ) =

∫ t

σ

U (t − s)Λnf(s)ds for t ≥ σ.

It is enough to prove formula (3.1) in [σ, σ + r] and then we proceed by steps. Let
σ ≤ t ≤ σ + r. Then

gn(t, σ)(θ) =

∫ t

σ

(U (t − s)Λnf(s))(θ)ds =

∫ t

σ

u(t+ θ − s, 0,Λnf(s), 0)ds.

On the other hand,

u(t+θ−s, 0,Λnf(s), 0) =





T (t+ θ − s)Bnf(s) +

∫ t+θ

s

T (t+ θ − ξ)L(U (ξ − s)Λnf(s))dξ

if s ≤ t+ θ,

(n(t+ θ − s) + 1)Bnf(s) if t+ θ ≤ s ≤ t+ θ + 1
n
,

0 if s ≥ t+ θ + 1
n
.

Then

gn(t, σ)(θ) =





∫ min{t,t+θ+ 1
n

}

σ

(n(t+ θ − s) + 1)Bnf(s)ds if θ ∈ [−(t − σ) − 1
n
, −(t − σ)],

0 if θ ∈ [−r, −(t − σ) − 1
n
].

Let −(t − σ) ≤ θ ≤ 0. Then

gn(t, σ)(θ) =

∫ t+θ

σ

u(t+ θ − s, 0,Λnf(s), 0)ds+

∫ t

t+θ

u(t+ θ − s, 0,Λnf(s), 0)ds.
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Therefore for −(t − σ) ≤ θ ≤ 0

gn(t, σ)(θ) =

∫ t+θ

σ

T (t+ θ − s)Bnf(s)ds+

∫ t+θ

σ

∫ t+θ

s

T (t+ θ − ξ)L(U (ξ − s)Λnf(s))dξds

+

∫ min{t,t+θ+ 1
n

}

t+θ

(n(t+ θ − s) + 1)Bnf(s)ds,

=

∫ t+θ

σ

T (t+ θ − s)Bnf(s)ds+

∫ t+θ

σ

∫ ξ

σ

T (t+ θ − ξ)L(U (ξ − s)Λnf(s))dsdξ

+

∫ min{t,t+θ+ 1
n

}

t+θ

(n(t+ θ − s) + 1)Bnf(s)ds,

=

∫ t+θ

σ

T (t+ θ − s)Bnf(s)ds+

∫ t+θ

σ

T (t+ θ − ξ)L

(∫ ξ

σ

U (ξ − s)Λnf(s)ds

)
dξ

+

∫ min{t,t+θ+ 1
n

}

t+θ

(n(t+ θ − s) + 1)Bnf(s)ds,

=

∫ t+θ

σ

T (t+ θ − s)Bnf(s)ds+

∫ t+θ

σ

T (t+ θ − s)L (gn(s, σ)) ds

+

∫ min{t,t+θ+ 1
n

}

t+θ

(n(t+ θ − s) + 1)Bnf(s)ds.

Finally, we get the following expression of gn(t, σ)(θ) for θ ∈ [−r, 0]

gn(t, σ)(θ) =





∫ t+θ

σ

T (t+ θ − s)Bnf(s)ds+

∫ t+θ

σ

T (t+ θ − s)L (gn(s, σ)) ds

+

∫ min{t,t+θ+ 1
n

}

t+θ

(n(t+ θ − s) + 1)Bnf(s)ds if θ ∈ [−(t − σ), 0],

∫ min{t,t+θ+ 1
n

}

σ

(n(t+ θ − s) + 1)Bnf(s)ds if θ ∈ [−(t − σ) − 1
n
, −(t − σ)],

0 if θ ∈ [−r, −(t − σ) − 1
n
].

Let m > n > n0 and

W n,m(t, σ) = gn(t, σ) − gm(t, σ).
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If −(t − σ) ≤ θ ≤ 0, we get

W n,m(t, σ)(θ) =

∫ t+θ

σ

T (t+ θ − s)L (W n,m(s, σ)) ds

+

∫ t+θ

σ

T (t+ θ − s)(Bn − Bm)f(s)ds

+

∫ min{t,t+θ+ 1
n

}

t+θ

(n(t+ θ − s) + 1)Bnf(s)ds

−
∫ min{t,t+θ+ 1

m
}

t+θ

(m(t+ θ − s) + 1)Bmf(s)ds.

If −(t − σ) − 1
m

≤ θ ≤ −(t − σ), we obtain

W n,m(t, σ)(θ) =

∫ min{t,t+θ+ 1
n

}

σ

(n(t+ θ − s) + 1)Bnf(s)ds

−
∫ min{t,t+θ+ 1

m
}

σ

(m(t+ θ − s) + 1)Bmf(s)ds.

If −(t − σ) − 1
n

≤ θ ≤ −(t − σ) − 1
m
, then

W n,m(t, σ)(θ) =

∫ min{t,t+θ+ 1
n

}

σ

(n(t+ θ − s) + 1)Bnf(s)ds.

If −r ≤ θ ≤ −(t − σ) − 1
n
, then

W n,m(t, σ)(θ) = 0.

Since for x ∈ X

AαR(n, −A)x =

∫ +∞

0

e−ntAαT (t)xdt,

it follows from (v) of Theorem 2.2 that

|R(n, −A)x|α ≤ Mα

∫ +∞

0

e−(n−ω)t

tα
dt |x|.

Using the following formula for the Gamma function

Γ(1 − α)zα−1 =

∫ +∞

0

e−zt

tα
dt for z > 0, (3.2)

we obtain

|Bnx|α ≤ n

(n − ω)1−α
MαΓ(1 − α)|x|.

Consequently, we get

sup
θ∈[−r, −(t−σ)]

|W n,m(t, σ)(θ)|α ≤
(

1

(n − ω)1−α
+

1

(m − ω)1−α

)
MαΓ(1 − α) sup

s∈[σ, t]

|f(s)|.

(3.3)
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By computation, one can prove for −(t − σ) ≤ θ ≤ 0, that

|W n,m(t, σ)(θ)|α ≤
(

1

(n − ω)1−α
+

1

(m − ω)1−α

)
MαΓ(1 − α) sup

s∈[σ, t]

|f(s)|

+Mα
eω(t−σ)

1 − α
(t − σ)1−α sup

s∈[σ, t]

|Bnf(s) − Bmf(s)|

+Mα|L|
∫ t+θ

σ

eω(t+θ−s)

(t+ θ − s)α
|W n,m(s, σ)| Cαds.

It follows that

|W n,m(t, σ)(θ)|α ≤
(

1

(n − ω)1−α
+

1

(m − ω)1−α

)
MαΓ(1 − α) sup

s∈[σ, t]

|f(s)|

+Mα
eω(t−σ)

1 − α
(t − σ)1−α sup

s∈[σ, t]

|Bnf(s) − Bmf(s)|

+Mα|L|
∫ t+θ−σ

0

eωs

sα
|W n,m(t+ θ − s, σ)| Cαds

Let m > n > n0 and µn,m(t) = sup
s∈[σ,t]

|W n,m(s, σ)| Cα. Since µn,m(·) is nondecreasing, then

|W n,m(t, σ)|α ≤
(

1

(n − ω)1−α
+

1

(m − ω)1−α

)
MαΓ(1 − α) sup

s∈[σ, t]

|f(s)|

+Mα
eω(t−σ)

1 − α
(t − σ)1−α sup

s∈[σ, t]

|Bnf(s) − Bmf(s)|

+Mα|L|
∫ t−σ

0

eωs

sα
|µn,m(t − s)|ds

and

µn,m(t) ≤
(

1

(n − ω)1−α
+

1

(m − ω)1−α

)
MαΓ(1 − α) sup

s∈[σ, t]

|f(s)|

+Mα
eω(t−σ)

1 − α
(t − σ)1−α sup

s∈[σ, t]

|Bnf(s) − Bmf(s)|

+Mα|L|
∫ t

σ

eω(t−s)

(t − s)α
µn,m(s)ds.

Then, for σ ≤ t ≤ σ + r
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µn,m(t) ≤
(

1

(n − ω)1−α
+

1

(m − ω)1−α

)
MαΓ(1 − α) sup

s∈[σ, t]

|f(s)|

+Mα
eω(t−σ)

1 − α
(t − σ)1−α sup

s∈[σ, t]

|Bnf(s) − Bmf(s)|

+Mα|L|eωr

∫ t

σ

µn,m(s)

(t − s)α
ds.

Lemma 3.2 implies that for σ ≤ t ≤ σ + r

µn,m(t) ≤
[(

1

(n − ω)1−α
+

1

(m − ω)1−α

)
Γ(1 − α) sup

s∈[σ,t]

|f(s)|

+
eω(t−σ)

1 − α
(t − σ)1−α sup

s∈[σ, t]

|Bnf(s) − Bmf(s)|
]

× e(Mα|L|eωr)kΓ(1−α)k(t−σ)k(1−α)/Γ(k(1−α))

k−1∑

i=0

(
Mα|L|eωrr

1 − α

)i

,

for every k ∈ N such that k(1 − α) > 1. Then, for σ ≤ t ≤ σ + r, we have

|gn(t, σ) − gm(t, σ)| Cα ≤
[(

1

(n − ω)1−α
+

1

(m − ω)1−α

)
Γ(1 − α) sup

s∈[σ,t]

|f(s)|

+
eω(t−σ)

1 − α
(t − σ)1−α sup

s∈[σ, t]

|Bnf(s) − Bmf(s)|
]

× e(Mα|L|eωr)kΓ(1−α)k(t−σ)k(1−α)/Γ(k(1−α))
k−1∑

i=0

(
Mα|L|eωrr

1 − α

)i

,

for every k ∈ N such that k(1 − α) > 1. We conclude that (gn(t, σ))n≥n0 is a Cauchy
sequence in Cα uniformly in [σ, σ + r]. We denote by g(t, σ) the limit of the sequence
(gn(t, σ))n>n0 in Cα, and we define the function h in [σ, σ + r] by

h(t, σ)(θ) =





∫ t+θ

σ

T (t+ θ − s) [f(s) + L (g(s, σ))] ds if θ ∈ [−(t − σ), 0],

0 if θ ∈ [−r, − (t − σ)] .

Then

|gn(t, σ) − h(t, σ)| Cα ≤ Mα

(n − ω)1−α
Γ(1 − α) sup

s∈[σ, t]

|f(s)| +

[
|L| sup

s∈[σ, t]

|gn(s, σ) − g(s, σ)| Cα

+ sup
s∈[σ, t]

|Bnf(s) − f(s)|
]
eω(t−σ)

1 − α
Mα(t − σ)1−α.
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This implies that the sequence (gn(t, σ))n≥n0 converges to h(t, σ) in Cα. Consequently,

g(t, σ) = h(t, σ) for σ ≤ t ≤ σ + r.

Define the function v : [σ − r, σ + r] → Xα by

v(t) =





g(t, σ)(0) if σ ≤ t ≤ σ + r,

0 if σ − r ≤ t ≤ σ.

Then
vσ = 0 and vt = g(t, σ) for σ ≤ t ≤ σ + r.

It follows, for σ ≤ t ≤ σ + r,

v(t) = g(t, σ)(0)

=

∫ t

σ

T (t − s) [f(s) + L (g(s, σ))] ds

=

∫ t

σ

T (t − s) [f(s) + L(vs)] ds

= u(t, σ, 0, f).

Consequently,

lim
n→+∞

∫ t

σ

U (t − s)Λnf(s)ds = g(t, σ) = vt = ut(., σ, 0, f), (3.4)

uniformly in [σ, σ + r] . By steps, we use the same argument as above to prove the formula
(3.4) for all t ≥ σ. �

4. Reduction principle

Here and hereafter we assume that (H1) holds. As a consequence of the compactness
property of the semigroup (U (t))t≥0, the spectrum σ(A U ) of the infinitesimal generator
A U coincides with the point spectrum and we have

σ(A U ) = {λ ∈ C : ker ∆(λ) 6= {0} } ,
where the linear operator ∆(λ) : Xα → Xα is defined for λ ∈ σ(A U ) and x ∈ Xα by

∆(λ)x = λx+ Ax − L(eλ.x).

The domain D(∆(λ)) is given by

D(∆(λ)) = {x ∈ Xα : x ∈ D(A) and Ax − L(eλ.x) ∈ Xα}.
For x ∈ Xα and λ ∈ C, the function eλ.x ∈ Cα is defined by

(
eλ.x

)
(θ) = eλθx for θ ∈ [−r, 0] .

By Proposition 2.7 and [9, Theorem 5.3.7, p. 333], we obtain the following spectral
decomposition of the phase space Cα.

Theorem 4.1. Cα is decomposed as follows

Cα = S ⊕ V,

where S is U -invariant space and there are positive constants η and N such that

|U (t)ϕ|Cα
≤ Ne−ηt |ϕ| Cα

for t ≥ 0 and ϕ ∈ S,
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V is a finite dimensional space and the restriction of U to V is a group.

Let C ∗
α be the dual space of Cα and d = dim(V ) with a basis of V given by Φ = (φ1, ..., φd).

Then there exist d elements ψ1, ..., ψd in C ∗
α such that

{
〈ψi, φj 〉 = δij , for i, j = 1, ..., d,
〈ψi, φ〉 = 0, for all φ ∈ S and i = 1, ..., d,

(4.1)

where

δij =

{
1 if i = j,
0 if i 6= j,

and 〈., .〉 denotes the duality pairing between C ∗
α and Cα. Let Ψ = col (ψ1, ..., ψd). Then

〈Ψ,Φ〉 is a d × d-matrix where its (i, j)-component is 〈ψi, φj 〉. Denote by Πs and Πv the
projections respectively on S and V , and by U s (t) and U v (t) the restrictions of U (t)
respectively on S and V. For each ϕ ∈ Cα, we have

Πvϕ = Φ 〈Ψ, ϕ〉 .

In fact, for ϕ ∈ Cα, we have ϕ = Πsϕ + Πvϕ with Πvϕ =
d∑

i=1

αiφi and αi ∈ R. By (4.1),

we conclude that

αi = 〈ψi, ϕ〉 .
Hence

Πvϕ =

d∑

i=1

〈ψi, ϕ〉 φi = Φ 〈Ψ, ϕ〉 .

Since (U v (t))t∈R is a group on V , then there exists a d × d-matrix G such that

U v (t)Φ = ΦetG for t ∈ R.

Moreover, σ (G) = {λ ∈ σ (A U ) : Re (λ) ≥ 0} where A U is the infinitesimal generator of
(U (t))t≥0. For i ∈ {1, ..., d}, we define the linear mapping x∗

i,n by

x∗
i,n (a) = 〈ψi,Λ

na〉 for n ≥ n0 and a ∈ X.

Define the d-column vector x∗
n = col

(
x∗

1,n, ..., x
∗
d,n

)
. Then

〈x∗
n, a〉 = 〈Ψ,Λna〉 for a ∈ X

where for i = 1, ..., d,

〈x∗
n, a〉i = 〈ψi,Λ

na〉 .
Let L(X,Rd) denote the space of bounded linear operators from X to Rd.

Theorem 4.2. There exists x∗ ∈ L(X,Rd) such that (x∗
n)n≥n0

converges to x∗ in the weak
sense

〈x∗
n, x〉 −→

n→+∞
〈x∗, x〉 for x ∈ X.

For the proof of Theorem 4.2, we need the following lemma.

Lemma 4.3. Let ut(., σ, 0, f) be the solution of Equation (1.1) with ϕ = 0 and t ≥ σ.
Then

Πvut(., σ, 0, f) = Φ lim
n→+∞

∫ t

σ

e(t−ξ)G 〈x∗
n, f(ξ)〉 dξ.
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Proof of Lemma 4.3. The solution ut(., σ, 0, f) of Equation (1.1) with ϕ = 0 is given
by

ut(., σ, 0, f) = lim
n→+∞

∫ t

σ

U (t − ξ) (Λnf(ξ)) dξ.

Then

Πvut(., σ, 0, f) = lim
n→+∞

∫ t

σ

U v (t − ξ)Πv (Λnf(ξ)) dξ.

Since

Πv (Λnf(ξ)) = Φ 〈Ψ,Λnf(ξ)〉 = Φ 〈x∗
n, f(ξ)〉 ,

it follows that

Πvut(., σ, 0, f) = Φ lim
n→+∞

∫ t

σ

e(t−ξ)G 〈Ψ,Λnf(ξ)〉 dξ,

= Φ lim
n→+∞

∫ t

σ

e(t−ξ)G 〈x∗
n, f(ξ)〉 dξ. �

Proof of Theorem 4.2. Let x ∈ X be fixed and consider Equation (1.1) with the
constant function f(.) = x, σ = 0 and ϕ = 0. Then for t ≥ 0

Πvut(., 0, 0, x) = Φz(t, x),

where z(t, x) ∈ Rd. On the other hand, by Lemma 4.3

Πvut(., 0, 0, x) = Φ lim
n→+∞

(∫ t

0

eξGdξ

)
〈x∗

n, x〉 .

It follows that

lim
n→+∞

(∫ t

0

eξGdξ 〈x∗
n, x〉

)
= z(t, x). (4.2)

Let t0 > 0 be such that

∫ t0

0

eξGdξ is invertible. Then

lim
n→+∞

〈x∗
n, x〉 =

(∫ t0

0

eξGdξ

)−1

z(t0, x) for x ∈ X.

By Banach-Steinhaus’s theorem, we deduce that there exists x∗ ∈ L(X,Rd) such that

〈x∗
n, x〉 −→

n→+∞
〈x∗, x〉 for x ∈ X.�

As a consequence of Theorem 4.2 we obtain that

Corollary 4.4. For any continuous function e : R → X, the following formula holds for
t, σ ∈ R

lim
n→+∞

∫ t

σ

U v (t − ξ)Πv (Λne(ξ)) dξ = Φ

∫ t

σ

e(t−ξ)G 〈x∗, e(ξ)〉 dξ.

Using the above corollary we get a new reduction principle.
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Theorem 4.5. (Reduction Principle). Let u be a solution of the following equation
(1.1). Then, z (t) = 〈Ψ, ut〉 is a solution of the following ordinary differential equation

d

dt
z (t) = Gz (t) + 〈x∗, f (t)〉 for t ≥ σ. (4.3)

Conversely, if f is a bounded function on R and z is a solution of Equation (4.3) on R,
then the function u given for t ∈ R by

u(t) =

[
Φz (t) + lim

n→+∞

∫ t

− ∞
U s (t − ξ)Πs (Λnf(ξ)) dξ

]
(0)

is a solution of the following equation in the whole real line

d

dt
u(t) = −Au(t) + L(ut) + f(t) for t ∈ R. (4.4)

Proof. Let u be a solution of Equation (1.1) on R. Then for t ≥ σ, we have

ut = Πsut + Πvut

and

Πvut = U v (t − σ)Πvuσ + lim
n→+∞

∫ t

σ

U v (t − ξ)Πv (Λnf(ξ)) dξ.

Since Πvut = Φ 〈Ψ, ut〉, then by Corollary 4.4 we get that

Φ 〈Ψ, ut〉 = U v (t − σ) Φ 〈Ψ, uσ 〉 + Φ

∫ t

σ

e(t−ξ)G 〈x∗, f(ξ)〉 dξ,

= Φe(t−σ)G 〈Ψ, uσ 〉 + Φ

∫ t

σ

e(t−ξ)G 〈x∗, f(ξ)〉 dξ.

Let z (t) = 〈Ψ, ut〉. Then for t ≥ σ

z(t) = e(t−σ)Gz(σ) +

∫ t

σ

e(t−ξ)G 〈x∗, f(ξ)〉 dξ.

Consequently, z is a solution of the ordinary differential Equation (4.3) on R. Conversely,
assume that f is bounded on R. Then,

lim
n→+∞

∫ t

− ∞
U s (t − ξ)Πs (Λnf(ξ))dξ

is well defined on R. Let z be a solution of (4.3) on R and consider the function v defined
on R by

v(t) = Φz (t) + lim
n→+∞

∫ t

− ∞
U s (t − ξ)Πs (Λnf(ξ))dξ.

Let t, σ ∈ R. Since

z(t) = e(t−σ)Gz(σ) +

∫ t

σ

e(t−ξ)G 〈x∗, f(ξ)〉 dξ,

and using Corollary 4.4, the function v1 given by

v1(t) = Φz (t)
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satisfies

v1(t) = U v (t − σ) v1(σ) + lim
n→+∞

∫ t

σ

U v (t − ξ)Πv (Λnf(ξ))dξ.

Moreover, the function v2 given by

v2(t) = lim
n→+∞

∫ t

− ∞
U s (t − ξ)Πs (Λnf(ξ))dξ,

satisfies for t ≥ σ the following expression

v2(t) = U s (t − σ) v2 (σ) + lim
n→+∞

∫ t

σ

U s (t − ξ)Πs (Λnf(ξ)) dξ.

Let t ≥ σ. Then

U (t − σ) v (σ) = U v (t − σ) v1(σ) + U s (t − σ) v2(σ),

= v1(t) − lim
n→+∞

∫ t

σ

U v (t − ξ)Πv (Λnf(ξ))dξ

+v2(t) − lim
n→+∞

∫ t

σ

U s (t − ξ)Πs (Λnf(ξ)))dξ,

= v(t) − lim
n→+∞

∫ t

σ

U (t − ξ) (Λnf(ξ)) dξ.

Therefore

v (t) = U (t − σ) v (σ) + lim
n→+∞

∫ t

σ

U (t − ξ) (Λnf(ξ)) dξ.

By Theorem 3.1, we obtain that the function u defined by u(t) = v (t) (0) is a solution of
Equation (4.4) on R. �

5. Almost automorphic solutions

In this section, we study the existence of almost automorphic, almost periodic and periodic
solutions of Equation (4.4). We need to recall some results on this topic. Let B C(R, Y )
be the space of all bounded continuous functions from R to Y provided with the uniform
norm topology. For k ∈ B C(R, Y ) and τ ∈ R, we define the function kτ by

kτ (s) = k(τ + s) for all s ∈ R.

Definition 5.1. [12] A continuous function k : R → Y is said to be almost periodic if

{kτ : τ ∈ R} is relatively compact in B C(R, Y ).

Definition 5.2. [23] A continuous function k : R → Y is said to be almost automorphic
if for every sequence of real numbers (s′

n)n there exists a subsequence (sn)n such that

lim
n→ ∞

k(t+ sn) = χ(t) exists for all t in R

and

lim
n→ ∞

χ(t − sn) = k(t) for all t in R.
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Remark 1. Because of the pointwise convergence, the function χ is just measurable but
not necessarily continuous. Almost periodic functions are almost automorphic.
Remark 2. An almost automorphic function may not be uniformly continuous.
Example. Let k : R → R be defined by

k(t) = sin

(
1

2 + cos(t) + cos(
√

2t)

)
.

Then, k is an almost automorphic function which is not uniformly continuous on R.
Remark 2 and the above example are very important and indicate that many results
and methods in the theory of almost periodicity may not stand in almost automorphy
framework.
We recall the results about the existence of periodic, almost automorphic and almost
periodic solutions for the ordinary differential equation (1.3).

Theorem 5.3. [19] Assume that b : R → Rn is τ -periodic. Then the existence of a
bounded solution on R+ of Equation (1.3) implies the existence of a τ -periodic solution of
Equation (1.3).

Theorem 5.4. [12, Theorem 5.8, p. 86] Assume that b : R → Rn is an almost periodic
function. Then the existence of a bounded solution on R+ of Equation (1.3) implies the
existence of an almost periodic solution of Equation (1.3).

Combining Theorem 3.1 and Lemma 3.3 in [18], we obtain the following theorem which
gives the relationship between the existence of bounded solution on R+ and the existence
of almost automorphic solutions of ordinary differential equation (1.3).

Theorem 5.5. [18] Assume that b : R → Rn is an almost automorphic function. If
Equation (1.3) has a bounded solution on R+, then it has an almost automorphic solution.

Now, we state and prove a theorem on the existence of almost automorphic, almost
periodic and periodic solutions for Equation (4.4).

Theorem 5.6. The existence of a bounded solution on R+ of Equation (1.1) implies the
existence of an almost automorphic (resp. almost periodic, resp. τ -periodic) solution of
Equation (4.4) if f is almost automorphic (resp. almost periodic, resp. τ -periodic).

Proof. Let u be a bounded solution of Equation (1.1) on R+. By Theorem 4.5, the
function z(t) = 〈Ψ, ut〉 is a bounded solution on R+ of the ordinary differential equation
(4.3). Moreover, the function κ defined on R by

κ(t) = 〈x∗, f (t)〉
is almost periodic (resp. almost automorphic) from R to Rd if f is almost periodic (resp.
almost automorphic). By Theorem 5.4 (resp. Theorem 5.5), we get that the reduced
system (4.3) has an almost periodic (resp. almost automorphic) solution z̃. Consequently,
Φz̃(.) is an almost periodic (resp. almost automorphic) function on R. By Theorem 4.5,
the function u(t) = v(t)(0) such that

v(t) = Φz̃ (t) + lim
n→+∞

∫ t

− ∞
U s (t − ξ)Πs (Λnf(ξ))dξ,
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is a solution of Equation (4.4) on R. To end the proof, we show that the function defined
on R by

y(t) = lim
n→+∞

∫ t

− ∞
U s (t − ξ)Πs (Λnf(ξ)) dξ

is almost periodic (resp. almost automorphic). In fact, if f is an almost periodic function
then for any sequence of real numbers

(
α

′
p

)
p≥0

there exists a subsequence (αp)p≥0 ⊂
(
α

′
p

)
p≥0

such that f(. + αp) converges uniformly on R to some function f̃ and y(. + αp)

converges uniformly on R to the function

ỹ(t) = lim
n→+∞

∫ t

− ∞
U s (t − ξ)Πs

(
Λnf̃(ξ)

)
dξ.

Consequently, y is an almost periodic function and v is an almost periodic solution of
Equation (4.4). Assume that f is almost automorphic. Then for any sequence of real
numbers

(
α

′
p

)
p≥0

there exists a subsequence (αp)p≥0 of
(
α

′
p

)
p≥0

such that for t ∈ R

lim
p→ ∞

f(t+ αp) = h̃(t)

and

lim
p→ ∞

h̃(t − αp) = f(t).

Then for t ∈ R

y(t+ αp) = lim
n→+∞

∫ t+αp

− ∞
U s (t+ αp − ξ)Πs (Λnf (ξ)) dξ,

which gives that

y(t+ αp) = lim
n→+∞

∫ t

− ∞
U s (t − ξ)Πs (Λnf (ξ + αp)) dξ.

Lebesgue’s dominated convergence theorem implies that

y(t+ αp) → w(t) as p → ∞,

where w is a function defined for t ∈ R by

w(t) = lim
n→+∞

∫ t

− ∞
U s (t − ξ)Πs

(
Λnh̃ (ξ)

)
dξ.

Then for t ∈ R

w(t − αp) = lim
n→+∞

∫ t

− ∞
U s (t − ξ)Πs

(
Λnh̃ (ξ − αp)

)
dξ.

Using the same argument as above, we can prove that

w(t − αp) → y(t) as p → ∞.

Consequently, we conclude that y is an almost automorphic function and v is also an
almost automorphic solution of Equation (4.4). The periodic case can be treated by using
the same approach and Theorem 5.3. �
In the next, we investigate the existence and uniqueness of periodic, almost periodic and
almost automorphic solutions in the case where the semigroup (U (t))t≥0 is hyperbolic.
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Definition 5.7. We say that the semigroup (U (t))t≥0 is hyperbolic if

σ(A U ) ∩ ilR = ∅.
The eventual compactness of the semigroup (U (t))t≥0 implies the following result on the
spectral decomposition of the phase space Cα.

Theorem 5.8. Assume that the semigroup (U (t))t≥0 is hyperbolic. Then the space Cα is
decomposed as a direct sum of two U -invariant closed subspaces S and V such that the
restriction of (U (t))t≥0 on V is a group and there exist positive constants N0 and η such
that {

| U (t)ϕ| Cα
≤ N0e

−ηt |ϕ|Cα
for t ≥ 0 and ϕ ∈ S,

| U (t)ϕ| Cα
≤ N0e

ηt |ϕ|Cα
for t ≤ 0 and ϕ ∈ V.

As a consequence of the hyperbolicity we get the following theorem.

Theorem 5.9. Assume that the semigroup (U (t))t≥0 is hyperbolic. If f is bounded on R,
then Equation (4.4) has a unique bounded solution w on R which is given by

wt = lim
n→+∞

∫ t

− ∞
U s (t − ξ)Πs (Λnf(ξ)) dξ − lim

n→+∞

∫ +∞

t

U v (t − ξ)Πv (Λnf(ξ))dξ.

Moreover, w is almost automorphic (resp. almost periodic, resp. periodic) if f is almost
automorphic (resp. almost periodic, resp. periodic).

Proof. The function w is well defined and bounded on R. In fact, for every t ∈ R we
have

|w(t)|α ≤ N0

η
|f | (|Πs| + |Πv |) ,

where |f | = sup
s∈R

|f(s)| . Moreover, for all t ≥ σ we have

wt = lim
n→+∞

∫ σ

− ∞
U s (t − ξ)Πs (Λnf(ξ)) dξ + lim

n→+∞

∫ t

σ

U s (t − ξ)Πs (Λnf(ξ)) dξ

− lim
n→+∞

∫ σ

t

U v (t − ξ)Πv (Λnf(ξ))dξ − lim
n→+∞

∫ +∞

σ

U v (t − ξ)Πv (Λnf(ξ)) dξ,

= U (t − σ)wσ + lim
n→+∞

∫ t

σ

U (t − ξ) Λnf(ξ)dξ.

This means that w is a bounded solution on R of Equation (4.4). For uniqueness, assume
that there exists another bounded solution w̃ of Equation (4.4). Then for t ≥ σ,

wt − w̃t = U (t − σ) (wσ − w̃σ)

and

|Πs (wt − w̃t)| Cα
≤ N0e

−η(t−σ) |Πs (wσ − w̃σ) | Cα.

Since wσ − w̃σ is bounded, we get by letting σ → −∞
Πs (wt − w̃t) = 0.

It follows that

wt − w̃t ∈ V.
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Since U v(t) is a group, then for t ≤ σ

wt − w̃t = U v(t − σ) (wσ − w̃σ) .

Then

|wt − w̃t|Cα
≤ N0e

η(t−σ) |wσ − w̃σ | Cα .

Letting σ → +∞, we get

wt = w̃t for all t ∈ R.
This proves that Equation (4.4) has a unique bounded solution on R. By Theorem 5.6, this
unique bounded solution w is almost automorphic (resp. almost periodic, resp. periodic)
if f is almost automorphic (resp. almost periodic, resp. periodic). �

6. Applications

To apply our theoretical results, we consider the following model of partial differential
equation with several delays




∂

∂t
v(t, x) =

∑n
i,j=1

∂

∂xi

(
aij(x)

∂

∂xj
v(t, x)

)
− a0v(t, x) + ε

∑n
i=1

∂

∂xi
v(t − ri, x)

+

∫ 0

−rn+1

β(θ)v(t+ θ, x)dθ + Θ (t, x) for t ≥ σ and x ∈ Ω,

v(t, x) = 0 for t ≥ σ and x ∈ ∂Ω,

v(σ + θ, x) = ϕ0(θ, x) for θ ∈ [−r, 0] and x ∈ Ω,
(6.1)

where σ ∈ R, a0 and ε are positive constants, r = max {r1, ....., rn+1} , Ω is an open
bounded set in Rn with a smooth boundary ∂Ω, β ∈ L2([−rn+1, 0] ; R), Θ : [σ,+∞) × Ω →
R is continuous, the initial data ϕ0 : [−r, 0]×Ω → R is defined in the next. The coefficients
aij ∈ L∞(Ω) are symmetric and satisfy the ellipticity condition, namely,

n∑

i,j=1

aij(x)ξiξj ≥ ν|ξ|2 for x ∈ Ω and ξ ∈ Rn,

for a positive constant ν.

In order to rewrite Equation (6.1) in the abstract form, we introduce X = L2 (Ω) and we
define the linear operator A : D(A) ⊂ X → X by





D(A) = H2(Ω) ∩ H1
0 (Ω),

A = −∑n
i,j=1

∂

∂xi

(
aij(x)

∂

∂xj

)
.

Lemma 6.1. [24, Theorem 7.3.6] −A is the infinitesimal generator of a compact analytic
semigroup (T (t))t≥0 on X. Moreover, the spectrum σ(−A) is the point spectrum and
σ(−A) = {λn : n ∈ N} where ... < λn+1 < λn < ... < λ0 < 0.
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Lemma 6.2. | ∇| and |.| 1
2

are equivalent on D(A
1
2 ). More precisely, we have

√
ν | ∇ψ| ≤ |ψ| 1

2
≤
√

max
1≤i,j≤n

|ai,j |
L∞ | ∇ψ| ,

where ∇ is the gradient vector.

Proof. Since the coefficients aij are symmetric, then the operator A is self-adjoint. Then

for ψ ∈ D(A
1
2 )

(Aψ, ψ) = (A
1
2ψ,A

1
2ψ) = |A 1

2ψ|2 = |ψ|21
2
.

On the other hand, we have

(Aψ, ψ) = −
n∑

i,j=1

∫

Ω

∂

∂xi

(
aij(x)

∂

∂xj
ψ(x)

)
ψ(x)dx,

=
n∑

i,j=1

∫

Ω

aij(x)
∂

∂xj

ψ(x)
∂

∂xi

ψ(x)dx. (6.2)

Using the ellipticity condition, we obtain

(Aψ, ψ) ≥ ν

n∑

i=1

∫

Ω

(
∂

∂xi
ψ(x)

)2

dx = ν| ∇ψ|2.

Consequently, √
ν| ∇ψ| ≤ |ψ| 1

2
.

From (6.2), we obtain

(Aψ, ψ) ≤ max
1≤i,j≤n

|ai,j |
L∞

n∑

i,j=1

∫

Ω

| ∂

∂xj
ψ(x)| | ∂

∂xi
ψ(x)|dx.

By Young’s inequality, we obtain

(Aψ, ψ) ≤ max
1≤i,j≤n

|ai,j |
L∞

1

2

n∑

i,j=1

∫

Ω

(∣∣∣∣
∂

∂xi

ψ(x)

∣∣∣∣
2

+

∣∣∣∣
∂

∂xj

ψ(x)

∣∣∣∣
2
)
dx,

≤ max
1≤i,j≤n

|ai,j |
L∞

n∑

i=1

∫

Ω

∣∣∣∣
∂

∂xi
ψ(x)

∣∣∣∣
2

dx,

≤ max
1≤i,j≤n

|ai,j |
L∞ | ∇ψ|2.

Consequently,

|ψ| 1
2

≤
√

max
1≤i,j≤n

|ai,j |
L∞ | ∇ψ|. �

The following Lemmas are needed to show the well posedness of Equation (6.1).

Lemma 6.3. Let ϕ ∈ C 1
2
. Then

ϕ(.)(x) ∈ L2([−r, 0]) for a.e. x ∈ Ω.
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Proof. Let ϕ ∈ C 1
2
. Then ϕ ∈ C([−r, 0];X), which implies that

sup
θ∈[−r,0]

∫

Ω

|ϕ(θ)(x)|2 dx < ∞,

and ∫ 0

−r

∫

Ω

∣∣ϕ(θ)(x)2
∣∣ dxdθ < ∞.

By Fubini’s Theorem, we get
∫

Ω

(∫ 0

−r

|ϕ(θ)(x)|2 dθ
)
dx < ∞.

Consequently, ∫ 0

−r

|ϕ(θ)(x)|2 dθ < ∞ for a.e. x ∈ Ω. �

Let us introduce the linear operator L : C 1
2

→ X defined for φ ∈ C 1
2

by

L(φ) = −a0φ(0) + ε

n∑

i=1

∂

∂xi
φ(−ri) +

∫ 0

−rn+1

β(θ)φ(θ)dθ.

Proposition 6.4. L is a bounded linear operator from C 1
2

to X.

Proof. L is decomposed as follows

L = L1 + L2,

where L1 and L2 are defined for ϕ ∈ C 1
2

by




L1(ϕ) = −a0ϕ(0) + ε
∑n

i=1

∂

∂xi

ϕ(−ri),

L2(ϕ) =

∫ 0

−rn+1

β(θ)ϕ(θ)dθ.

It follows in L2-norm that

|L1(ϕ)| ≤ |a0| |ϕ(0)| + ε

n∑

i=1

∣∣∣∣
∂

∂xi
ϕ(−ri)

∣∣∣∣ .

On the other hand, by Lemma 6.2 we have for i = 1, ..., n,
∣∣∣∣
∂

∂xi
ϕ(−ri)

∣∣∣∣ ≤ | ∇ϕ(−ri)| ≤ 1√
ν

|ϕ(−ri)| 1
2

≤ 1√
ν

|ϕ|C 1
2

.

Therefore,

|ϕ(0)| ≤
∣∣∣A− 1

2

∣∣∣ |ϕ(0)| 1
2
.

Consequently, we deduce that L1 is a bounded linear operator from C 1
2

to X. Lemma 6.3

implies that ϕ(.)(x) ∈ L2(−r, 0) and

|L2(ϕ)(x)|2 ≤
∫ 0

−rn+1

β(θ)2dθ

∫ 0

−rn+1

|ϕ(θ)(x)|2 dθ.
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Then ∫

Ω

|L2(ϕ)(x)|2 dx ≤
∫ 0

−rn+1

|β(θ)|2 dθ
∫ 0

−rn+1

(∫

Ω

|ϕ(θ)(x)|2 dx
)
dθ

and

|L2(ϕ)|2 ≤
∫ 0

−rn+1

|β(θ)|2 dθ
∫ 0

−rn+1

|ϕ(θ)|2dθ.

It follows that

|L2(ϕ)|2 ≤
∣∣∣A− 1

2

∣∣∣
2
∫ 0

−rn+1

|β(θ)|2 dθ
∫ 0

−rn+1

|A 1
2ϕ(θ)|2dθ

and

|L2(ϕ)|2 ≤
∣∣∣A− 1

2

∣∣∣
2

rn+1

(∫ 0

−rn+1

|β(θ)|2 dθ
)

|ϕ|2C 1
2

.

Consequently, L2 is a bounded linear operator from C 1
2

to X. �
Let f : R −→ X be defined by

f(t)(x) = Θ(t, x) for t ∈ R and x ∈ Ω,

and {
u(t)(x) = v(t, x) for t ≥ σ and x ∈ Ω,
ϕ(θ)(x) = ϕ0(θ, x) for θ ≤ 0 and x ∈ Ω.

Then Equation (6.1) takes the following abstract form




d

dt
u(t) = −Au(t) + L(ut) + f(t) for t ≥ σ,

uσ = ϕ ∈ C 1
2

:= C([−r, 0] ;X 1
2
).

(6.3)

Let ϕ ∈ C 1
2
. By Theorem 2.4, there exists a unique solution u of Equation (6.3) on

[σ − r,+∞) .

Let (U (t))t≥0 be the solution semigroup on C 1
2

of Equation (6.3) and A U be its infinitesimal

generator (see Preposition 2.5 and Proposition 2.6). In order to obtain the hyperbolicity
of (U (t))t≥0, we add the following assumption

(A1)

∫ 0

−rn+1

|β(θ)| dθ < a0.

The next important result is needed to prove the hyperbolicity of (U (t))t≥0.

Lemma 6.5. There exists ε0 > 0 such that for ε < ε0 and for λ ∈ C with Re(λ) ≥ 0, we
have

{µ ∈ C : Re(µ) ≥ 0} ⊂ ρ

(
−A + ε

n∑

i=1

e−λri
∂

∂xi

)
,

where ρ

(
−A + ε

∑n
i=1 e

−λri
∂

∂xi

)
denotes the resolvent set of the differential operator

−A + ε
n∑

i=1

e−λri
∂

∂xi

.
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Proof. Let λ, µ ∈ C be such that Re(λ),Re(µ) ≥ 0. Then µ ∈ ρ(−A) and

µI + A − ε
n∑

i=1

e−λri
∂

∂xi

=

(
I − ε

n∑

i=1

e−λri
∂

∂xi

R(µ, −A)

)
(µI + A).

For i = 1, ..., n, we have in L2-norm
∣∣∣∣e−λri

∂

∂xi

R(µ, −A)

∣∣∣∣ ≤ | ∇R(µ, −A)| .

Lemma 6.2 implies that for q ∈ L2(Ω)

|∇R(µ, −A)q| ≤ 1√
ν

|R(µ, −A)q| 1
2
.

On the other hand,

A
1
2R(µ, −A)q =

∫ +∞

0

e−µtA
1
2T (t)qdt.

From (v) of Theorem 2.2, we obtain that

|R(µ, −A)| 1
2

≤ M 1
2

∫ +∞

0

e(λ0−Re µ)t

t
1
2

dt

and

|R(µ, −A)| 1
2

≤ M 1
2

∫ +∞

0

eλ0t

t
1
2

dt.

Using formula (3.2), we get

| ∇R(µ, −A)| ≤ M 1
2

√
π√−λ0ν

.

It follows that ∣∣∣∣∣ε
n∑

i=1

e−λri
∂

∂xi

R(µ, −A)

∣∣∣∣∣ ≤ εnM 1
2

√
π√

−λ0ν
.

Let ε0 =
1

nM 1
2

√
−λ0ν

π
. Then for ε < ε0, we have

∣∣∣∣∣ε
n∑

i=1

e−λri
∂

∂xi

R(µ, −A)

∣∣∣∣∣ < 1.

Hence the operator

I − ε

n∑

i=1

e−λri
∂

∂xi
R(µ, −A)

is invertible. This implies that for ε < ε0.

µ ∈ ρ

(
−A+ ε

n∑

i=1

e−λri
∂

∂xi

)
. �

Proposition 6.6. Let ε < ε0. Then, σ(A U ) ⊂ {λ ∈ C : Re(λ) < 0}.
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Proof. Let λ ∈ σ(A U ), then there exists y ∈ D(A), y 6= 0 such that ∆(λ)y = 0, where
∆(λ) is given by

∆(λ)y = λy + Ay + a0y − ε

n∑

i=1

e−λri
∂

∂xi
y −

(∫ 0

−rn+1

β(θ)eλθdθ

)
y, for y ∈ D(A)\ {0},

which implies that

λy + Ay + a0y − ε

n∑

i=1

e−λri
∂

∂xi
y −

(∫ 0

−rn+1

β(θ)eλθdθ

)
y = 0

and

λ+ a0 −
∫ 0

−rn+1

β(θ)eλθdθ ∈ σp

(
−A + ε

n∑

i=1

e−λri
∂

∂xi

)
.

We proceed by contradiction and assume that there exits a characteristic value λ such
that Reλ ≥ 0. By assumption (A1), we can see that

Re(λ) + a0 −
∫ 0

−rn+1

β(θ)eRe(λ)θ cos(Im(λ)θ)dθ ≥ 0.

Lemma 6.5 implies that

λ+ a0 −
∫ 0

−rn+1

β(θ)eλθdθ ∈ ρ

(
−A+ ε

n∑

i=1

e−λri
∂

∂xi

)
.

This gives a contradiction. Consequently,

σ(A U ) ⊂ {λ ∈ C : Re(λ) < 0} . �

Which implies that the semigroup (U (t))t≥0 is hyperbolic.

In the next, we suppose that Θ : R × Ω → R is continuous, in order to obtain a unique
bounded solution on R of the following equation

d

dt
u(t) = −Au(t) + L(ut) + f(t) for t ∈ R, (6.4)

we assume that

(A2) For every t ∈ R, the function Θ(t, .) ∈ L2 (Ω) and the function f : t → Θ(t, .) from
R to L2 (Ω) is continuous and bounded, namely,

sup
t∈R

(∫

Ω

|Θ(t, x)|2 dx
)
< +∞.

Corollary 6.7. Let ε < ε0. Then Equation (6.4) has a unique bounded solution on R.

Proof. By Theorem 5.9, Proposition 6.6 and Assumption (A2), we conclude that Equa-
tion (6.4) has a unique bounded solution on R. �

Thanks to Theorem 5.9, we obtain the following result.

Corollary 6.8. If the function f is almost automorphic (resp. almost periodic, resp.
periodic), then the only bounded solution of Equation (6.4) is almost automorphic (resp.
almost periodic, resp. periodic).
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Example. (i) Let
Θ(t, x) = (sin(αt) + sin(βt))Θ0(x),

where
α

β
/∈ Q and Θ0 : Ω → R is in L2 (Ω). We deduce that the function f : R →L2 (Ω)

is almost periodic.

(ii) As an example of almost automorphic function, we propose

Θ(t, x) = sin

(
1

2 + cos(t) + cos(
√

2t)

)
Θ0(x),

where Θ0 is the same function as in (i).
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