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Abstract

In this paper, we investigate a system of two nonlinear partial differential equations, arising from a
model of cellular proliferation which describes the production of blood cells in the bone marrow. Due
to cellular replication, the two partial differential equations exhibit a retardation of the maturation
variable and a temporal delay depending on this maturity. We show that this model has a unique
solution which is global under a classical Lipschitz condition. We also obtain the positivity of the
solutions and the local and global stability of the trivial equilibrium.
© 2004 Elsevier Ltd. All rights reserved.

Keywords:Nonlinear partial differential equation; Age-maturity structured model; Blood production system;
Maturity-dependent delay; Positivity; Local and global stability

1. Introduction

We analyze, inthis paper, a mathematical model arising from the blood production system.
It is based on a system proposed by Mackey and Rudfil€}j in 1994, to describe the
dynamics of hematopoietic stem cells in the bone marrow. The origin of this system is a
model of Burns and TannodK] in which each cell can be either in a proliferating phase
or in a resting phase (also calléth-phase). The resulting model is a time—age-maturity
structured system.
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Proliferating cells are in the cell cycle, in that they are committed to divide at the end
of the mitosis, the so-called point of cytokinesis. After division, they give birth to two
daughter cells which enter immediately the resting phase. Proliferating cells can also die
by apoptosis, a programmed cell death.

The resting phase is a quiescent stage in the cellular development. Cells in this phase
cannot divide: they mature and, provided they do not die, they enter the proliferating phase
and complete the cycle.

The model in[19] has been analyzed by Mackey and Héy,18] in 1995, Crabb
et al. [8,9] in 1996, Dyson et al[10] in 1996 and Adimy and Pujo-Menjou¢3,4] in
2001 and 2003. In these studies, the authors assumed that all cells divided exactly at the
same age.

However, in the most general situation in a cellular population, it is believed that the
time required for a cell to divide is not identical between cells (¥ For example,
pluripotent stem cells (which are the less mature cells) divide faster than committed stem
cells, which are the more mature stem cells. In 1993, Mackey andI¢yonsidered a
model in which the time required for a cell to divide is distributed according to a density,
but the authors only made a numerical analysis of their model. Dyson Etlal?] in
2000, considered a time—age-maturity structured equation in which all cells do not divide
at the same age. They presented the basic theory of existence, uniqueness and proper-
ties of the solution operator. However, in their model, they considered only one phase
(the proliferating one), and the intermediary flux between the two phases was not repre-
sented. In 2008], we considered a model in which the proliferating phase duration is dis-
tributed according to a density with compact support. We obtained global stability results for
our model.

In this work, we consider the situation when the age of a cell at cytokinesis depends on the
maturity of this cell at the point of commitment, that means when it enters the proliferating
phase. We assume that each cell entering the proliferating phase with a matdiiges
at agetr = 17(m), depending on this maturity. This hypothesis can be found, for example,
in [13,21] This yields to the boundary condition (11). To our knowledge, nobody has
studied this model, except Adimy and Pujo-Menjo[igt where they considered only a
linear case.

We obtain a system of first-order partial differential equations with a time delay depending
on the maturity and a retardation of the maturation variable. We investigate the basic theory
of existence, unigueness, positivity and stability of the solutions of our model.

The paper is organized as follows. In Section 2, we present the time—age-maturity
structured model. By using the characteristics method, we reduce this model to a time-
maturity structured system, which is formed by two partial differential equations with a
time delay depending on the maturity and a nonlocal dependence in the maturity vari-
able. In Section 3, we first give an integrated formulation of our model by using the
classical variation of constant formula and then we prove local existence of solutions,
by using a fixed-point theorem, and their global continuation. We deduce the global ex-
istence. In Section 4, we obtain the positivity of these solutions by developing a method
described by Webf24]. In Section 5, we concentrate on the stability of the trivial equi-
librium of the system and, in the last section, we discuss the model and the asymptotic
behavior.
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2. Biological background and equations of the model

Each cell is characterized, in the two phases, by its age and its maturity. The maturity
describes the development of the cell. It is the concentration of what composes a cell, such
as proteins or other elements one can measure experimentally. The maturity is supposed to
be a continuous variable and to range fram-= 0 to 1 in the two phases.

Cells enter the proliferating phase with age: 0 and they are committed to undergo cell
division a timer later, so the age variable ranges fram 0 to t in the proliferating phase.

We suppose that proliferating cells can be lost by apoptosis with a.rate

At the cytokinesis age, a cell divides and gives two daughter cells, which enter immedi-
ately the resting phase, with age= 0. A cell can stay its entire life in the resting phase,
so the age variable ranges fram= 0 to +00. The resting phase is a quiescent stage in the
cellular development. In this phase, cells can either return to the proliferating phase at a
ratef and complete the cycle or die at a réteefore ending the cycle. According to a work
of Sachq22], we suppose that the maturation of a cell and the density of resting cells at a
given maturity level determine the capacity of this cell for entering the proliferating phase.

We denote by (¢, m, a) andn(z, m, a) respectively, the population densities in the pro-
liferating and the resting phases at timevith agea and maturitym. The conservation
equations are

o op AVmp) _

o oa o Vemp, )
on I on + oV mn) _ —(d(m) + B(m, N(t, m)n, (2
ot da om

whereV (m) is the maturation velocity and (z, m) is the density of resting cells at tinte
with a maturity leveim, defined by

+00
N(t,m):/ n(t,m,a)da.
0

We suppose that the functidhis continuously differentiable of0, 1], positive on(0, 1]
and satisfie’ (0) = 0 and

/ " e forme 1] 3)
= m , 1.
o V()
Sincef,;"l2 ds/V(s), withm1 < mp, is the time required for a cell with maturity; to reach
the maturitymy, then Condition (3) means that a cell with very small maturity needs a long
time to become mature.

For example, if

V(m) ~ oam? witha>0andp>1,
m—0
then Condition (3) is satisfied.
We suppose, throughout this paper, thahdo are continuous and nonnegative[On1].
The functionp is supposed to be positive and continuous.
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Egs. (1) and (2) are completed by boundary conditions which represent the cellular flux
between the two phases. The first condition,

+00
p(t,m,0) = p(m, N(t,m)n(t,m,a)da = f(m, N(t,m))N(t, m) (4)
0

describes the efflux of cells leaving the resting phase to the proliferating one. Cells entering
the proliferating phase with age 0 depend only on the resting phase population with a given
maturity level.

The second boundary condition determines the transfer of cells from the point of cytoki-
nesis to the resting compartment.

We assume that a cell entering the proliferating phase with a maiuréty0, 1] divides
at ager(m) > 0, and we require thatis a continuously differentiable and positive function
on [0, 1] such that

‘E’(m)+L>O for m € (0, 1]. (5)
V(m)
SinceV (0) = 0, this condition is always satisfied in a neighborhood of the origin. If we
suppose that the less mature cells divide faster than more mature cells, that is, if we assume,
for example, that is an increasing function, then Condition (5) is also satisfied.
If one consider a cell in the proliferating phase at timeith maturitym € (0, 1], agea
and initial maturity (that means at age= 0) mg, then, naturally, we have

m

A)
mo<m and a= / —
mo V(s)
If mis the maturity of the cell at the cytokinesis point, then there exists a urtiqug <
(0, m) (the maturity at the point of commitment) such that

m d
/@ v (Ss) = 1(O(m)) ©6)

because Condition (5) implies that the function

~ " ds ~

m — f —— —1(m)
wm V()

is continuous and strictly decreasing fr@f) m] into [—t(m), +00). Then, we can define

a function® : (0, 1] — (0, 1], such tha® (m) satisfies (6).

From a biological point of view@ (m) represents the initial maturity of proliferating cells
that divide at maturityn (at the point of cytokinesis). Then, from the definition, the age of
a cell with maturitym at the point of cytokinesis is(@(m)).

Remark tha® is continuously differentiable o¢D, 1] and satisfies

< 1(mo).

0<®@m)<m form e (0,1].

This implies, in particular, that

mods
im ®@(m)=0 and Iim/ =1(0) < + 0. 7
m—0 (m) m—0J©em) V(s) ) ()
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Property (7) means that cells with null maturity at the point of commitment keep a null
maturity in the proliferating phase.
The total number of proliferating cells at tilhewith maturitym, is given by

(O (m))
P(t,m):/ p(t,m,a)da.
0

We consider the characteristic curves (—oo, 0] x [0, 1] — [0, 1], solutions of the
ordinary differential equation
dh
£ (em)=V(zs.m), s<0 andm € (0.1,
S
(0, m) =m.

They represent the evolution of cells maturity to reach a matarig time 0 from a time
s <0. They satisfyy(s, 0) = 0 andy(s, m) € (0, 1] for s <0 andm € (0, 1].

It is not difficult to verify that, ifm € [0, 1], then®(m) is the unique solution of the
equation

x = y(—1(x), m). (8)

At the end of the proliferating phase, a cell with a matunitgivides into two daughter
cells with maturityg (m). We assume that : [0, 1] — [0, 1] is a continuous and strictly
increasing function, continuously differentiable @) 1) and such thag (m) <m form €
[0, 1]. We also assume, for technical reasons and without loss of generality, that

lim g’(m) = +o0.
m—1
Then we can set
¢ tm)y=1 form=>g(l).

This means that the functiog™! : [0,1] — [0, 1] is continuously differentiable and
satisfies

(¢ Y m)=0 form=>g(1).

Note that the maturityn of the daughter cells just after division is smaller tizath). Then,
we must have

n(t,m,00=0 form> g(1). 9)

If a daughter cell has a maturity at birth, then the maturity of its mother at the point of
cytokinesis wag ~1(m) and, at the point of commitment, it wa(g~1(m)). We set

A(m) = @(g"t(m)) for m € [0, 1]. (10)

From a biological point of viewy gives the link between the maturity of a newborn cell and
the maturity of its mother at the point of commitmenrt. [0, 1] — [0, 1] is continuous,
continuously differentiable ofD, 1], with 4(0) = 0. MoreoverA is strictly increasing on
(0, g(1)) with @(m) < A(m) andA(m) = O(1) for m € [g(1), 1].
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Then, the second boundary condition is
n(t,m,0)=2(g™") (m)p(t, g~ *(m), «(A(m))).

One can note that Condition (9) is included in Expression (11).
To complete the description of the model, we specify initial conditions,

pO,m,a)=I(m,a) for (m,a) € [0,1] x [0, Tmax]
and

n(0,m,a) = u(m,a) for (m,a) € [0, 1] x [0, +00),

wherermay := max,eo,1) 7(m) > 0.1 andu are assumed to be continuous, and the function

+o00
ﬁ:mn—)/ w(m, a) da
0

is supposed to be continuous [@h 1].
We set

t
S(t,m) = exp{—/o (=, m) + V' (x(=s, m)))dS}

fort >0 andm € [0, 1], and we define the sets
Qy:={@m, 1) €[0,1] x [0, +00); 0Kt < 1(4(m))}
and

Qo = {(m,1) €10,1] x [0, +00); 0<1 < T(O(m))}.

Proposition 1. Assume that the initial conditionsand I" satisfy for m € [0, 1],

I'(m, 0) = f(m, i(m))u(m).

11)

(12

(13)

(14)

(15)

Then the total populations of proliferating and resting cel(z, m) and N (¢, m), satisfy

form € [0, 1] andz >0,

0 0
— P(t,m)+ — (V(m)P(t, m))
om

ot
= —y(m)P(t,m) + f(m, N(t,m))N(t, m)
n(m)E(t, m)I'(x(—t, m), ©(@(m)) — 1) if (m,1) € Qg,
— 1 ©(m)E(t(O(m)), m)N(t — t1(O(m)), O(m))
xB(O(m), N(t — 1(O(m)), O(m))) if (m,1) ¢ Qg,

a N(t,m) + < (V(m)N(t, m))
om

ot

= —(8(m) + B(m, N(t,m)))N(t, m)
27 Y (m)é, g7 1(m))

x(p(—t, g7 1(m)), t(4(m)) — 1) if (m, 1) € Qy,
{(m)B(A(m), N(t — t(A(m)), A(m)))

XN (t — t(A(m)), A(m)) if (m,1)¢Qy,

+

(16)

(17)
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and
o (O (m))
PO, m)=1(m) :=/ I'(m,a)da, (18)
0

N (0, m) = Ti(m), (19)

with
B 1

M) = LV @m) T @m))
and

Lim) = 2(g™ 1 (m)E(T(A(m)), g~ Hm)). (20)

Proof. Using (12) and (13) and the definitions®&ndN, we obtain immediately Eqgs. (18)
and (19).

System (1)—(2) can be solved by using the method of characteristics. First, we obtain the
following representation of solutions of Eq. (1):

e, m)p©, y(=t,m),a—1t) for 0<t <a,
plt,m,a) = {f(a, m)p(t —a, y(—a,m),0) for a<zs.
The initial condition (12) and the boundary condition (4) give
p(t,m,a)
E(t,m)I'(y(—t,m),a —t) for 0<t <a,
= { 6(aa m):B(X(_a7 m)a N(t —a, X(_aa m))) (21)
XN(t —a, y(—a,m)) for a<zr.

Let m € [0, 1] be given. Integrating Eq. (1) with respect to the age, between 0 and
(@ (m)), we obtain

(O (m))
7 P(t,m) + / — (Vm)p(t,m,a))da = —y(m)P(t,m) + p(t,m,0)
ot 0 om

— pt,m, t(O(m))).
One can note that
7(O@m))O (m)V(m) — L= —n(m).

Since

A

0 (O (m)) 0
(VP m) = / L (Vmyp(t,m, a)) da

m 0 om
+7(@m)@ (m)V (m) p(t, m, [(O(m)))



344 M. Adimy, F. Crauste / Nonlinear Analysis: Real World Applications 6 (2005) 337 -366

and
p(t,m, 1(@(m)))
@, m)I (y(—t,m), 1(O(m)) — 1), if 0<t <1(@(m)),
= { E(t(O@m)), m)N(t — 1(@(m)), y(—t(O(m)), m))
xB((=t(@(m)), m), N(t — (O (m)), y(—=1(O(m)), m))), if 1(@(m))<t,

then, using (4) and (8), we obtain Eq. (16).
Thanks to (15) and by using the continuitygfwe show that

lim n(t,m,a)=0.
a——+00

So, by integrating Eq. (2) with respect to the age, between Gtaxdl it follows that:

% N(, M)+% (V(m)N(t,m)) = —(6(m)+f(m, N(t,m)))N(t, m)+n(t, m, 0).
From Egs. (8) and (10), we deduce that

A(m) = 7(=1(A(m)), g~ (m)).
Hence, from Egs. (11) and (21), we obtain

207 Y (m)é, g7tm))

xI(y(—t, g7t(m)), t(A(m)) — 1) i (m,1) € Qy,
{(m)B(A(m), N(t — 1(A(m)), A(m)))

XNt — 1(4(m)), A(m)) if (m,t)¢Qy.

n(t,m,0) =

Eq. (17) follows immediately.

Finally, we can remark that, N is continuous, Condition (15) implies that the mappings
(m,t) — F(t,m, Nt —1(A(m)), A(m))) and(m, t) — G(t, m, N(t —t(O(m)), O(m))),
with F : [0, 4+00) x [0,1] x R — RandG : [0, +00) x [0, 1] x R — R given by

2(g7 Y (m)é(t, g7L(m))

F(t,m,x)= XF(X(—t,g_l(m)),‘C(A(m))—t) if (m,1) e Qy, (22)
Lam)B(A(m), x)x it (m. 1) ¢ Q,
and
() T —t, m), (Om) — 1) if (m.1) € Qo
Gt X) = 2m)E(2 (O (m)). m) B(@(m), x)x it m.ngQe &)

are continuous.
This completes the proof.[]

One can notice that the solutions of Egs. (17) and (19) do not depend on the proliferating
population. We extendll by setting

N(t,m) =u(m) fort € [—tmax 0] andm € [0, 1]. (24)

This extension does not influence our system. However, it will be useful in the following.
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3. Local existence and global continuation
In this section, we are interested in proving the local existence of an integrated solution of
Problem (16)—(19). First, we consider an integrated formulation of Problem (16)—(19). We

denote byC[0, 1] the space of continuous functions [@) 1], endowed with the supremum
norml||.||, defined by

[lv]|= sup |v(m)| for v e C[O,1]. (25)
mel0,1]

Let us consider the unbounded closed linear operatorD(A) C C[0, 1] — C[O0, 1]
defined by

D(A)= {ueC[O, 1]; u differentiable on(0, 1], ' € C(0, 1], IimOV(x)u/(x)zo}

and

=0 + V)ux) = Vou'(x) if x € (0, 1],
Aulx) = { —(5(0) + V'(0))u(0) if x=0.

Then, we have the following proposition, which characterizes the oper&tdp(A)).

Proposition 2. The operator A is the infinitesimal generator of the strongly continuous
semigroup(7 (1)), » o defined orC[0, 1] by

(TOY)(x) =K@, )Y (y(—t,x)) fory e C[O,1],1>0and x € [0, 1],

where

t
K(t,x)= exp{—/O O (=s,x)) + V' (x(=s,x))) ds} .

Proof. The proof is similar to the proof of Proposition 2.4[t0]. O

We denote byC(Qg) the space of continuous function @y, endowed with the norm
I.llog . defined by

TNy == sup [Y(m,a)| for Y e C(Qp).

(m,a)eQe

Now, we can consider an integrated formulation of Problem (16)—(19), given by the vari-
ation of constant formula associated to hgsemigroun(7 (1)), > o. That is the following
definition.
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Definition 3. LetI" € C(Qg) andu be a function such that € CI0, 1], with i given by
(14). Anintegrated solutiorof Problem (16)—(19) is a continuous solution of the system

t

N, m) = K (t, mGr(—t, m)) — /O K(t — s, m)NGs, 7(—(t — 5), m))
X BU(—(t — 5),m), N5, 72(—(t — 5), m))) s
+ fot Kt — 5, m)F(s, 7(—(t — ), m), N(s — t(A((—(t — 5), m))),
AU~ — 5), m)))) ds (26)

and

t
P(t,m)=C@t,m)I'(y(—t, m)) + fo ¢t —s,mN(s, (—(t —5), m))
X B(X(_(t - S)’ m)7 N(Sv X(_(t - S), m))) ds
t
— /(; E(t —s5,m)G(s, y(—(t —s), m),
N(s —t(@(x(—(t —5),m))), O((—( —5),m)))) ds (27)
for >0 andm < [0, 1], whereF andG are given by (22) and (23) arfdis given by (18).
The extension given by (24) allows the second integrals, in expressions (26) and (27), to
be well defined.
In order to obtain a result of local existence for the solutions of System (26)—(27), we first

focus on Eq. (26). We show, in the next theorem, that Eq. (26) has a unique local solution,
which depends continuously on the initial conditions.

Theorem 4. Assume that the mapping— xf(m, x) is locally Lipschitz continuous for
all m € [0, 1], that is, for all r > 0, there existd.(r) >0 such that
[xp@m, x) — ypm, Y)|<SL@)|x —y| if|x|<r |yl <r and m € [0, 1].

If I' € C(Qp) and pu is a function such thali € CI0, 1], then, there existdmax>0
such that Eq(26) has a unique continuous solutiow”! defined on a maximal domain
[0, Tmax) x [0, 1], and either

Tmax= 400 or lim sup|N® 1, )| = 4oo.

t— Tmax

Furthermore N*!'(z,.) is a continuous function ot and I', in the sense thaif ¢ €

(0, Tmax), 11 € C[0,1] andI'1 € C(Qg), then there exist a continuous positive function
C : [0, +00) — R and a constant > 0 such thatfor zi, € C[0, 1]and I’z € C(2g) such
that N#2:12 s defined on0, 7] x [0, 1] and

iy —foll <e and |[I'1—I2llg, <é,
we get

INFLE(s, ) = NP2 2G5, ) SCWITL = Fll + T2 = Tallgg) - for s € 10,11,
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Proof. We set
r=|gul+1

Let 7 > 0O be fixed. We consider the following set:

X(@) = {N eC(0,T] x[0,1]); N©O,.) =7 on [0, 1]

and sup  [N(@,m)—pm)|<1¢,
(1,m)€[0,T1x[0,1]

whereC ([0, T] x [0, 1]) is endowed with the uniform nornX (1) is a nonempty closed
convex subset of ([0, T'] x [0, 1]).
We define the operatdd : C([0, T'] x [0, 1]) — C([0, T] x [0, 1]) by

HN) (&, m)
t
— Kt mYE(y(—t, m)) — fo K(t — 5, mN(s. 7(—(t —s), m))

t

X B(x (= —s),m), N(s, y(—=(t —s), m))) ds +/O Kt —s,m)
X F(s, y(=(t —s),m), N(s —t1(A((=( — 5),m))), A(x(—( — 5),m)))) ds.

H is continuous irC([0, T'] x [0, 1]). Our objective is to show th&i is a contraction from
X (@) into itself.

Let N € X (). Itis clear thatH (N)(0, .) = u. On the other hand, we have, fot m) €
[0, T] x [O, 1],

[H(N)(t, m) — fi(m)]
<IK (1, m)GA—t.m) — ilm) | + | fo Kt —s.m)
x F(s, (=@ —=s),m), N(s =t(A(x(=(t —5), m))), A(y(—(t —s), m)))) ds|
+ | fot K@t —s,m)B(; (=@ —s),m), N(s, y(—(t —5),m)))
TimesN (s, y(—(t —s), m)) ds|.
SinceK is continuous o0, T'] x [0, 1], then there exist& >0 such that
|K(t,m)|<K for (t,m) € [0, T] x [0, 1].
SinceN € X (), then
ING@, m)| <1+ |ull=r.

This implies that there existd := ma><{1\71, IICIlr L(r)} =0 such that, fo(z, m) € [0, T] x
[0, 1] ands € [O, ],

[F (s, x(=(t =), m), N(s = 1(A(x (=@ — 5),m))), A((=(t —5),m))|<M,
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where

M= ( S;“‘; 12(¢™ Y (m)E(t, g ) (x(—t, g1 m)), 1(A(m)) — 1)
m,t)elly

and( is given by (20). Hence, we obtain that
|H(N)(t, m) — f(m)| <|K (t, mYA((—t, m)) — im)| + K (rL(r) + M)t.

LetusrecallthakK (0, m)=1, (0, m)=m and(¢, m) — K (t, m)u(y(—t, m))is continuous.
Then, we can choosE > 0 such that

sup (1K (t.m)A(x(—t, m)) — fim)| + K (rL(r) + M)t} < 1. (28)
(t,m)€l0,T1x[0,1]

Consequently,
|[H(N)(t, m) — pu(m)|<1 for (tr,m) € [0, T] x [0, 1]

andH (X (n) C X ().
Now, we show thaH is a contraction orX ().
Let N1 € X(u) andN2 € X (). Then,

[H(ND) (@ m) — H(N2)(E, m)|
< /O Kt — 5, m)[BG(—(t — ), m), Na(s, 7(—(t — ), m)))
X N1(s, 7(—(t = ), m)) = BU(— (0 — ), m), NaGs, 7(~(t — 5), m)))
TimesNa(s, 7(—(t — s), m)1ds| + | /0 K s.m)

X [F(s, (= —s5),m), Ni(s — t(4A(x (= — 5),m))),
A((—=(t = 5),m)))) — F(s, y(—( —s), m), Na(s — t(A(y(—(t — 5), m))),
AQ (=@ = 5), m))))] ds|
<K@+ KIHL)T sup [N1(t, m) — Na(t, m)|.
(t,m)€[0,T]x[0,1]
Sincer > 1 and||{|jr L(r) < M, then Condition (28) implies that
K@+ IEDLHT <K@+ 1DrL(NT <K (rL(r) + M)T < 1.

HenceH is a contraction fronX (1) into itself. Therefore, there exists a unigiec X (1)
such thaN satisfies Eq. (26) fo¢, m) € [0, T] x [0, 1].

Let N be the maximal solution of Eq. (26), defined on its maximal donp@immax) x
[0, 1]. Assume that

Tmax< +oo and lim sug|N(, )| < + oo.

t— Tmax

Then, there exists > 0 such that

IN(t, )| <r forrel0, Tmax-
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Let (r, m) € [0, Tmax) x [0, 1] andh > 0 such that + & € [0, Tmax). Then,

IN(t 4+ h,m) — N(t,m)|
SIK @+ h, m)p( (=t + h), m)) — K(t, m)a(y(—z, m))|

t+h
+|/ Kit+h—s,m)N(s, y(—@ +h —s), m))
0
X BGu(—=(t +h —s),m), N(s, y(=(t +h —5),m))) ds
t
_/o K(t —s,m)N(s, y(—( —s),m)(y(—(t —5), m),
N(s, y(—=(t —5),m))) ds|
t+h
Jrl/0 K(t+h—s,mF(s, (= +h—s),m),
N(s —t(A((—=(t +h —s),m))), A(x(—=(t + h — 5),m)))) ds
t
—/ K@ —s,m)F(s, y(—(t —s),m),
0

N(s = (A= = 5),m))), A((—(t — 5), m)))) ds|
SIK(E + b, m)p(y (= + h), m)) — K&, m)(y(—=t, m))| + [11] + | I2|.

Since
t+h
I = / Kt+h—s,m)N(s, y(— +h—s),m))
0
x P(y(—(@ +h —s),m), N(s, y(—( + h —s), m))) ds
t
— / K@ —s,m)N(s, y(—( —s),m))
0
X ﬁ(X(_(t - S)v m)s N(Sv X(_(t - S)1 m))) dS,

then,
= / K(t— 5, mINGs + h, 7(—(t — 5), m))
Bt =)o), N + b 7=t — ), )
- /Z K (t = s, mIN(s, 7(—(t = 5),m))
s Bt — 59, m), N, (¢ — 59, m) s
- /O K(t = s,m)NGs +h, 1(—(t = 5), m))
Xi;;(;{(—(t —s),m), N(s + h, x(—(t —5), m)))ds
+/Ot1<(r—s,m)[1v<s+h,x<—<z—s),m>

X POu(—(t —s),m), N(s + h, y(—( — 5), m)))
— P (=@ —s5),m), N(s, x(—=(t —5),m)))N(s, x(—(t — 5),m))] ds.
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This implies that
~ - t
[I1|< KrL(r)h+KL(r) / IN(s+h, (= —s),m))=N(s, y(—(t—s), m))| ds.
0

Using the same reasoning, we also obtain that
12| <K Mh + g4 (h)
t
+ KIICIIL(r)/O INGs +h — (A=t = 5), m))), A(y(—(t — 5), m)))

= N(s = (A= = 5),m))), A(x(=(t = 5), m)))| ds,

with ¢, (%) independent oft, m) and such that lim, ¢ 01 (h) = 0.
One can remark that, if > 0,7, > 0 andm < [0, 1], then

K(t1+ 12, m) = K(11, m)K (12, y(—11, m)) = K (12, m)K (11, y(—1t2, m)).
This yields
IN(t 4+ h,m) — N(t,m)|

- - t
<K(Qz(h)+rL(r)h—i—Mh)—i—Ql(h)—i-KL(r)/ IN(s+h,.)— N(s, )| ds
0

~ 1
+ KIICIIL(V)/O IN(s +h = 1(A((=( = 5),m))), .)
= N(s = t(A(x(=(t — 5),m))), )| ds,

02(h) = sup |K (R, y(=t, m))a(y(=( 4 h), m)) — (y(=t, m))|.
(t,m)€[0, Tmax) x[0,1]

Itis clear that lim,—,o p(h) = 0. We set
o(h) = K (05(h) + rL(r)h + Mh) + o1 (h).

Hence, for(z, m) € [0, Trmax) % [0, 1], 2 > 0 andfd € [—Tmax O] such that +#4 € [0, Tmax)
andr + 0>0,

IN(t +h+0,m) — Nt + 0, m)]

- t+0
gg(h)—i-KL(r)/ ING +h,.)— N(s, )| ds
0

- t+0
+KI|C||L(F)/0 NG +h —t(A((=( —5),m))),.)
— N(s —1(A(g(—=(t — 5),m))), )| ds.
On the other hand,

N(t,m)=u(m) fort e [—tmax 0] andm € [0, 1].
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This implies that

sup [NG+h+0,)—N@E+0,)]|
0e[—Tmax.0]

~ t
<o(h) + K (||| + l)L(r)/ sup INGs+h+0,)—N(s+0,.)|ds.
0

0€[—Tmax.0]

By using the Gronwall’s inequality, it follows that:

sup IN(t+h+0,.)—N(+0,.)|<o(h)eXII+DL0) Tmax
0€[—Tmax,0]

Hence,
ING+h, ) = NG, )l <oUneX IEIHDLE Tnax
with
fI,iLnoQ(h) =0
Using the same reasoning, we can show a similar result f00.
It follows immediately that:

lim N(,.) exists

t— Tmax

This implies thalN can be extended continuouslyZgax, Which contradicts the maximality
of [0, Tmax). Hence,

Tmax=+oo0 or lim sup||N(,.)| = +oc.

t— Tmax

Now, we denote byv"+-T1 the solution of Eq. (26) for the initial dajg andI'1, defined
on its maximal domaifi0, Tmax) x [0, 1]. Letz € (0, Tmax) be fixed. We put

r(t) = sup ||Nﬁl’r1(s, JIl and R@)=1+r().

s€[0,¢]

We set

C:= sup |2 H m)é, g tm))

(m,1)eQp

and
C(t) = K max{1, C el ROK A+

Let 0<¢ < 1be suchthat@(z)e € (0, 1) and leti, € C[0, 1] andl'; € C(L2g) such that
NH212 js defined or{0, ] x [0, 1] and

Ity —Holl <e and |[I'1 —I2llg, <e.
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Then, there exists > 0 such that| N#2:/2(g, .)|| < R(¢) for all o € [0, s]. Let
1o =Sup(s > 0; IN*212(¢, )| <R() for ¢ € [0, s]}.

If we suppose thap < 7, thenN# 22 js defined orf0, 0] x [0, 1] and satisfies, far € [0, o]
andm € [0, 1],

INFal1 (s m) — NP2 T2 (s, m)|
<K (i, — ol + CIT1 — I2llgy)

+ KL+ [ILDLR (@) /O CINT (g, ) — NP2, ) do
Therefore, using the Gronwall’s inequality, we obtain
INFET3 (s, m) — NP2 T2 (s, m)| < C () (IHy — Tiall + IT1 — T2llog) (29)
for s € [0, r]. This implies, in particular, that
INFol2 (s )1 <2C (e + INFY (s, )| <1+ () = R(r) for s € [0, to].

This contradicts the definition af. Hencesq>1.
That means that (29) is satisfied for each [0, Tnax)- Then, we deduce the continuous
dependence of the solution with the initial data and the proof is compléie.

One can notice that Condition (15) is not needed to prove Theorem 4.

By using Theorem 4, we can deduce the following result, which deals with the existence

of solutions of Problem (26)—(27).

Corollary 5. Under the assumptions of Theordn8ysten{26)—(27)has a unique contin-
uous maximal solutioqV, P), defined orf0, Tmax) x [0, 1].

Proof. Under the assumptions of Theorem 4, Eq. (26) has a unique continuous maximal
solutionN defined o0, Tmax) x [0, 1]. Then, we easily obtain the existence and uniqueness

of a solution of Eq. (27) o0, Tmax) x [0, 1]. O

We can use the results of local existence, given by Theorem 4 and Corollary 5, to inves-
tigate the global existence of the solutions of System (26)—(27). This is done in the next

theorem.
Theorem 6. Under the assumptions of Theorehand the assumption that the mapping
x — f(m, x) is uniformly boundedhe unique solution of Systg@6)—(27)is global that
meansit is defined for allr > 0.

Proof. We assume that there exi%Sa 0 such that

|ﬁ(m,x)|<ﬁ for all m € [0, 1] andx € R.
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Then, forz € [0, Tmax) andm < [0, 1], we get
IN(t, m)| <K ||ll + Eﬁ/ot [N (s, )l ds
+ KMt + KB|C)| /Ot [N(s — (A (=@ —5),m))), .)|| ds.
Let 0 € [—Tmax O] be such that + 0>0. Then,

~ ~ ~~ t —_—
IN(+ 0. m)|<K([all + M) + KB(ICI + 1)/0 sup  [IN(s+0, ) ds.

Oe[—Tmax.0]
On the other hand, iftmax<t + 0<0, then
IN(t +0,m)| < K|l
because > 1. Hence,

sup  [N(+0,)
0e[—Tmax.0]
t

<K(Iml + Mo + KB+ 1) sup  [[N(s 40, )| ds.
0 Oe[—tmax.0]

By using the Gronwall’s inequality, we deduce that

ING OIS sup NG+ 0, )| <K TN+ M)k PA+D.— r@y,
0e[—tmax, 0]

Sincef is continuous o0, Tmaxl, then

lim sup||N(t, .)| < + oo.

t— Tinax

We deduce thalinax = +00 and the solution of (26) is global.
Finally, we easily obtain that the unique maximal solution of Eq. (27) is also glohal.

Corollary 7. Assume that the mapping — xf(m, x) is Lipschitz continuous for all
m € [0,1]. Then for I' € C(Qp) and u such thatu € C[O0, 1], the unique solution of
Systen{26)—(27)is global

We have studied, throughout Theorems 4 and 6, the local and global existence of the
solutions of (26) and of Problem (26)—(27). Before investigating the positivity of these
solutions in the next section, we can ask for regularity results for these solutions. This is
presented in the following remark.

Remark 8. Under classical assumptions on the functfpand the initial data” and g,
we can obtain regularity results for the solution of System (26)—(27). This may be done by
using the same idea as in the work of Travis and Wei3.
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4. Positivity of solutions

Since we study a biological population, it is necessary to obtain the positivity of the
solutions of System (26)—(27) to ensure that the model is well-posed. First, we focus our
study on the solutions of Eq. (26). We use a method given by We#pin 1985 and
developed by Kat§l14] to obtain the positivity of the solutions of Eq. (26).

LetI" € C(Rp) andyu be a function such that € C[0, 1], 1 given by (14). Letl > 0 be
fixed. We consider the family of operatofs® : C ([0, T) x [0, 1]) — C([0, T) x [0, 1])
defined, fora € C[0, 1], (¢, m) € [0, T) x [0, 1] andN € C([0, T) x [0, 1]), by

HY(N)(t,m)
= e UMK (¢, mya(y(—t, m))

t
+[ e =9aU=tm) g (r — s m)a(p(—(t — s), m))N(s, x(—(t —s), m))

0
— BOu(=(@ —5),m), N(s, x(=(t — ), m)))N (s, x(=(t —s), m))
+ F(s, y(—=(t —s),m), N(s — t(Ad(y(—=(t — 5), m))),
A((—(t — ), m))))] ds. (30)

Leta € C[0, 1], (t,m) € (0, T) x [0, 1] andN € C([0, T) x [0, 1]) be fixed. We consider
the mappingv? : [0, 1] — R defined, fors € [0, ¢], by

w(s) = HY(N)(s, 1(=(t —5), m)).

Then, we can prove the following lemmas.
Lemma 9. The functiorw? is differentiable ori0, ¢] and satisfies

: %w“(s) = v () w(s) + f%s), fors e]lO0,¢],

(31)
w(0) =u(y(—t, m)),
with
fs) =a(u(—=@ —s),m)N (s, (=t —s5),m))
— NG, (=@ —5),m)B(x(—=(t —5),m), N(s, y(—( — 5), m)))
+ F(s, (=t —s),m), N(s — t(A(y(—(t — s5), m))),
A((=(t = 5), m))))
and

Vi(s) = a(y(—t,m)) + o(x(— @ —s),m)) + V' ((—(t — s), m)).
Proof. First, one can remark that,#f andr, are nonnegative, then

(=t + 12), m) = y(—11, x(—t2, m)).
It follows that, fors € [0, ] andh # 0 such that + & € [0, 7], we have

1 a a
E(w (s +h) —wi(s)) =Wy + Wop,



M. Adimy, F. Crauste / Nonlinear Analysis: Real World Applications 6 (2005) 337—-366 355

with
1 haGy—t.m))
Wip = Z[e LMK (b y(—( —s — h),m)) — 1]
x @ S K (s, (= (t — 5), m)A(x(—t, m))
and
1 s+h
Woy = 13/ e CHh=0al=tm g (s 4 h — g, y(—(t — s — h), m))
0

X [a(y(—=( —0),m))N (o, y(—( — 0), m))
— N(o, (=t — 0),m))f(x(=(t — ), m), N(a, y(—(t — 0),m)))
+ F(0, y(=(t — 0),m), N(o — 1(4(y(—(t — 0), m))),
A((—=(t — 0),m))))] da
_ E /s e—(S—(T)a(l(—t,m))K(s — a0, 1(=(@ —5),m))
h Jo
x [a(y(—=( —0),m))N (o, y(—( — 0), m))
— N(o, (=t — 0),m))f(x(—=(t — ), m), N(a, y(—(t — 0),m)))
+ F(0, y(=(t — 0),m), N(o — 1(A(y(—(t — 0), m))),
A(y(—=(t — 0),m))))]da.

Hence, we easily obtain that

fim Wy == (5)e UM K (s, y(—(t — ), m)A(x(—t, m)).
—

By the same way, we have

1 ,
Wo = (e MK (b, g (= = s = ), m)) = 1]

N
x [ e UK~ gy~ - ).m)
0

x [a(y(=(t = 0),m))N (0, y(=(t — ), m))

— N(o, (=t — 0),m)p(x(—(t — ), m), N(a, y(—(t — 0),m)))
+ F(o, y(=@ —a),m), N(o — 1(4(x(=(t — 0), m))),

A(y(=(t — 0),m))))]do

1 ;
n Ee—ha(l(—t,m))[((h’ y(—=(t —s —h),m))

s+h
x / e CTEIIK (5 — 7 y(—(t = ). m))
s

x [a(y(—=(t —0),m))N (0, (= (t — 0), m))

— N(o, (=t — ), m))f(x(—(t — ), m), N(a, 1(—( — 0),m)))
+ F(o, y(—(t = 0),m), N(o — t(4(x(—(t — 0),m))),

A(y (=t — 0),m))))]do.
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Therefore,

N
lim Wa ;= —(s) / e T K (s — 6, 3 (—(t — 5), m))
h—0 0

x [a(y(=(t —0),m))N (g, y(—=(t — o), m))

— N(o, x(=(t = 0),m)) f(x(=(t — 0), m), N(o, y(=(t — 0), m)))
+ F(o, y(=(t — 0),m), N(6 — 1(A(x(— (1 — 0), m))),

A(y(=(t — 0), m))))] do

+a(y(=@ —s5),m)N(s, (= —5), m))

= N(s, 7(=(t = ), m)B(x(=(t — ), m), N(s, x(—(t — 5), m)))
+ F(s, x(—=@ —5),m), N(s = (A(x (= — 5), m))),

A( (=@ = 5), m)))).

Thus, limy,_, o(w®(s+h) —w“(s))/ hinthe limit exists and is equal tov* (s)w“ (s)+ f*(s).
We obtain Eq. (31) and the proof of the lemma is complete.

Lemma 10. Leta, b € C[0, 1]. Then

t
Hb(N)(t,m)zH“(N)(t,m)—i-/ e U=bU=tm) g (1 — 5. m)
0

X (b(x(—=(t —s),m)) —a(y(— —s),m)))
X [N(s, (=@ —s),m)) — w?(s)] ds.

Proof. From Eq. (31), it follows that:

d
a[wb(s) —w()] = — V()W (s) — w(s))

+ O (=(t = 5),m)) —a(x(=(t —5),m)))
X [N(s, y (=@ = 5),m)) — w(s)].

Sincew?” (0) = w*(0) = fi(y(—t, m)), then

¢ s
(wh(t) _ wa (t))ef(; vb(a') do — / efo \,vb(o') do
0

X (b(y(=(t —s),m)) —a(y(—( —s),m)))
x [N(s, y(—(@ —5),m)) — w(s)] ds.

Therefore,

t
w? (1) — wi(r) = / ) (RN D)
0

X (b((=(t = s),m)) —a(y(=(t — ), m)))
X [N (s, y(=(t —s),m)) — w’(s)]ds.

This ends the proof. [J
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Lemma 11. Assume that there existe C[0,1] and N € C([0, T) x [0, 1]) such that
H*(N)= N.Thenforall b € C[0, 1], H*(N) = N.

Proof. This is a simple consequence of Lemma 10!

Now, we show, under a cellular regulation hypothesis, that the solutions of (26)—(27) are
positive. We use the three previous lemmas to obtain the following theorem.

Theorem 12. Assume that the mapping — f(m, x) satisfies the cellular regulation
hypothesis

(f(m,x) — P(m,0)x<0 form €[0,1] and x € R. (32)

LetI" € C(Qg) andu be a continuous function such thate C[0, 1]. If x>0andI >0,
then the solutions of E26) are nonnegative on their domains

Proof. LetN be a solution of Eq. (26) defined ¢@, T') x [0, 1], whereT > 0. We consider
the operatoi/* defined, fora € CIO0, 1], by (30). It is obvious that

HO(N) =N,

where 0 denotes the null mapping©fo, 1].

Then, fromLemmall, foradl € C[0, 1], H*(N)=N.Hence, ifthere exisis € C[0, 1]
suchthat?4(N)(t, m) >0for (¢, m) € [0, T) x[0, 1], thenwe shall obtain that (¢, m) >0,
for (r,m) € [0, T) x [0, 1].

We set

a(m) := f(m,0) for all m € [0, 1].
Then,a € C[0, 1] and Condition (32) implies that
a(m)N(t,m) — N(¢t,m)f(m, N(t,m)) >0 for (t,m) € [0, T) x [0, 1].

Hence,

t
/ e (UK (1 — s, m)la(y(—(t = 5). m)N (s, 7(=(t = 5).m)
0
= BO(=(t = 5),m), N(s, 2(=(t = 5), mDIN (s x(—(t = 5), m))] ds

is nonnegative. We have to show by steps that(fomn) € [0, T) x [0, 1],

/t e_(t—S)ﬂ(X(_t’m))K(t — 5, m)
0
x F(s, 1(=(t = s),m), N(s — 1(A(x(=(t = 5),m))), A(y(=(t — 5),m)))) ds

is nonnegative.
First, it is clear that7?(N) is nonnegative o 4.
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We set
T4 = min t(4(m)).
4= mn (4(@m))

Sincer is positive on[0, 1], thent4 > 0.
Letm € [0, 1]. Suppose that € [t(4(m)), t(4(m)) + t4]. Then,

0<s —1(A(p(—=(t — 5),m))) <t — 14 <1(A(m)) for s € [t1(4(m)), 1].

SinceF >0 for (m, t) € 24, this yields that

/t e~ =Gt ¢ ( _ )
OX F(s, y(=(t=s),m), N(s —t(A(x(—(t —5), m))), A(z(—(t —s), m)))) ds >0.
Hence,H*(N)(t,m) >0 form € [0, 1] andr € [0, t(4(m)) + t4]. This implies that
N(t,m)>0 form e[0,1] andt € [0, t(A(m)) + t4].
By steps, we show that
N(t,m)>0 form [0, 1] andt € [0, t(4(m)) + nt4] with n € N.
There exists: € N such that
(Am)) +nty < T <t(A(m)) + (n + D1y.
ConsequentlyN >0 on its domairf0, T') x [0, 1] and the proof is complete.[]

We deduce immediately the following corollary.

Corollary 13. Under the assumptions of Theordr?, the solutions of Probler(26)—(27)
are nonnegative

5. Local and global stability

We study, in this section, the local and global stability of the trivial solution of Problem
(26)—(27). We first focus on Eq. (26).
We set

~

~ L . / L . /
0:= mé?g’l](é(m) + V'(m)) and 7:= mé?g,l](y(m) + V'(m)).

We assume that> 0 and that the functiom — xf(m, x) satisfies a Lipshitz condition in
a neighborhood of zero, that is, there exist0 andL >0 such that

Ixp(m, x) — yB(m, y)I<Llx — y| if |lx| <e |yl <eandm € [0, 1]. (33)
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Throughout this sectiony”-!" denotes a global solution of Eq. (26) associated with the
initial datap and I, i defined by (14). Let

K= sup [(g~H (m)l.
me[0,1]

In order to obtain the local stability of the trivial solution, we first prove a result of
invariance for the solutions.

Proposition 14. Assume that Conditio(83) is satisfied and that
L(1+ 2x) <. (34)

LetI" € C(Qp) and u be a continuous function such thate C[O0, 1]. If ||| <& and
II'lg, <eL, wheree and L are given by33),then

INET (1, m)|<e fort>0and m € [0, 1].

Proof. We first notice that, under assumption (35)> 0. We consider the sequence
defined by

and
Np(t,m) = No(t, m) — I(Np—1)(t, m) + J (Np—1)(t, m)

fort>0,m € [0, 1] andn € N*, with

t

I(N)(t,m) = / K@ —s,m)N(s, y(—( —s),m))
0
X B(x(—(t —s),m), N(s, y(—(t —s), m))) ds

and
t
J(N)(t,m) = f K(t —s,m)
0
X F(s, y(=(t —5),m), N(s — t(4(y(—=(t = 5), m))),
A(y(=(t = 5), m)))) ds.
Then,

No(r, m)| <&~ |l <e™*e<e.
By induction, we show that
IN,(t,m)|<e fort>=0, m €[0,1] andn € N*. (35)

We assume thatv, (z, m)| <e.
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Let (r, m) € [0, +00) x [0, 1] be fixed.
One has to notice that, ifQs <t(A4(y(—(t — s), m))), then

|F (s, 1(—(t — 8), m), Nu(s — 1A= (t — 5), m))), A((—(t — ), m))))]
<2ke |||
<2kel

and, ifs > t(4(y(—(t — s), m))), then

[F (s, (=t —5),m), Ny (s — t(A(x(—(t — 5),m))), A(x(—(t — 5),m))))|
SIENn (s = (A (=t = 5), m))), A((—(t — 5),m)))

X BAG(=( = 5),m)), Ny (s — (A= — 5),m))), A(x(=(t = 5),m))))
<|IlleL,

’

where||{|| is given by (25). Sincdi{|| < 2k, we obtain that
o~
[J (N, (2, m)| <2xkeL / e 90— g
0

and
[Np1(t, m)| <[No(t, m)| + [T (Np) (&, m)| + |J(Ny) (2, m)]

~ t ~
<ee ™ 4+ eL(1+ 2x) / e 90— g
0

~ L ~
<ee O + o= (L+20(1 - e ).
From assumption (34),

14+ 2x) <1

Sl

Consequently,
—ot L L
INp41(t,m)|<e| € 1—§(l+21c) +§(1+2K) <e.

We conclude that (35) is true fare N*, B
By remarking that the sequenc¥,,),,.n+ converges tav/-!, then we obtain that

INET (1, m)|<e for >0 andm € [0, 1],

which ends the proof. O
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Before proving the local stability of Eq. (26), we rewrite the integrated solution of (26)
by using a variation of constant formula, ok tmax andm € [0, 1]. We obtain that

t
N(t,m) =K — Tmax, m)N (Tmax, X(—( — Tmax), m)) — / Kt —s,m)
X B (=t —s5),m), N(s, y(—(@ — 5),m)))N(s, y(—( —s), m)) ds
t
+ f Kt — 5, m)(4(—(t — 5), m)

x N(s = t(A(x(= @ = 5),m))), A(x (= — 5), m)))
x A= = 5),m)), N(s — 1(A(x (= = 5), m))),
A((=(t = 5),m)))) ds.

Hence, we can show the following theorem, which deals with the local stability of the trivial
solution of Eq. (26).

Theorem 15. Under the assumptions of Propositi@#, the trivial solution of Eq(26) is
locally exponentially stablehat is, there exist > 0, 1> 0, ¢ >0 andd >0 such that if
Izl <nand|I'g, <1, then

INET (2, ) <ce =D for ¢ >7. (36)
Proof. Lete> 0 andL >0 be given by (33). We assume that

lzl<e and [Ig, <eL.
Then, Proposition 14 implies that

INET (1, m)|<e for 1>0 andm € [0, 1].
We define the sequenc®,),cn by

No(t,m) = K (t — tmax, m)N™ (tmax, 2(—(t = Tmax), m))
and

Nu(t,m) = No(t,m) — Ly (Nu_1)(t,m) 4 Jopo (Nu—1) (1, m)
for t > tmax, m € [0, 1] andn € N*, with

t
et = [ K6 = sem)NG. 70 = .m)
Tmax

x p(u(—=( —s),m), N(s, y(=(t — 5),m))) ds
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and
e (N (£, m)
t
= f K(t —s,m)

x {((=( = 5),m))N(s — t1(A((=(t — ), m))), A(x(—=(t — 5), m)))

x BAG (=@ —s),m)), N(s — 1(A((—=(t — ), m))),

A((=(t — ), m)))) ds
and

No(t,m)=N"T(t,m) for (t,m) € [0, Tmax x [0, 1] andn e N.

First, it is easy to check, by using the same reasoning as in the proof of Proposition 14, that
the sequencén ), cn satisfies

N, (t,m)|<e fort>0, m €[0,1] andn € N*,
since

[No(t,m)|<e for t>0 andm € [0, 1].
Secondly, the assumption

L(1+2Kk) <o
implies that

L+ L) <.
Therefore, there exisjs € (0, 5) such that

~

5 — 0 0
L < < .
14 ||{Jjeptmax 14 |||
Letz > tmaxandm < [0, 1]. Then, we get

[No(t, m)| < e 0 —Tmady  g=Plt—Tmad, o
Since
IN1(t, m) — No(t, m)| < | Lepae(NO) (£, m)| + [ Sy (NO) (2, m)]

then the estimates
t ~
| enax(N0) (1, m)| <L / e 0™ Ve b dy
Tmax
and

t ~
e (No) (£, )| <ELIC] / g 01—l 2tman)
Tmax
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yield to

~ t ~
IN1(t,m) — No(t, m)| <eL(1 + ||¢||e”Tmax)g~0" g Tmax / el=P)s d.

Tmax

Noticing that

~ t ~
efétepfmax/ e((S*P)S ds < - 1 e*ﬂ(’*'fmax)
Tmax 0— P

we obtain

— _ 1 emeaX
|Nla,m)—-Noa,no|<gL—j;ﬂgL_——e*“**mwl

—p
It is easy to see, by induction, that
n
— — 1 ePTmax
INn(t,m) — N,_1(t, m)IéS(L—’_;!L> e PU—mmad  for p e N*,
—p

Hence, we get

n
[N, (t,m)|< Y [Ni(t,m) — Ni—1(t,m)| + [No(t, m)]|
1

n « i
x 8<L w) e—P(f—‘Cmax) + 8e—f)(t—‘fmax)
o—p

i=1
n m i
gge_p([—fmax) Z <L 1+ﬂC||e/” ax) )
i=0 o—p
Since
1 gfTmax
L Loy
o—p

we finally obtain that

_ 5
INFL (1, m)| < < © = pe e PU=mma)  for all £ > Tmax.
§—p— L(L+||{[|erma0)
Hence, we have obtained inequality (36) with: tmax, # = max{e, eL}, d = p and

_ 0 —p)e
0 — p — L(1+ ||{||ePtmax)

CcC =

This completes the proof.[]

363
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By using Theorem 15, we can prove the local exponential stability of the trivial solution
of Problem (26)—(27). This result is presented in the following corollary.

Corollary 16. Assume that
L(1+ 2K) <min{7, 3}.
Then the trivial solution of Problen{26)—(27)is locally exponentially stable

Proof. First, sincelL (1 + 2x) < 5, then Theorem 15 implies that the trivial solution of Eq.
(26) is locally exponentially stable. Moreover, since we supposelttibtt 2x) <7, we

can show, by using the same arguments as in the proof of Theorem 15 and a variation of
constant formula foP, that the trivial solution of Eq. (27) is locally exponentially stable,

as soon as the trivial solution of Eq. (26) has this properiy.

Finally, by using Theorem 15, we can obtain the global stability of the trivial solution of
Problem (26)—(27). This is done in the next proposition.

Proposition 17. Assume that the mapping— xf(m, x) is Lipschitz continuous for all
m € [0, 1], with a Lipschitz constant,land that

L(1+ 2K) <min{7, 3).

LetI" € C(Qp) and u be a continuous function such thate C[O, 1]. If [|[I'|o, < LIzl
then the trivial solution of Problen{26)—(27)is globally exponentially stable

Proof. We first show, as in the proof of Proposition 14, that
INFL (1, m)| < |||l for t>0 andm € [0, 1].

Then, by using the same reasoning as in the proofs of Theorem 15 and Corollary 16, we
conclude. [

We can give some explanations about the condifioh+ 2x) < min{y, d}. In fact, we
can notice that this inequality is satisfiediindé are large or ifL is small enough. This
corresponds, biologically, to the case where the mortality ratesdd) are important or to
the case when only a few cells are introduced in the proliferating phase, and then the cells
supply is not sufficientl( is a bound of the number of introduced cells).

6. Discussion

Itis usually believed that the functighis a Hill function (sed15]) given by

0" (m)
ﬁo(m)m for X}O, m e [O, 1],

Po(m) for x <0, m € [0, 1],

p(m, x) =
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with 0 and 3 two continuous and positive functions, amg: 1. In this case, the mapping
x +— xf(m, x) is always Lipshitz continuous, with a Lipschitz constant equals to

sup fo(m).
me(0,1]

Hence, the results of Theorem 4 and Corollary 7 hold.

By the same way, Condition (32) is easily satisfied, bec@gze x) = f(m, 0) if x <O,
and, ifx >0, the functionx — f(m, x) is decreasing for ath. Hence, the positivity of the
solutions is naturally obtained.

As it has already been noticed by Dyson et[&D], Mackey and Rudnickj20] and
Adimy and Pujo-Menjouef3], we can expect to show the influence of the immature cells
population (that means, the population with a small maturity) over the entire population.
This has also been obtained by Adimy and Cra[idtéor a model with a proliferating phase
duration distributed according to a density.

In particular, by using the result of local stability obtained in Section 5, we will certainly
be able to prove that the stability (or the instability) of the immature cells population leads
to the global stability (or the instability) of the entire population. This has been displayed
for the first time by Mackey and Rudnick0] in 1999. Since the stem cells population
is known to be at the root of the blood production system, then, this behavior is naturally
expected in our model, and it is the purpose of a next work.
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