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Abstract

This paper is devoted to the study of the stability of limit cycles of a nonlinear delay differential equation with a
distributed delay. The equation arises from a model of population dynamics describing the evolution of a pluripotent
stem cells population. We study the local asymptotic stability of the unique nontrivial equilibrium of the delay equation
and we show that its stability can be lost through a Hopf bifurcation. We then investigate the stability of the limit cycles
yielded by the bifurcation using the normal form theory and the center manifold theorem. We illustrate our results with
some numerics.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

This paper is devoted to the analysis of the nonlinear delay differential equation
2 T
() = =6+ B0+ [ Bl = s)(e = 5)d, (1)
0

This equation arises from a model of pluripotent hematopoietic stem cells dynamics, that is stem cells at the root of the
blood production process [1,2]. It describes the fact that the cell density evolves according to mortality and cell division.
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One may stress that the cell density considered in Eq. (1) is in fact the density of resting cells, in opposition to the den-
sity of proliferating cells.

The distinction between these two stages of the cell cycle is now widely accepted. We can cite, for example, the
works of Burns and Tannock [3] on the existence of a resting phase—also called Gy-phase—in the cell cycle. This
phase is a quiescent stage in the cell development, contrary to the proliferating phase which represents the
active part of the cell cycle: it is composed of the main stages of the cell development (e.g. DNA synthesis)
and ends at mitosis with the cell division. Thus, proliferating pluripotent hematopoietic stem cells are committed
to divide and give birth to two daughter cells which immediately enter the resting phase and complete the
cycle.

Mathematical models describing the dynamics of hematopoietic stem cells population have been studied since the
end of the seventies and the works of Mackey [4,5]. For the reader interested in this topic, we mention the review
articles by Haurie et al. [6] and Mackey et al. [7], and the references therein. Recently, Pujo-Menjouet et al. [8,9]
proved the existence of a Hopf bifurcation for the hematopoiesis model proposed in [4], described by a nonlinear dif-
ferential equation with discrete delay. However, their results cannot be directly applied to (1) because of the nature of
the delay.

Delay differential equations with distributed delay have been studied by many authors. We can cite, for example, the
works in [10-14]. However, these studies mainly focused on stability conditions. In 2003, Liao et al. [15] showed the
existence of a Hopf bifurcation for a Van der Pol equation with distributed delay and studied the stability of limit
cycles, applying the normal form theory and the center manifold theorem. The characteristic equation in [15] is an expo-
nential polynomial, similar to the one obtained in [8,9] except that the degree is higher, which makes the study easier
than with Eq. (1). In [2], Adimy et al. obtained the existence of a Hopf bifurcation for a nonlinear differential equation
with a delay distributed according to a density, generalizing Eq. (1). However, these authors did not study the limit
cycles of their model.

We consider a pluripotent hematopoietic stem cells population density x(¢), satisfying the nonlinear delay differential
equation (1). The constant ¢ accounts for natural mortality and cellular differentiation. The nonlinear term S(x(¢)) rep-
resents a rate of introduction in the proliferating phase. The last term appears to describe the amount of cells due to cell
division: cells are assumed to divide uniformly on an interval (0,t), with t > 0, and dividing cells are in fact cells intro-
duced in the proliferating phase one generation earlier. The assumption on the cell division comes from the fact that,
even though only a little is known about phenomena involved in hematopoiesis, there are strong evidences (see [16])
indicating that cells do not divide at the same age. The factor 2 describes the division of each mother cell in two daugh-
ter cells.

The rate of reintroduction in the proliferating compartment f is taken to be a monotone and decreasing Hill func-
tion, given by

0’7
=Py fi > 0. 2

B) = By gy for x @
The coefficient iy > 0 is the maximum rate of reintroduction, 6 > 0 is the resting phase population density for which the
rate of re-entry f attains its maximum rate of change with respect to the resting phase population, and n > 0 describes
the sensitivity of § with changes in the population. This function was firstly used in hematopoiesis models by Mackey [4]
in 1978.

In [4,5] Mackey gave values of the above parameters for a normal human body production. These values are

6=005d" and f,=177d" (3)

Usually, # is close to 1, but Mackey [4,5] reports values of n around 3 in abnormal situations.
The value of 6 is usually 8 = 1.62 x 10® cells/kg. However, since we shall study the qualitative behavior of the plu-
ripotent stem cells population, the value of 0 is not really important and setting the scale change

x(1)

x(t) — o
in (1), with the function f§ given by (2), we obtain

dx 2 0

GO =-ax) ) + 2 [ s o)as )
with

S == 0 (5)
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Fig. 1. Graph of the function f given by (5) for different values of n.

However, we mention that this special form of f, will not be used in the following, except in computations in Section 4.
We only assume that f'is differentiable with f{0) = 0 and, for x > 0, f(x)/x is decreasing and satisfies

lim @

x—+oo X

=0.

An illustration of such a function is presented in Fig. 1.

Notice that Eq. (4) has at most two equilibria: the trivial equilibrium x = 0 and a nontrivial positive equilibrium
x = x". The trivial equilibrium always exists and corresponds to the extinction of the population.
The nontrivial equilibrium exists if and only if

0<d<Bf(0)
and is then uniquely defined by
ox" = fof ().

This can be easily shown by using the fact that the function f{x)/x is decreasing on [0, +o0).

Our aim in this work is to show that the unique nontrivial equilibrium of Eq. (1) undergoes, in a particular case, a
unique Hopf bifurcation and to show the stability of the limit cycles following the approach in [17,18].

The paper is organized as follows. In Section 2, we establish some local stability results for the unique nontrivial
equilibrium of (1) and prove that it undergoes a Hopf bifurcation. We study the stability of the limit cycles obtained

at the bifurcation in Section 3. Our results are illustrated numerically in Section 4. We conclude with a discussion in
Section 5.

(6)

()

2. Local stability and Hopf bifurcation analysis

Part of the study presented in this section has been previously performed by Adimy et al. in [1]. However, for the
reader convenience and to preserve the coherence of the present work, we detail the asymptotic behavior study of the
nontrivial equilibrium x = x* of Eq. (4), defined by (7). We first concentrate on the local asymptotic stability of this
equilibrium. Then, we will show that it undergoes a Hopf bifurcation for some critical value of the time delay.

We assume that (6) holds in order to ensure the existence of x*, that is

0 <9< Bof'(0).

The linearization of Eq. (4) around x* leads to the characteristic equation

0
A7) = A 5+ oy —ﬂ/ ¢ ds =0, (8)

where we have set

By = f1(x).
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We recall that the nontrivial equilibrium x* is locally asymptotically stable if and only if all eigenvalues of (8) have neg-
ative real parts.

The function f'in (4) is not necessarily monotone so f/; may be either positive or negative. We first study the case
B =0.

Consider 4(4,7) as a function of real 1. Then 4 is differentiable with respect to A and

1 04 28081 [
4; = =1- S ds.
A(’“ T) ol (j_7 T) < [I se™ds (9)
Since fi se” ds < 0, we deduce that 4,(4,7) > 0. Moreover, one can easily check that
lim A(J,7) = —oco and Alilf A(, 1) = +o0.

Consequently, A(4,7) has a unique real eigenvalue, namely 1o. From (8), we obtain

A(0,7) = 6 — By
Writing
we deduce
A(0,7) = —fox* <@), >0

Hence, 4 is strictly negative.
Let 2 =v + iw be an eigenvalue of (8) and assume that v > J4. Considering the real part of (8), we obtain

0
v+ Bob —@/ e” cos(ws)ds = 0.

T

Therefore,

0
v—Jy= % / [e” cos(ms) — e**]ds < 0,

which gives a contradiction. We deduce that every eigenvalue of (8) has negative real part. It follows that the nontrivial
positive equilibrium x* is locally asymptotically stable. This result is summed up in the following proposition.

Proposition 1. Assume that $, > 0. Then the nontrivial equilibrium x = x* of (4) is locally asymptotically stable for all
7= 0.

If the function f is given by (5) then (6) is equivalent to 0 < & < Sy and x* = (fo/6 — 1)""". The condition f; = 0
reduces to

Bo

n

We assume now that 8; < 0. We are going to show that the equilibrium x* undergoes a Hopf bifurcation. To that
aim, we look for the existence of purely imaginary roots of (8).
We first check that x™ is locally asymptotically stable when = 0. In this case, the characteristic Eq. (8) reduces to

A+0—Pofy =0,
)
A=—=0+Byp, <O0.
We have the following lemma.
Lemma 2. Assume that ; <0. Then the nontrivial equilibrium x = x* of (4) is locally asymptotically stable when 1 = 0.

Let A =iw, w € R, be a purely imaginary eigenvalue of (8). One can check that
A(—iw, 1) =0,
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so we only look for positive w. Moreover, @ # 0 since
4(0,7) =0 — BBy > 0.

Thus, let us assume that w > 0 and 7 > 0 satisfy 4(iw,7) = 0. Separating real and imaginary parts of A(iw, t), we obtain

5+ fobh — 20 sinwr) = 0,
Wby . (10)
) +#(1 —cos(wt)) = 0.
We set
sin(x)
h(x) = et e 0

Then system (10) can be written

o
o) =3,
cos(wt) — 1 1 (11)

(w1)* - 2Byt
Since f; <0 and 6 > 0, then
5+ oy 1

2680 2

Let
xo = min{x > 0; x = tan(x) and A(x) > 0} ~ 7.725
and assume that

0+ BoB
2B, B,

One can check that A(xg) ~ 0.1284. Then (12) is equivalent to

)
<= g T 2hm))

On the interval [0, 7], the function /4 is strictly decreasing and nonnegative, with 0 < i(x) < 1. Moreover, for x > =,
h(x) < h(xg). Consequently, the equation

h(XO) <

(12)

0+ BBy
hx) =
W="25,5,
has a unique solution, denoted x., which belongs to the interval (0,7). We then set
X
e =5 %
2B (cos(x.) — 1)
and
‘xC
w, =—.
Te

Therefore, (w,,7.) is the unique solution of (11) and *iw, are purely imaginary eigenvalues of (8) for 7 = 7.
In order to show that x* undergoes a Hopf bifurcation for © = 7., we have to prove that tiw, are simple eigenvalues
of 4(-,7.) and satisfy the transversality condition

dRe(2)

0.
dz =

We first check that *iw,. are simple eigenvalues of (8). Using (9), one can see that iw, is simple if

2B, ®.sin(w,.1.) + cos(w.t.) —
T ?

Re(4;(iw., 7)) =1+

Lo (13)
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or

(4, (i, 7)) = 2B,p, w.t.cos(w.1.) — sin(w,z.) £0. (14)

7, ?

We are going to show that, in fact, these two conditions are satisfied.
Lemma 3. Assume that , <0 and (12) holds. Let (w,,t.) be the unique solution of (11), with w.t. € (0,n). Then
Re(4;(iwe,7.)) >0 and Im(4;(iw.,1.)) > 0. (15)

In particularly, tiw. are simple eigenvalues of (8) for t = 1..

Proof 1. First, one can check, using (11) and (13), that
Re(4; (i, 7)) = 24 (0 4 fob1) e

Since
cos(x) —1 1 (x)

=— fi 0
x? 1+ cos(x)’ orx=>5

then, from (11) it follows that:
1 4+ cos(x) = —(0 + By f1) .-
Consequently,
Re(4;(iw.,1.)) = 1 — cos(w,1.) > 0.
Secondly, since xcos(x) < sin(x) for x € (0,n) and x. = w.t. € (0,7), then from (14) we obtain
Im(4;(iw., t.)) > 0.
This concludes the proof. [

Consider now a branch of eigenvalues A(t) = v(t) + iw(t) of (8) such that v(z.) = 0 and w(r.) = w.. Separating real
and imaginary parts in (8) we obtain

v(T) + 6+ BB — @ /0 e"™ cos(w(t)s)ds = 0,

o(x) - Db / " e sin(e()s) ds = 0.

Then, by differentiating each of the above equalities with respect to 7, we get, for t = 1,

Re(4;(iwe, 1))V (2.) = Im(4; (o, 7)) (z.) + @ (Cos(xc) — su;ﬁ) (16)
and
Re(4;(iw.,1.))o (1) = —Im(4; (iw,, 7.))V () + %Ocﬁl (1—cx7(:s(xc) — sin(xé.)). (17)

Using (15)—(17), we can see that v/(t.) satisfies

(Im(4; (i, 7)) + Re(4; (io, 7))V (1) = Zﬁf 1 [(1 —coslxe) sin(xc)) Im(4,(io., 7.))

c X

+ (cos(xc) - Sill(%”)) Re(4, (i, Tc)):| .
Using the definitions in (13) and (14), simple computations give
(1—‘;705(” - sin(xc)) Im(4; (i, 7)) + <cos(xp) - Sl‘;ﬂ) Re(4, (o, 1.)) = cos(x.) — sirl(xc) .
Hence,

> 0.

)= 2By By x. cos(x.) — sin(x,)

|4, (e, 1)V (2, . -
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It follows that:
Vi(z.) > 0. (18)

To conclude, when 7 = 7., the characteristic equation 4(/,t) has a unique pair of purely imaginary simple eigenvalues
satisfying (dRe(4)/d7)(r = 7.) > 0. Consequently, a Hopf bifurcation occurs at x* when t =1, Moreover, applying
Rouché’s Theorem with Lemma 3, we easily check that every eigenvalue of 4(4,7), with 7 < 7., has negative real part.
It follows that x* is locally asymptotically stable for 0 < 7 < 7... These results are summed up in the following theorem.

Theorem 1. Assume that 1 <0 and (12) holds. Then there exists a unique value t.> 0 of the time delay such that the
equilibrium x = x* is locally asymptotically stable when t € [0,1.) and becomes unstable when t = <. throughout a Hopf
bifurcation. In particularly, periodic solutions appear for Eq. (4) when t = t..

As an example, one can check that when f'is given by (5) the assumptions in Theorem 1 are equivalent to
21 —
> (1="1h(x)) By ~ 235 Bo )
1 —2h(xy) Py—29 fo—0

In particularly, these conditions are satisfied when f, and ¢ are given by (3) and n > 2.42.
The existence of a Hopf bifurcation in Theorem 1 leads to the existence of a limit cycle when the bifurcation occurs.
In the next section, we focus on the stability of this limit cycle.

3. Stability of limit cycles

We study now the stability of the limit cycle yielded by Theorem 1. We follow the approach used in [17,18]. This
involves the description of a center manifold and subsequently the study of the normal form given by the restriction
of the flow to this center manifold. The stability of the limit cycle will be decided by the sign of the first Lyapunov coef-
ficient /,(0).

For general properties concerning delay equations and the theory of central manifolds for these equations, see [19].
For the existence and various properties of center manifolds we refer to [20-25]. Also, in [23,26], a rigorous treatment of
the operators involved in this approach is to be found. A similar problem is considered in [15].

Define, for t > 0,

y@O) =x(t) —x", p=t—-1.

with x™ the nontrivial equilibrium of (4) that bifurcates into a limit cycle for the critical value 7 = .. (see Theorem 1).
The equilibrium x* is defined by (6) and (7). Eq. (4) turns into

V(1) = =0((1) +x7) = Bof (0(t) +x7) + 2 St +s) +x7)ds. (19)

H + T —p—Tc

Thanks to this formulation, we now concentrate on the trivial equilibrium y = 0 of (19) which bifurcates when p = 0.
For an interval 7 C R, denote C(/,IK) = {f': I — K, f continuous} where K = R or C. When I =[—p — 7,,0], we
set

C,:=C([—u—r1.,0],K).

Considering, for ¢t > 0, the function y, : [—p — 7.,0] — K defined by y,(s) = (¢ + s), we can reformulate Eq. (19) as
the following abstract functional differential equation:

d

&J’(t) =Guv), t=0, (20)
where, for ¢ € C,,
0
Gulp) = ~0l(0) + ] = fof (90) 43+ [ flo(s) +x)ds.

Assume that f'is * on [0, +o0) (remark that G, is then @*(Cy, R)).
Consider the linearized equation of (20), corresponding to the Fréchet derivative D,G,(0) := L, given by

d

az(r) =Lz, t=0. (21)
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In fact, L, is given explicitly by
0

Lo=-ao0+a) [ o0, gcc, (22)
S
where
26,8 o
cr =0+ Bofy, clp):= T, 3‘/117 By = f1(x"). 23)
Setting

F,:=G,— Ly
Eq. (20) becomes

d

ay(t) = Luyz +Fu(y1), t=0 (24)

with F,(0) =0 and D,F,(0) = 0.
In order to develop a normal form associated to Eq. (21), we write this latter as an abstract ordinary differential
equation.
First we know from [24] that the linear equation (21) gives a Cy-semigroup (7(¢)),., on C,, with generator 4,
defined by
Z(4) = {9 € C'([~p— 1,01, R);  ¢'(0) = Luo},
A,u(/) = (P,7 (RS EZ,(AM)
To write Eq. (24) as an ODE we need to extend the problem (21) to the Banach space 6“ = C, & (Xy), where
<X0> = {X()C; ceRand (X()C)(G) :Xo(ﬁ)c}
and X, denotes the function defined on [—u — t.,0] by
0, if —u—1.<60<0,
1, if 6=0.

Adimy proved in [27] that this extension determines a Hille-Yosida operator. This result is recalled in the next
lemma.

Lemma 4. The continuous extension A u of the operator A, defined on c u by
@(Zu) = Cl([f.u — 7., 0, R),

Ay = ¢’ +)((J(Lu(r’) - 90/(0)): (US @(‘Zu)v

is a Hille-Yosida operator on C,; that is: there exists wy € R such that (wg, +o0) C p(4 ) and

(25)

sup{(2 — )" |(A — 4,) "[l,n € N, 2 > w} < o0.

It follows that if y is a solution of (24) on [0, 7], 7' > 0, with an initial condition ¢ € C, on the interval [-u — 7.,0], then
the function 7 € [0, 7] — y, € C,, satisfies

d ~

{a% = Aw, + XoF,u(y,), t€[0,T], (26)
Yo = Q-

Conversely, if there exists a function ¢ € [0, 7] — u(¢) € C, such that

%(z) = Au(t) + XoF ,(u(t)), t €[0,T],

u(0) = o,
then u(t) = y,, t € [0, T], where

wW()(0), if 1€ [0, 7],
””:{wux it [ .0)

(27)
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and y is a solution of (24). This handles in particularly the problems arising from the fact that A « does not preserve the
space of %'-functions.

Thanks to results by Arendt [28] and Da Prato and Sinestrari [29], the ODE (27) is well-posed for initial conditions
in 2(4,) = C,.

Now we can reformulate the problem (24) as the abstract ODE (26).

Another important step towards the description of a center manifold is the definition of a bilinear form related to the

Eq.F(rzolr)ri now on, we set [ = C. For ¢ € C, and € C', := C([0, u + 7], C), define according to [23] or [24],

(W, ) = P0)p(0) - / ([ w5 )dé) an(s), (28)
where dn(s) = ex(u)ds — cho(s).(Thus (28) becomes

o) = 50000) — s [ ([ W0t . (29)

We build a natural extension of this bilinear form to the space Z’: x C, where
C,=C,oX;)
and
(X3) = {Xie: ¢ € € and (X;3e)(0) = X;(0)c)
with X the function defined on [0, u + 7] by
. 0, if0<0<u+r,
X 0(0) = . -
1, if 0=0.
We obtain, for y € C},
(¥ +X5a, 0 + Xoc) = (Y, ) +ac.

With respect to this bilinear from, we define the adjomt of the operator A , denoted A and its domain & ( ) It sati-
sfies, for ¢ € 2(4,) = C'([~p — 1.,0],C) and ¥ € 9(4 )

@peC,anda,ceC,

(. 4,0) = (4, 0).

From (25) and (29), we obtain

(b, 4,0) = ¥ (0)L.p — c2() /_i_n‘ (/05 mgo’(f)dé) ds.

Using an integration by parts and (22), we deduce

. Au0) = 010 [~c100) + ) [ o 0)0] - sl [ (P00~ #TsT000) [ Ve iotc)ac) as

—p—Tc —p—te

e

. {mmﬂz(u) 0 Wd@} )+ eau /0 ) (/ s)w(é)dé) ds = (4,0, ¢),

n—

where
{9@) = C'([0, 1+ 7, R),
Ay =~y + Xy [c2(m) J1Tw(s)ds — e (0) + y/(0)].

We consider now the purely imaginary eigenvalues of (8) denoted tiw,, with @, > 0, which exist when t = 7., that
means when the bifurcation occurs (see Section 2 and, in particularly, Theorem 1). From the definition of the charac-
teristic equation (8) and the notations introduced in (23), we have

-0
A(ia)c., ‘L'c) = i(}JC +c — 02(0) / e“*ds = 0.

J -1
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It follows that:

(efimprp _ 1)

Cy (0) o,

i—c = iw,. (30)
Then, with definition (25), the function g(s) = €' € Cl([—rc, 0], (C)~i§ an eigenvector of 20 associated with iw,.

Hence, ¢*(s) = de®=* € C" ([0,7.],C), d # 0, is an eigenvector for 4, associated with —iw.. Moreover, we can choose
d € C so that the norming condition (g¢*,¢) = 1 is satisfied. It follows that:

. . 1
_ ; —iteoe 1 — eitewe
d= {1—0—02(0)(1 i )} :

One can check that in fact d = (4, (io,, rc))_l. Since iw, is a simple root of A(:,t.), then d is well-defined.
From (29) and (30) we infer also that

{¢".q)=0. (1)

We are interested in the center manifold corresponding to the eigenvalue 4 = iw,. of Ay and to the system (26). Such a
center manifold exists (see [17,21]): it is a locally invariant, locally attracting manifold containing the origin and tangent
at the origin to the subspace spanned by the eigenvectors corresponding to the eigenvalues iw, of 4,. In fact, to reach

our aim, we only need information on the section of the center manifold, denoted %), corresponding to p = 0 (see [17]).
Let y, be a solution of

dy _
de

We compute the coordinates of the section %, of the center manifold corresponding to u = 0. Following the nota-
tions in [17], we define:

(1) = (g,,), fort = 0. (33)

Aoy, + XoFo(y,). (32)

We will use z and z as local coordinates of % in the directions ¢* and g*, respectively. We also define, for ¢ > 0 and
RS [_Tcs 0]7

w(t,s) = y,(s) — 2(1)q(s) — 2(1)q(s) = y,(s) — 2Re[z(1)q(s)].
We have
w(t,s) = W(z(t),z(t),s), t=0, s€[-1,0]
with

W(z2,5) = wa (s)% + W (5)2Z + woa (s) % . (34)

One can notice that, for real solution y, w is real so wy = Wa. Moreover, (31) and (33) imply that (g*,w) = 0.
The section % of the center manifold is locally invariant under Eq. (32): any solution that starts in it will stay in it
for any time ¢ in some nontrivial interval; therefore, if y, € %, we have

d .~
&Z(f) =(q", 4oy, + XoFo(»,))
so, from (33), it follows that:

3;7(0) = ie(t) + dFo (W (2(1),2(1), -) + 2Re[z(1)q]) = ioez(1) + g(=(1),2(1)) (35)
with
¢(2.2) = dFo(W (2.2, ) + 2Relzq).
We use the Taylor expansion of f around x* to rewrite Fy as

Folo) = [ 50007 + 5000 + 0to(0))| 00— o 52 007 + 5 00)' + (o0,

Te

where

ci=—, B Z:f”(x*) and f;:= fm(x*)' (36)



M. Adimy et al. | Chaos, Solitons and Fractals 27 (2006) 1091-1107 1101

If we denote, for convenience, w(s) = W(z,z,s), we then obtain

g(z2) = dc;{ / [w(s) + 2z +ze 7o 2 ds + 12 / [w(s) + ze* +ze7 ] ds + /

—1c

@([W( ) JrZelm s JrZeimJ s] ) }

— Bod (Bz[w( ) +z 42 +ﬁ3[W( 0) + 2z +2" + O([w(0) +2z +2] ))- (37)

Eq. (35) is called the normal form obtained by the restriction of the flow to the center manifold. Our next goal is to
compute some coefficients in the Taylor series of g and to use them to study stability of the limit cycle by computing also
the Lyapunov coefficient. This latter is given by some coefficients in the Taylor expansion of g(z,z) given by (37). This
means, in fact, that stability of the limit cycle is determined by the normal form obtained through the restriction of the
flow to the center manifold.

Restricting the Taylor expansion in (37) to terms of order less or equal to three, we get

B 1 R P | _
g(z,2) =Egzozz+gllzz+§g0222+§g21222+~- (38)

with

- c3(1 — e~2ioete)
g = —dp, <ﬂo + Ml)

2w,
g&n = ‘71'/))2(037&' = Bo)s

_ c3 1— e_Zi(uL'TL' )
g = —dp, (ﬁo - %1)

(4

_ 0 —imes ices (] — efiw(‘r(,) )
g =d|c ﬁz/ [wo(s)e ™ + 2wy (s)e*] ds — fl ~———i

D¢

~ofln(©) + 20 0)] = s ).
With the definition of ¢; given in (36), one can see that
gn = dfofs.
One can note that we do not need the coefficients g; with i +j > 2 except g,; (see [17]).

At this point, we still need to compute wo(s) and wy,(s) for s € [—1.,0]. It follows directly from (32), (33) and (395),
that:

Sty = Sy, = g —208) = Aowlt, ) + XoFo(w(t, ) + 2Re(:(1)g)) ~ 2Re(g(=(1),2(1)a)
= Aowle, ) + 0020, ), (40)

where, for s € [—1,,0],
H(z,z,5) = —=2Re(g(z,2)q(s)) + Xo(s)Fo(W(z,Z,-) + 2Re(zq)). (41)
Let s € [-7.,0) be fixed. From Eq. (41) with (38) we have
H(2727S) = _ZRe(g(Z72)q(S)) = _g(Zu Z)q(s) - g(zvz)Q(sL
z? z? z z2
= —<g205 +81125+802§ + - ')‘](S) - (g20§+g1122+g025+ o ')‘?(S)~ (42)
Considering the expansion

22 z2
H(Z,E,S) = HZO(S)E‘FHII(S)ZE+H02(S)E+ e
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and comparing the coefficients with those in (42) yields

Ho(s) = —8204(s) — 8029(5),
Hi(s) = —guq(s) — 8114(s), (43)
Hp(s) = Hyl(s).

From (34), (38) and (40), we obtain
(Ao — 2iw)wa(s) = —Hao(s),
Aowii (s) = —H(s), (44)
(Ao + 2iw)woa(s) = —Hoa(s).

Using (25) and (43), (44) becomes

d(vlvszo (s) = 2w () + €209 (8) + §029(s),
d:;s” (s) = gnq(s) +g.,9(s).
Solving the above system, we obtain:
wao(s) = *%ei‘”ﬂf - %e*iwﬁs + Eyedos, -
wii(s) = _%eiwc: _ %llvefiu)ps LB, “

where E; and E, can be determined by setting s = 0 in (41). In fact, we have
H(sz 0) = _2Re(g(z72)) +F0(W(Z7Ea ) + 2RC(Z(]))7

so we deduce
0

Hx(0) = —gx — 802 + B> (C3/ e ds — .Bo)>

—Te

0
Hii(0) = —gy — & +ﬁ2(03/ ds — ﬁo)-
From (25) and (44), we have:

&(0) / wao(s) ds — (c1 + 2io)wa(0) = —Han(0), 7)

0
CQ(O)/ W]](S)dS—Clwll(O) = —H11(0). (48)
Substituting (45) in (47) and using (30) we eventually get

By(cs(1 — e 2%) — 2iw, f) (49)
2(0)(1 — e~Zoete) — 2¢yiw. + 4w?

1=

Similarly, substituting (46) in (48) we get
Br(este — Bo)
E,=—"——""" 50
: 2(0)1. — ¢ (50)

Using the definitions given in (23) and (36), we can write

BB
B= b

We are now able to complete the calculation of g; in (39) using the above values of wyg, wyy, E; and E,. We set

0
K= / [Wao(s)e™ + 2wy (s)e ] ds.
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Then, from (45) and (46), we obtain

(802 + 6g1) (1 — e 2™) n Te(g20 +2811) — (E1 +2E5)(1 — efim"f")i

K =
6(,0(2 @D '

(51)

where E; and E, are given respectively by (49) and (50).
From (39), (45) and (46), we have

. 1 — e iwete) 3¢50 +80n. 2(g, — .
8 = d(03ﬁ2K —afs (0)7.)1 = BobB> (El +2E, + gzgw 'goz 1+ (gllwl g”)l) - ﬁoﬁ3)7

where K is given by (51).
Based on the above analysis and calculation, we can see that each g;; in (39) is determined by the parameters and
delay in Eq. (4). Thus we can explicitly compute the following quantities:

Li(0) = %% (gzogn —2|gy ‘2 _%|goz|2> +%g21,
1,(0) = Re(L1(0)),
_ k(9
2= T Re(X(1)’ (52)
by = 21,(0),
Im(L(0)) + p,Tm/(z.) .

TZZ*
W

One knows from [17] that the following properties hold: if y, > 0(<0) then the Hopf bifurcation is supercritical (sub-
critical) and the bifurcating periodic solutions exist for 7> 1. (1 <7.); solutions are orbitally stable (unstable) if
b, < 0(>0); and the period of bifurcating periodic solution increases (decreases) if 7> > 0(<0).

The coefficient A'(z.) in (52) is given by (16) and (17). In particularly, we have proved in Section 2, property (18),
that

Re(/'(z.)) > 0.
In summary, this leads to the following result.

Theorem 2. If the Lyapunov coefficient 1(0), defined in (52), is negative (resp. positive) then the Hopf bifurcation is
supercritical (subcritical) and the bifurcating periodic solutions exist for © > 1.t < t.), and solutions are orbitally stable
(unstable); The coefficient T, determines the period of the bifurcating periodic solutions: the period increases (decreases) if
T, > 0(<0).

4. Numerical results and simulations

We numerically compute, in this section, the formulas obtained above to determine the behavior of the periodic solu-
tions of Eq. (4).

We choose f as in (5). In order to satisfy the assumptions of Theorem 1, we have to choose d, f§; and n such that
f1 <0 and (12) holds true; that is

2(1 = h(xo)) By
1—2h(x0) Bo—0

We take ¢ and f3y as given in (3). Then the above conditions are in fact satisfied for n > 2.42.

Using Maple 9, we are able to compute the coefficients in (52), listed on the next page for n € {3,4,5,6,7,8}.

Even though we do not give values of /;(0) and 75 for all » > 2.42, we can notice that observations indicate that /;(0)
is strictly negative and 7> strictly positive for n > 2.42. Hence the unique Hopf bifurcation of Eq. (4) seems to be super-
critical and solutions orbitally stable, with increasing periods.

Using the MATLAB solver dde23 [30], we can compute the solutions of Eq. (4) for the above-mentioned values of
the parameter n and for any positive initial condition. Solutions of (4) are shown versus time ¢ and in the phase plane in
Figs. 2-7.

n>
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n x* T, W, 11(0) 7>
3 3.2523 18.1270 0.1380 —0.0026 0.1540
4 2.4218 10.9688 0.2091 —0.0375 0.8083
5 2.0291 7.8748 0.2785 —0.1504 2.2097
6 1.8034 6.1447 0.3472 —0.3975 4.5441
7 1.6577 5.0385 0.4155 —0.8399 7.9335
8 1.5562 4.2702 0.4836 —1.5412 12.4589
g o 1
aQ 160 200 300 46ﬁ 600 o ; i 6 8 1‘0 12
t x(t)
Fig. 2. Solutions of (4) are displayed when n = 3. Periods of the oscillations are close to 46 days.
100 200 3:0 400 600 x(()
Fig. 3. Solutions of (4) are displayed when n = 4. Periods of the oscillations are close to 30 days.
3,2 3.2
28 4 28}
E 24 g 24
2 2
? ; X ! - ¥ x Y :

Fig.

4. Solutions of (4) are displayed when n = 5. Periods of the oscillations are close to 23 days.
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24

23 -

22 B
21 B
- 2 1
=
198 <4
18
17 i
1 6’- 1
15 100 200 300 700 ﬁ 800
t x(t)
Fig. 5. Solutions of (4) are displayed when n = 6. Periods of the oscillations are close to 18 days.
198 - - 14 -~ — — T
19 4 19f 4
185 - 1854 L
18 18F 4
175 ‘ 1751 11
1.65 b 165 b
18}F 16
155} | H 1.55f
15} 4 15) 4
14 160 ﬁ 3&3 4&7 4;5-0 600 1"“’,45 1?5 1.:'55 116 I..Bs 1:7 1.'.?5 178 1.;5 1?9 1.95
t x(t)
Fig.
1.85
18 4
175 J
17
1.65
& 16} ]
155} 1
151 |
1451 1
14F -
1.

Fig. 7. Solutions of (4) are displayed when »n = 8. Periods of the oscillations are close to 13 days.

5. Discussion

Many hematological diseases involve oscillations about a steady-state during the chronic period. These oscillations
give rise to instability in the hematopoietic stem cell count. Chronic myelogenous leukemia (see [31]) is one of the most
common types of hematological disease characterized by the existence of periodic oscillations (oscillations of leukocytes
with periods from 30 to 100 days). Experimental observations have led to the conclusion that this dynamic instability is
located in the hematopoietic stem cells compartment.
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We have studied, in this paper, a mathematical model of pluripotent hematopoietic stem cells dynamics in which
the length of the proliferating phase is uniformly distributed on an interval. We have shown that instability can occur
in this model via a Hopf bifurcation, leading to periodic solutions usually orbitally stable with increasing periods.
This has been obtained throughout the description of a center manifold and the subsequently study of the normal
form.

Periods of the oscillations obtained in numerical simulations, in Section 4, may be in the order of 30-50 days (at the
bifurcation) when the parameter n is not too large, corresponding to what can be observed with chronic myelogenous
leukemia. It has already been noticed by Pujo-Menjouet and Mackey [9] that this parameter n, which describes the sen-
sitivity of the rate of reintroduction f, plays a crucial role in the appearance of periodic solutions when the delay is
constant. The sensitivity n describes the way the rate of introduction in the proliferating phase reacts to changes in
the resting phase population produced by external stimuli: a release of erythropoietin, for example, or the action of
some growth factors. Since periodic hematological diseases are supposed to be due to hormonal control destabilization
(see [31]), then n seems to be appropriate to identify causes leading to periodic solutions.
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