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MON HPL/QRB�SUT#H�JAQ N!VWVWVOVWVOV1VOVWVWVOVWVOVWVOV1VOVWVOVWVWVOVWVOV1VOVWVOVWVOVWVOVWV1VOVWVOVWVOVWVOVWVOV1VWVOVWVOVWVOVWVOV1VOVWVWVOVWVOVWVOV1VOV X

Y :=L�H�JA@ M/Z;[]\ :=Q^D \ :_F�J`>-HPQ N JA@ NaVWVOVOVWVOVOVOVOVOVOVOVOVOVWVOVOVOVOVOVOVOVOVWVOVOVOVOVOVOVOVOVOV1VOVOVOVOVOVOVOVOVWVOVOV b
c V_dfe/g=g&hWikjljnm=o+ikhOj+j4pIj4qnrWsthOjvu^e/s�wxixqny8z=wkhWz_j(VPVOVWV1VWVWVOVWVWV1VOVWVWVWVWVOV1VWVWVWVOVWV1VWVOVWVWVWV1VOVWVWVWVOVWV1V b
{ V_|}z^e/ixpIjnha~=hOj+~Ip(z^e/s�wk�Em_hOj}�nu^e8y8q4wk��m_hOj(VOVOVOVWVOVOVWVOVOVOVWVOVOVWVOVOVOV1VOVOVWVOVOVWVOVOVOVWVOVOVWVOVOVOV1VOVOVWV �
{ V c V���pIj4qnrWsth!m=z=w���y8o4st�WsthWzEqfst�Wi�e/z=��hPe/zEqIV�VOVPVOVOVOVOVOVOV�VOVOVOVOVOVOVPVOVOVOVOVOVOVPVOVOVOVOVOVOVPVOVOVOV �
{ V { V_��wkrW��h�~Ip�z^e/s�wk��m_h^VOVWVWVWVWVOV1VWVWVWVWV1VOVWVWVWVWV1VWVOVWVWVWV1VWVWVWVOVWV1VWVWVWVWVOV1VWVWVWVWV1VOVWVWVWVWV1VWVWVOVWVWV1V �
{ V�XIV_�fp(z^e/s�wk�Em_h!�#iky8�^e/ikh&VPVOVOVOVWVOVOVOVOVWVOVOVOVOVWVOVOVOVOV1VOVOVOVOVWVOVOVOVOVWVOVOVOVOVWVOVOVOVOVWVOVOVOVOV1VOVOVOVOVWV c#c
{ V �_V_�;j4g^e8�Oh1��qnhWs�g_jl�`o�e8�Wq�e/i0VOVOVWVWVOVWV1VWVOVWVWVOVWV1VWVOVWVWVWVOV1VWVOVWVWVWVOV1VWVOVWVWVWVOV1VWVOVWVWVWVOV1VWVWVOVWVWVOV1V c �

Y :=L�H�JA@ M�M/Z?����N :_F�J-��SU@���L/:=T#H�JAQ N�N :_J-L/@ VWVOVOVOVOVWVOVOVOV1VOVOVOVWVOVOVOVOVWVOVOVOVWVOVOVOVWVOVOVOVOV1VOVOVOVWV c� 
XIV_��iky8z=��hWsthWzEq!~=ha|]V¡|¢V^��q�e/z=wkj4i�eO£Ij4¤(p;VOVOVOVOVWVOVOVOVOVOVOVOVOVOVOVWVOVOVOVOVOVOVOVOVOVOV1VOVOVOVOVOVOVOVOVOVOVWVOVOV c� 
XIV c V_��y#j4wxq4wky8z=z_hWsthWz�qf~Im�g=ony8�=ikrWsth�VPVWVOVWVOV1VOVWVWVOVWVOVWV1VOVWVOVWVOVWVWVOV1VOVWVWVOVWVOVWVOV1VWVOVWVOVWVWVOV1VOV c� 
XIV { V�¥ve/ik�Wm=i��Ao�e8�Wq4wky8z=z^e/wxonh�VPVWVOV1VOVWVWVOVWVWVOV1VWVOVWVWVOVWV1VOVWVWVOVWVWVOV1VWVOVWVWVOVWV1VOVWVWVOVWVWVOV1VWVOVWVWVOVWV1VOV c �
XIV�XIV_�fp(z^e/s�wk�Em_h!u^e/s�wxixqny8z=wkhWz=z_h¢jnhWiky8z�|¢V¡|¢V=��q�e/z=wkjni�eO£Ij4¤�p�VOVOVWVOVWVWVOVWVOV1VWVOVWVOVWVWVOV1VOV { b

�_V�¥¦y8s�g^e/q4wx�=wxixwxqn�¢eO£�hO�§m=z�g=o4wxz_�Wwxg&h�~=h�sty8wxz_~Ionh§e8�Wq4wky8z��`o�e8�Wq4wky8z=z^e/wxonhRV�V�V�V�V�V�V�V�V�V�V {#¨
�_V c V_��iky8z=��hWsthWzEq}�Ao�e8�Wq4wky8z=z^e/wxonh&VPVOVWVOVOVOVOVWVOVOVOVOV1VOVOVOVOVWVOVOVOVOVWVOVOVOVOVWVOVOVOVOVWVOVOVOVOVOV1VOVOVOVOVWV {� 
�_V { V_��o4wxz_�Wwxg&h�~=h�sty8wxz_~Ionh§e8�Wq4wky8z��`o�e8�Wq4wky8z=z^e/wxonh^V�VWVOVWVOVWVOVWV1VOVWVOVWVOVWVOVWVOV1VOVWVWVOVWVOVWVOV1VOV { �
�_V�XIV_d}hOj4q4o4wk�Wq4wky8z��Pe/m_j�e/ikh�VPVWV1VWVOVWVWVWVOV1VWVOVWVWVWVOV1VWVWVOVWVWV1VOVWVWVOVWVWV1VOVWVWVWVOVWV1VWVOVWVWVWVOV1VWVOVWVWVWVOV1VCX#X
�_V �_V�¥¦y8u_�WonhWz_�Oh¢eO£�hO�aikhf��y8o4sGe/ixwkj4sth�~=h§|]V¡|¢V^��q�e/z=wkj4i�eO£Ij4¤(p;VPVPVOV�VOVPVOVPVPVOVPVOV�VOVPVOVPVPV©X ¨

Y :=L�H�JA@ M�M�M/ZªY L/Q^«�L/JA¬EHP¬ED­BU@�D®D � DOHPK�F�@ED \ :_F�J`>-HPQ N J-@ N D¯@�H�>A:=°^L/: N °&JA@ N D
�±L�:=T#H�JAQ NUN :_JAL�@�D VOVWVWVOVWV1VOVWVWVOVWVOVWV1VOVWVWVOVWVWVOV1VWVOVWVWVOVWVOV1VWVOVWVWVOVWV1VOVWVWVOVWVWVOV1VOVWVWVOVWVWVOV1VWVOVWVWVOVWV1VOVCX  
bIVPd}�Ojny8ixm=q4wky8z�~R²¡�O��m^e/q4wky8z_j�~Iw�³R�WonhWzEq4wkhWixikhOj��Ao�e8�Wq4wky8z=z^e/wxonhOj¦´Wi�²¡y#jn�Wwxixi�e/qnhWm=o�u^e/o4sty8z=wk��m_hµX  
bIV c V�¥ve8~Ionh§~R²¡�Wq4m_~=h�VPVWVOVOVOVOVWVOVOVOVOVWVOVOVOVOVOVWVOVOVOVOV1VOVOVOVOVWVOVOVOVOVOVWVOVOVOVOVWVOVOVOVOVWVOVOVOVOV1VOVOVOVOVOVWV©X  
bIV { V_d}�Ojny8ixm=q4wky8z�~=hOj¶�O��m^e/q4wky8z_j(VOV1VWVOVWVWVWVOV1VWVOVWVWVOVWV1VWVOVWVWVOVWV1VOVWVWVWVOVWV1VOVWVWVOVWVWV1VOVWVWVOVWVWVOV1VCX#�
bIV�XIV_�fwkjn�Wm_j�j4wky8z·VOVWVOVWVOVOVWVOV1VOVOVWVOVWVOVWVOVOVWVOV1VOVOVWVOVWVOVWVOVOVWVOV1VOVOVWVOVWVOVWVOVOVWVOV1VOVOVWVOVWVOVWVOVOVWVOV1VOVOV�� c

¨ V_¸vu_�Oy8onrWsth]~=ha¹}y(hWq4u_hWo¶hWqlwxz�qn�W�#o�e/ikhOj¶g=onhWs�wkrWonhOj(VPVWVWVOV1VWVOVWVOVWVWVOV1VWVOVWVWVOVWVOV1VWVOVWVWVOVWV1VOV��EX
¨ V c V_¸vu_�Oy8onrWsth§~=h�¹}y(hWq4u_hWo�VOVWVOVWVWVOVWV1VOVWVOVWVWVOVWV1VOVWVWVOVWVWVOV1VOVWVWVOVWVWVOV1VWVOVWVWVOVWVOV1VWVOVWVWVOVWV1VOV��EX
¨ V { V_º±zEqn�W�#o�e/ikh�g=onhWs�wkrWonh�u^e/s�wxixqny8z=wkhWz=z_h&V�VOVOVOVOVOVOVOVOVPVOVOVOVOVOVOVOVOVOVOVOVOVOVOVOVOVOVOVOVOVOVOVOVOVOVOV��#�
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¨ V�XIV_�fwkjn�Wm_j�j4wky8z·VOVWVOVWVOVOVWVOV1VOVOVWVOVWVOVWVOVOVWVOV1VOVOVWVOVWVOVWVOVOVWVOV1VOVOVWVOVWVOVWVOVOVWVOV1VOVOVWVOVWVOVWVOVOVWVOV1VOVOV��Eb

[ Q N TE>`SUD�JAQ N!VWVWVWVOV1VOVWVWVOVWVOVWV1VOVWVOVWVWVOVWVOV1VWVOVWVOVWVWVOV1VOVWVWVOVWVOVWV1VOVWVOVWVWVOVWVOV1VWVOVWVOVWVWVOV1VOVWVWVOVWVOVWV1VOV�� ¨
d}�1�`�WonhWz_�OhOj(VOVWVOV1VOVWVOVWVWVOVWVOV1VOVWVWVOVWVOVWVOV1VWVOVWVOVWVOVWV1VOVWVOVWVOVWVWVOV1VOVWVWVOVWVOVWVOV1VWVOVWVOVWVOVWV1VOVWVOVWVOVWVWVOV1VOV��  
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�!hWg=m=wkj ikhOjte/z=z_�OhOj c �  "!$# m=z_h�z_y8m=£�hWixikh�g=uEpIj4wk��m_h�jnh�~=�W£�hWiky8g=g&h # ��m^e/ixw&%^�Oh�~=h�z_y8zI��ixwxz_�Pe/wxonh�y8m
~=h��nu^e8y8q4wk��m_h#V;�(y8z�y8�$'4hWq q4onrOj¢£8e/o4wk���Oy8s�g=onhWz_~ z_y8q�e/s�sthWzEq�i�eCq4m=o4�=m=ikhWz_�Oh�u�p(~Iony(~Ip�z^e/s�wk��m_h # i�e
�Wwxz_�Wq4wk��m_h"��u=wxs�wk�Em_h # i�²¡�Wq4m_~=h"~=h��Wwxon�Wm=wxqnj¢�WikhO�Wq4o4wk�Em_hOj # e/wxz_j4w¦�Em_hGikhtsty8m=£�hWsthWzEqt~=hOj e8j4q4onhOjPV?¥f²¡hOj4q
~R²�e/wxixikhWm=onj�eO£�hO�·i�e¶st�O�Pe/z=wk�Em_hv�O�WikhOj4qnh¦�Em_h·i�elq4u_�Oy8o4wkhv~Im �nu^e8y#j�q4ony8m=£�hvjny8z]y8o4wx�#wxz_h # g=ixm_j�g=on�O�Wwkjn�WsthWz�q
eO£�hO�Cikh)(1g=ony8�=ikrWsth©~=hOjGq4ony8wkj��Oy8o4g_j*( # �Em=w¶�Oy8z_jnwkj4qnh�+
�Wq4m_~IwkhWo�ikh�sty8m=£�hWsthWz�q�~=h�q4ony8wkj"�Oy8o4g_j�hWz
wxzEqnhWo�e8�Wq4wky8z��#o�eO£(wxq�e/q4wky8z=z_hWixikh#V�¥¦h�g=ony8�=ikrWsthG�Oy8z_~Im=wxq-,}hWz=o4w·�Uy8wxz_�Pe/on� # +�i�e�%_z�~Im/.fº0.!h�j4wkrO�Wikh # +
�Oy8z_�OhW£�y8wxo�m=z_h+e/g=g=ony(�nu_hlg=ixm_j��#iky8�^e/ikh+~=hOj j4pIj4qnrWsthOj ~Ip�z^e/s�wk��m_hOj21#ikhv�=m=q z�²¡hOjnq g=ixm_j ~=hvq4ony8m=£�hWo;~=hOj
jny8ixm=q4wky8z_j]h43=e8�WqnhOj # sGe/wkj�~R²¡�Wq4m_~IwkhWo§ikhWm=o§jnq�e/�=wxixwxqn�GhWqaikhWm=o]j�hWz_j4wx�=wxixwxqn�Ge/m$3
�Oy8z_~Iwxq4wky8z_j§wxz=wxq4w�e/ikhOjPV65�e
��m_hOj4q4wky8z�jny8m_j �
'ne8�OhWzEqnh¢e/iky8onj¶hOj4q}~=h�j�eO£�y8wxofj4wRikh�j4pIj4qnrWsth�j�y8i�e/wxonh�hOj4q-7 jnq�e/�=ikh98�j4m=olikhaiky8z=�"qnhWo4sth#V
� z c �#�#� #;: e8�O�Em_hOj<5�e8j4¤#e/o>=@?BA # +!i�²�e/wk~=h+~=h+j4wxs]m=i�e/q4wky8z_j;z�m=st�Wo4wk�Em_hOj # sty8zEq4onh}�Em_hvikh¶j4p(jnqnrWsthljny8i�e/wxonh
hOj4q+��u^e8y8q4wk�Em_h#V
C �Pe/m_jnh¢~=h§i�eG�Oy8s�g=ikh43(wxqn�¢~=hOj!j4p(jnqnrWsthOj¶��m^e/ixw&%^�Ojf~=h]�nu^e8y8q4wk��m_hOj # �&hPe/m_�Oy8m=g�~=h]ikhWm=onj}�Oy8s�g5y8o �

qnhWsthWzEqnjlj�y8zEqvhWz_�Oy8onh¶sGe/i5�Oy8s�g=o4wkjPV(�¢² m=z�g5y8wxzEql~=h+£(m_h¶sGe/q4u_�WsGe/q4wk��m_h # i�e�q4u_�Oy8o4wkhEDa|EF e�g5hWo4s�wkj
~R²¡�Wq�e/�=ixwxo�~=htz_y8s]�=onhWm$3�on�Oj4m=ixq�e/qnj # sGe/wkj¢z_hGjnhWs]�=ikh�g^e8j]j4m$GGj0e/zEqnh"g&y8m=o ~=�O�Wo4wxonhGqny8m_j¢ikhOj]g=u_�Wz_y/�
strWz_hOjPV8�ae/z_j?jny8z]ixwx£(onhIH�J"KMLONQPSR"TULVJ"TXWZY$J[R]\>^`_�abJ[cdPVLeR"T
J"N;f�g]T�J"KMLVc4\h=&iUi;A #"j VkF�Vml5e8j4i�eO£Ij4¤(p�h43(g5y#jnh
jny8z�e/z^e/ixpIjnh ~=hOj�j4pIj4qnrWsthOj!u^e/s�wxixqny8z=wkhWz_j§��u^e8y8q4wk�Em_hOj�V�º�i���e/wxqaz_y8q�e/s�sthWzEq]m=z
ixwkhWzªhWzEq4onh�ikhWm=onj�~Ip��
z^e/s�wk��m_hOj+hWqvikha�Pe/ik�Wm=i5�Ao�e8�Wq4wky8z=z^e/wxonh#V_��z�g=ikhWwxz�hOjnjny8ol~=hWg=m=wkjvm=z_ha~Iw
n�e/wxz_ha~R²�e/z=z_�OhOj # �Oh}��y8o4sGe/ixwkj4sth
e¢�Wqn�!z_y8q�e/s�sthWzEq+wxz�q4ony�~Im=wxq¶g&y8m=ol~=�O�Wo4wxonh�~=hOjlj4pIj4qnrWsthOjv~Iwkjnj4wxg^e/q4w���jPV_�(y8z��nu^e/s�gC~R²�e/g=g=ixwk�Pe/q4wky8z�hOj4q
ixm=w^e/m_jnj4w=q4onrOj?£#e8j4qnha´8st�O�Pe/z=wk��m_h+~=hOjpo_m=wk~=hOj # ��u=wxs�wkh+hWq��O�Oy8z_y8s�wkh+jny8z�q��Em_hWik��m_hOj ��m=z_j�~=hOj;~=y8sGe/wxz_hOj
y"q�ikha�Pe/ik�Wm=iR�`o�e8�Wq4wky8z=z^e/wxonh]e ~=�r's+¢��e/wxq+jnhOjlg=onhWm=£�hOjPV

5�hlq4o�eP£8e/wxi&h43(g5y#jn�lwk�Ww&jnhlj4wxq4m_hE+!i�et'4y8z_�Wq4wky8z"~=hOj;jnp(j4qnrWsthOj;u^e/s�wxixqny8z=wkhWz_jv�nu^e8y8q4wk��m_hOj·hWq¦~ImG�Pe/ik�Wm=i
�`o�e8�Wq4wky8z=z^e/wxonh#V8�Ie/z_jUg=on�WqnhWz_~Ionh·�Wq�e/�=ixwxo�m=z§ixwkhWz¢jny8ixwk~=h;hWz�q4onh·�OhOj�~=hWm$3§~=y8sGe/wxz_hOj # wxiEqnhWzEqnh¦j4wxs�g=ikhWsthWz�q
~=hasthWq4q4onh�hWz�ixm=s�wkrWonh§ikhWm=onjlg^e8jnjnhWonhWixikhOj¶g&y8qnhWz�q4wkhWixikhOjPV
�ae/z_j�i�e�g=onhWs�wkrWonhGg^e/o4q4wkh # z_y8m_j]g=on�OjnhWzEqnhWony8z_j¢~=hOj�on�Ojnm=ixq�e/qnj]~=h j VkF�VZl5e8jni�eO£Ij4¤�p
j4m=o§i�e��Pe/o�e8�1�

qn�Wo4wkj�e/q4wky8z ~=hOj"~Ip(z^e/s�wk��m_hOj"u^e/s�wxixqny8z=wkhWz=z_hOj���u^e8y8q4wk�Em_hOj�V¦�!h�g&y8o4qn�OhCq4onrOjG���Wz_�Wo�e/ikh # �OhWq4qnh©�Wq4m_~=h
jnhWs]�=ikhWo�e�jny8m=£�hWz�q§�^e8jn�OhGj4m=o]~=hOj]y8�_jnhWo4£8e/q4wky8z_j]hWq]~=hOj]~=�WsGe/on�nu_hOj �Em^e/ixwxq�e/q4wx£�hOj�V��Ie/z_jvuWq4onhGo4wx��y8mI�
onhWm_jnh # hWixikh§g5hWo4sthWq4q4o�eG�OhWg5hWz_~_e/zEqa~R²¡h43Iu=wx�&hWof~=hOj}y8m=q4wxikjfhWq!~=hOj¶z_y8q4wky8z_j}m=q4wxikhOjw+�i�et�Oy8s�g=on�Wu_hWz_jnwky8z
~=h!�OhOjlj4pIj4qnrWsthOj # qnhWikjvikhOjvqnhWs�g_jl~=hfg=onhWs�wkhWonjlonhWqny8m=onj # hWqvi�²�e8j4g5hO�Wq·�`o�e8�Wq�e/i�~=hfi�²¡hOj4g^e8�OhahWql~Im�qnhWs�g_j
~=h��OhWo4q�e/wxz_hOj>nPy8z_hOj+�nu^e8y8q4wk��m_hOjPV
C i�e!ixm=s�wkrWonh¶~=h}�OhWq4qnh+j4q4o4m_�Wq4m=onh+g^e/o4q4wk�Wm=ixwkrWonhf~ImtqnhWs�g_j # z_y8m_j�g=on�OjnhWz�qnhWony8z_j·~_e/z_j;m=z_h¶~=hWm$3IwkrWsth

g^e/o4q4wkh�ikhOj�q4o�eP£8e/m$3 ~=h�|¢V¡|]V;��q�e/z=wkj4i�eP£(jn¤�p�V·�Ie©sty(~=�Wixwkj�e/q4wky8z ~Im qnhWs�g_j # £�m �Oy8s�sth�m=z_h�j4m_�O�OhOj �
j4wky8z�~R² wxz�qnhWo4£8e/ixikhOj ~=ht~Im=on�OhOj¢e/ik�Pe/qny8wxonhOj # �Oy8z_~Im=wxq # g5y8m=o�ikht�Pe8j§~=hGj4p(jnqnrWsthOj�u^e/s�wxixqny8z=wkhWz_j # +�m=z_h
~Ip(z^e/s�wk�Em_haon�W�#wkh�g^e/o¶~=hOj+�O��m^e/q4wky8z_jl�`o�e8�Wq4wky8z=z^e/wxonhOjPV
�!h§sGe/z=wkrWonh¢wxz_~=�Wg5hWz_~_e/zEqnh #2: V5¥·onhOjnj�y8z
e"~=�W£�hWiky8g=g5�¢~=hOj!st�Wq4u_y(~=hOjfg&hWo4sthWq4q�e/z�q�~R²¡y8�=qnhWz=wxo�~=hOj

�O��m^e/q4wky8z_j;i�e/�#o�e/z=�#wkhWz=z_hOjlhWq·u^e/s�wxixqny8z=wkhWz=z_hOj¦�Ao�e8�Wq4wky8z=z^e/wxonhOjPV(|}g=onrOj¦eP£�y8wxo·g=on�OjnhWz�qn�}�OhOj¦~=�WsGe/on�nu_hOj #
z_y8m_j!sty8zEq4ony8z_j]�Em_h �OhOja~=hWm$3ªe/g=g=ony���u_hOj�jny8z�q��Oy8s�g^e/q4wx�=ikhOj # £�w�e�m=z�g=o4wxz_�Wwxg5h�~=h¢sty8wxz_~IonhGe8�Wq4wky8z
�`o�e8�Wq4wky8z=z^e/wxonh§�Pe/m_j�e/i�V
x}z_h���y8wkj��OhOj��O��m^e/q4wky8z_j�y8�=qnhWzEm_hOj # z_y8m_j�qnhWzEqny8z_j�~R²¡�Wq4m_~IwkhWo���m_hWik�Em_hOj ��m=z_hOj�~=h©ikhWm=onj�g=ony8g=o4wk�1�

qn�OjPV�� ixm_j¶g=on�O�Wwkj��WsthWzEq # z_y8m_j¶g=on�OjnhWz�qny8z_jfm=z_h�st�Wq4u_y(~=h]~=h§on�Ojny8ixm=q4wky8z�g5y8m=o¶ikh]�Pe8j}~=hai�²¡y#j��Wwxixi�e/qnhWm=o
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u^e/o4sty8z=wk��m_h # g=m=wkj�j4wx�#z^e/iky8z_jai�e�~Iw&GG�Wm=ixqn�"~R²¡�WqnhWz_~Ionh�i�e�z_y8q4wky8z�~R² wxz�qn�W�#o�e/ikhtg=onhWs�wkrWonhGe/mª�Pe8j!�`o�e8�1�
q4wky8z=z^e/wxonh#V
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�(y8wxq

I
m=z�wxz�qnhWo4£8e/ixikh]~=h

R
V

� z�jP² wxzEqn�WonhOjnj�h}wk�Ww2+]~=hOjlj4p(qnrWsthOj +
N
~=hW�#on�Ojl~=hfixwx�&hWo4qn� # �W£�y8ixm^e/z�q¶e/m��Oy8m=onjl~Im�qnhWs�g_j

t ∈ I
# hWq

onhWg5�Won�Ojlg^e/o¶~=hOj+�Oy(y8on~=y8z=z_�OhOj
x(t) ∈ R

N V
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8 R"T
cdPVLeR"T

H : R
N × R

N −→ R

(x, p) 7−→ H(x, p)
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

ẋ(t) =
∂H

∂p

ṗ(t) = −∂H

∂x
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A$)4\ 8 R"T
cdPVLeR"T�\
H
)dP

p
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G
x H A$)�\@24<�7$J[PVLVR"T�\ 9 c V {(: \�R"T
PI0"LVP-)�\�2�<�7�JmPVLeR"T�\-csJmT
R"T�LE<�7J)�\ H
5�²¡hOj4g^e8�Oh

Γ = R
N × R

N hOj4q}e/g=g5hWik�§hOj4g^e8�Oh§~=hOj+g=u^e8jnhOj # £�w�e�ikhO�Em_hWi�j�hWo�et�Wq4m_~Iwk�Oh�i�et~Ip�z^e/s�wk��m_h
u^e/s�wxixqny8z=wkhWz=z_h#V
K"LB)�KM&�NN)�\@?
c VIA�6 R]\dc�LON N
JmP-)O7Ba YBJma�K R"T�LE<�7J)WV ¥¦hGj4pIj4qnrWsth # on�W�#w¦g^e/o§i�²¡�O��m^e/q4wky8z

mẍ + kx = 0
# g&hWm=q � uWq4onh�~=�1�

�Wo4wxq]g^e/o�m=z�j4pIj4qnrWsth�u^e/s�wxixqny8z=wkhWz ~=h ,!e/s�wxixqny8z=wkhWz
H =

1

2m
p2 +

k

2
x2 V��?³RhO�Wq4wx£�hWsthWzEq # ikhOj

�O��m^e/q4wky8z_j¶�Pe/z_y8z=wk��m_hOj¶jny8z�q§´










ẋ(t) =
∂H

∂p
= p

m

ṗ(t) = −∂H

∂x
= −k x

9 c V�X :

5�h�sty8sthWz�qGe8jnjny(�Wwk��+
x
hOj4q

p = mẋ
hWq¢i�e©�Oy8s]�=wxz^e/wkjny8z ~=hOj ~=hWm$3��O��m^e/q4wky8z_j g&hWo4sthWqt~=h

onhWq4ony8m=£�hWo}i�²¡�O�Em^e/q4wky8z©~Iw�³5�WonhWz�q4wkhWixikh�wxz=wxq4w�e/ikh#V
{ VIAP)�\�Q4LONON&J"a�0]\50R)MSUL T�JDTU)�P"0B)WVX7�TUL K RD= Lec4Y�V � z"jP² wxz�qn�WonhOjnjnhE+ai�e!q4o�e '4hO�Wqny8wxonh}~R² m=z_h¶g^e/o4q4wk�Wm=ikh}��m=w
onhW�5y8z_~Iwxqaj4m=o}ikhOjfg^e/ony8wkj!~R² m=z_h �PeO£(wxqn�]�`hWo4st�Oh#V�¥·u^e8��m_h§onhW�5y8z_~�hOj4q}�Wi�e8j4q4wk��m_h�´^wxi�z�² p�g^e8j!~=h
g5hWo4qnhG~R²¡�Wz_hWo4�#wkh#V��!h�g=ixm_j # i�²�e/z=�#ikh�~R² wxz_�Wwk~=hWz_�Oh"hOjnq§�W�Ee/it+�i�²�e/z=�#ikh"~=hton�4o^h43Iwky8z�V�� z�q4onh"~=hWm$3
onhW�5y8z_~=j # i�e"g^e/o4q4wk�Wm=ikhtj4m=wxq!m=z�sty8m=£�hWsthWzEq]onhO�Wq4wxixwx�#z_h m=z=w��`y8o4sth#V��ae/z_j!ikh �Pe8ja~Im��=wxixi�e/on~ª~=h
��wxz^eZY # i�e��PeO£(wxqn�GhOjnq�onhWg=on�OjnhWzEqn�Oh"g^e/o§m=z��OhWon�Wikh"e/mªs�wxixwkhWm�~R² m=z��Pe/o4on�#VZ5�e�g^e/o4q4wk�Wm=ikh��W£�y8ixm_h
~_e/z_j]i�²¡hOj4g^e8�OhG�Oy8s�g=o4wkj hWz�q4onhGikht�OhWon�Wikh�hWq�ikh"�Pe/o4on� 9 £�y8wxov%_�#m=onh c +��Ee/m_�nu_h : Vp5�ht�=wxixi�e/on~�~=h
[¦m=z=wxstyP£(wk�nu�e§i�e��`y8o4sthf~R² m=z�jnq�e8~=hE+§i�² wxzEqn�Wo4wkhWm=o+~Im_��m_hWi�i�e§g^e/o4q4wk�Wm=ikh!�W£�y8ixm_h¶ixwx�=onhWsthWz�q 9 £�y8wxo
%_�#m=onh { +a�Ee/m_�nu_h : V^¥¦hOjv~Ip(z^e/s�wk�Em_hOj¦g5hWm=£�hWzEq uWq4onh!�Wq4m_~Iwk�OhOj·£(w�e§ikhl��y8o4sGe/ixwkj4sthfu^e/s�wxixqny8z=wkhWz�V
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5�²¡hOjng^e8�Oh�~=hOjvg=u^e8jnha�Oy8z_j4wk~=�Won�ag5y#jnjnrO~=hfg5y8m=o¶e/�_jn�Wwkjnjnhfi�²�e/�_jn�Wwkj�jnha~Im�g&y8wxz�q¶y"q�i�e]g^e/o4q4wk�Wm=ikh
onhW�5y8z_~Iwxq�hWq��Oy8s�sth�y8on~=y8z=z_�Oh©i�eªg=ony]'4hO�Wq4wky8z j4m=o�i�²�e 3Ih©~=hOj�e/�_j��WwkjnjnhOj�~=h�i�e�£�wxqnhOj�jnh +��OhWq
wxz_j4q�e/z�q 9 £�y8wxoI%_�#m=onhOj c hWq { + ~Iony8wxqnh : V
��m=ovikhOjt%_�#m=onhOjl~=hf�Ee/m_�nu_h # y8z�g5hWm=qvy8�_j�hWo4£�hWov~=hOjvq4o�e '4hO�Wqny8wxonhOj+��m=w&y#j��WwxixikhWzEql£�hWo4q4wk�Pe/ikhWsthWzEq

hWq�jnhWs]�=ikhWzEq uWq4onh�(1g=wk�W���OhOj (v~_e/z_j �OhOj nPy8z_hOjPV8�ae/z_j?i�e!j4m=wxqnh # y8zGe/q4q�e8�nu_hWo�e!m=z_h+e/q4qnhWz�q4wky8ztqny8m=qnh
g^e/o4q4wk�Wm=ixwkrWonhM+ �Oh!q�p(g&h§~=ha�Oy8s�g&y8o4qnhWsthWz�qPV
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5�hOj+jnp(j4qnrWsthOj+u^e/s�wxixqny8z=wkhWz_j¶£��Wo4w&%^hWz�q¶ikha�Wo4wxqnrWonh§~=h§¥ve/m_��uEp�� 5Rwxg_jn��u=wxqbn¢g5y8m=o+ikhOj+�O��m^e/q4wky8z_j¶~Iw�³R�1�
onhWzEq4wkhWixikhOj¢´Ig^e/o+qny8m=q+g5y8wxzEq}~=h!i�²¡hOj4g^e8�Oh�~=hOjlg=u^e8jnhOj

Γ
g^e8jnjnh�e/m�g=ixm_j¶m=z_h!q4o�e ' hO�Wqny8wxonh#V
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t ∈ I H %tT J'&(&J)4N N+)��IRmP N
J 8 R"T�cdPVLVRmT

φt : R
n −→ R

n

x0 7−→ φt(x0)
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R��
φt(x0)

)�\4P<N+)�&$RmL TUP G N�6 L T�\4PSJ"TUP
t
0B)vN&J�PVa J�	
)bc PSR"L a4) J"g[J"T
P &$RD7Ba9csRmT�0"LVPVLVR"T LOT�LOPVLeJ"N+)

x0 H
��y8m=o

A ⊂ Γ
# y8z�z_y8qnh

mes(A)
ikhf£�y8ixm=stha~=h

A
V$5�h o^y8qZ'4y8m_hfm=z�o�
8ikh!wxs�g&y8o4q�e/z�q+hWz�~Ip(z^e/s�wk��m_h

u^e/s�wxixqny8z=wkhWz=z_hM+ �Pe/m_jnha~Im�q4u_�Oy8onrWsth§jnm=wx£8e/z�q21

��
 �Z��������� � ��� JAQ�S���J`>`>-@ !�VP# AP)��IRmP�0$6 7�T�\�g]\4P-,�K ) YBJmK-LON&PSR"T�L/)4T J 7BPSR"T�R"K.)hcsR"T�\ )4a'=D) NN)F= RmN 7BK.)
0[J"T�\hN46 )�\/&$J;c�) 0B)�\ &UY$J]\
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∀A ⊂ Γ, ∀t ∈ I, mes(φt(A)) = mes(A)
9 c V�b :

¥¦hWq4qnhag=ony8g=o4wk�Wqn�]£��Wo4w&%^�Oh�g^e/o+ikhOj}j4pIj4qnrWsthOj+u^e/s�wxixqny8z=wkhWz_j!e g5y8m=o¶�Oy8z_jn�O��m_hWz_�Oh�ikhaq4u_�Oy8onrWsth¢j4m=w��
£#e/zEq # ��y8z_~_e/sthWzEq�e/iUg&y8m=o+i�e jnm=wxqnh�~=h!z_y8q4onh��Wq4m_~=ht´
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 �Z����������� � 9 \ ¬EQ�L�K(Fª@�B�@�L/¬ET�S�L/L�@ N TE@�B�@ Y Q&J N T�:=L/¬ !�VP# S�R"LVP 7�T \�g]\4P-,4K.)�Y$J"KML N&PSR"T�L/)4T
0[R"T
P N
J 0"g"T
J"KMLE<�7J)�)�\4PwcsRmTUP-)4TJ7J)�0[JmT�\.7BT 0[R"K J"LOT3) QbR"a4T32

Γ0 ⊂ Γ H S�R"LOP φt
NN)�� RmP�0D7/\�gmP-,4K.)��

A ⊂ Γ
)�P

x0 ∈ A H�� N
R"a \9L NU)4L"L�\�P-) t1 > 0
P-)4N�<�7*)

φt1(x0) ∈ A H A�6 LOT�\4PSJmTUP t1
)�\4PIJ'&B&*)4N+2 P-)4KF&U\@0R)

&
a4)4KMLE)�a�a�)dPSRD7�aMRD7XP-)4KF&U\10B)va42bc�7Ba�a4)4T
c') H
|}m=q4onhWsthWzEqG~Iwxq # g5y8m=o�qny8m=qtg5y8wxzEq

x1
~R² m=z_h�q4o�e ' hO�Wqny8wxonh # y8z g&hWm=q�q4ony8m=£�hWotm=z g5y8wxzEq

x1
~=h�i�e

s uWsthaq4o�e '4hO�Wqny8wxonh]e/m_jnjnwRg=onrOj+�Em_h!i�²¡y8z�£�hWm=q¶~=h
x0
V

� z g=onhWz^e/z�q
φt(x0)

�Oy8s�sth�z_y8m=£�hWixikh��Oy8z_~Iwxq4wky8z wxz=wxq4w�e/ikh # y8z g5hWm=qGe/iky8onjt�Oy8z_j4q4o4m=wxonh�m=z_h�j4m=wxqnh

(ti)i≥1
~R² wxz_j4q�e/z�qnj}y"q�i�e q4o�e '4hO�Wqny8wxonhawkjnjnm_ha~=h

x0
onhWg^e8jnjnh�g^e/o

A
V

��y8m=o·qny8m=q
A ⊂ Γ0

# y8z�~=�4%_z=wxq·i�e§~=hWz_j4wxqn�f~=h+g=ony8�^e/�=wxixwxqn�
Prec(t, A)

�Oy8s�sth!�Wq�e/zEq¦i�eag=ony8�^e/�=wxixwxqn�
��m_h!ikhaqnhWs�g_j+~=hag=onhWs�wkhWo+onhWqny8m=o # e8jnjny(�Wwk��+¢m=z�g&y8wxz�q¶~=h�| # jny8wxq+�W�Ee/iZ+¢qPV
� z�j4m=g=g5y#jnha��m_hag&y8m=olqny8m=q

t > 0
#

lim
mes(A)→0

1
mes(A)Prec(t, A)

h43(wkj4qnh#V^¹}y8qny8z_j ��i�+
Prec(t)

V

Prec(t)
hOj4qfe/iky8onj+m=z_h§~=hWz_jnwxqn��~=hag=ony8�^e/�=wxixwxqn� e8jnjny(�Wwk�Oh�e/m$3�qnhWs�g_j}~=h�g=onhWs�wkhWonj¶onhWqny8m=onj}~=haqny8m_j

ikhOjlg5y8wxzEqnj}~=h
Γ0
V

5�h!ikhWs�sth]~=hwD�e8� =���A�g5hWo4sthWq}e/iky8onj¶~=ha~=�4%_z=wxo¶m=z�qnhWs�g_j+sty�p�hWz�~=hag=onhWs�wkhWo+onhWqny8m=o21
��
 �Z���������! ��� @(F�Fª@©B�@#"�:=T !�VU# S�R"LVP37�T \�g]\4P-,4K.)<Y$J"KML N&PSR"T�L/)4T�0[RmTUP�N&J10"g"T
J"KML <
7*)F)�\4PPQsR"a�$
T324)@0[JmT�\

Γ H%� N&Rma \ Prec(t)
J(0"K.)�P 7�T K R"K.)4TUP'&)( TUL+* 0$6 R"a 0ma�)-, H

. ��� �0/1/32 �4��� �IVP# S�R"LVP 7BT-\�g]\4P-,�K ) Y$J"KML N&PSR"T�L/)4T 0[R"TUP
N
J�0"g"T
J"KML <
7*)W)�\�P QbR"a4T324)X0;J"T�\
Γ H SW6 LON )�L"L \4P-)

γ ∈ R
P-)4NP<�7J)

Prec(t) ∼
1

tγ
&$RD7Ba

t → +∞ �<J"N
R"a�\
γ > 2 H

5�e ~=�4%_z=wxq4wky8z©j4m=wx£8e/z�qnh§e�~=y8z_�am=z�j�hWz_j�´

�����������������5 � 9;@(Fª«�DGFªQ � @ N BU@�«�L/@�F�JA@�LGL/@�HPQ�SUL !�V # % T J'&B&*)4NONN)/P-)4KF&U\ 0B) &
a4)4KMLE)4a)a�)6$
PSRD7Ba�N
J�<�7�J"TUPVLVP-2vT
RmP-24)

τrec
)�P 0B23( TULE) &$J"a@?

τrec =

∫ ∞

0
tPrec(t)dt
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5�² u�p�g5y8q4u_rOjnh��Em_h
Prec

j4m=wx£�hGm=z_hGiky8w¦~=htg=m=wkjnj�e/z_�Oh"z�²¡hOj4q]g^e8j¢e/z_y(~Iwxz_h # �Pe/o ~R²�e/g=onrOj j VkF�V l5e��
j4i�eP£(j4¤(p # wxi+jnhWs§�=ikh���m�²¡hWixikh�jny8wxqtjny8m=£�hWz�q�£��Wo4w&%^�Oh�~_e/z_j�ikh��Pe8jt~=h�~Ip(z^e/s�wk�Em_hOjt��u^e8y8q4wk�Em_hOj�V·¥¦hWq4qnh
~=hWz_j4wxqn��~=hCg=ony8�^e/�=wxixwxqn��£8e # �Oy8s�sth�y8z £#e
ikh©£�y8wxo�sGe/wxzEqnhWz^e/z�q # �Oy8z_j4q4wxq4m_hWo�m=z ~=hOj�y8m=q4wxikj�g5y8m=o
�Pe/o�e8�Wqn�Wo4wkjnhWo}ikhOj+~Ip�z^e/s�wk��m_hOj+��u^e8y8q4wk�Em_hOjPV

� Z��"N :_> � DP@�B�@EDGB ��N :_F�JA��SU@ED�T \ :=Q^H�J-��SU@ED
5�hOjaon�Ojnm=ixq�e/qnjag=on�OjnhWzEqn�Oj]~_e/z_j��OhWq4qnh�g^e/o4q4wkhtj�y8zEqaq4wxon�Oj§~=h =&i
i # c#cm# cP{$#�c X # c b # c�  A�V�º�ikj!onhWikrW£�hWz�q

g5y8m=o�g^e/o4q4wkh
~=h�j4wxs]m=i�e/q4wky8z_j�z�m=st�Wo4wk�Em_hOj # ~=h��Oy8z_j4wk~=�Wo�e/q4wky8z_jC�Em^e/ixwxq�e/q4wx£�hOj�hWq�z_h�jnh©g=on�WqnhWz_~=hWz�q
g^e8j�o4wx��y8m=onhWm$3RVp5�hWm=o§�=m=q§hOjnq§~=htg=on�OjnhWz�qnhWo¢~=hOj§g=wkj4qnhOj�g5y#jnj4wx�=ikhOj�g&y8m=o¢�Oy8s�g=onhWz_~Ionh"hWq§�Wq4m_~IwkhWo¢i�e
~Ip(z^e/s�wk�Em_h�~=h§j4p(jnqnrWsthOjvu^e/s�wxixqny8z=wkhWz_j}��u^e8y8q4wk�Em_hOjPV
¹fy8m_j·�Wq4m_~Iwky8z_j+~R²�e/�5y8on~"ikhOj¦jnp(j4qnrWsthOj57BT�L 8 R"a4K.24K.)4TUP K.24N
J"T��B)sJ"TUPO\ =&iUi #�c#c V�X ARg5y8m=o·ikhOjn��m_hWikjv~=hOj

on�Oj4m=ixq�e/qnj e8jnjnh�n¦g=on�O�Wwkj?g5hWm=£�hWzEq uWq4onhvy8�=qnhWzEm_jPV8��y8m=o�~=h;z_y8s]�=onhWm$3 j4p(qnrWsthOj?�nu^e8y8q4wk��m_hOj # i�²¡hOj4g^e8�Ohv~=hOj
g=u^e8jnhOj!hOj4qfm=z=w��`y8o4st�WsthWz�q�st�Wi�e/z=��hPe/zEq§g=onhOjn�Em_h]g^e/o4qny8m=qPVR|}m©jnhWwxz�~=h �OhWixm=w����Ww # wxi�g5hWm=q!�OhWg&hWz_~_e/z�q
h43Iwkj4qnhWo¢~=hOj-nPy8z_hOj�j4wxz=�#m=ixwkrWonhOj 9 g5y8m=£#e/zEq uWq4onh�~=h"sthOjnm=onhGz�m=ixikh :4# ~_e/z_j ikhOjn�Em_hWixikhOj¢ikhOj¢q4o�e '4hO�Wqny8wxonhOj
g5hWm=£�hWzEq§onhOjnqnhWo§�Oy8z$%_z_�OhOj§g5hWz_~_e/zEq¢~=hOjaqnhWs�g_j�iky8z=��j61�hWixikhOjI'4y8m_hWzEq]ikh�o�
8ikht~=h@&
L/,��B)4\	0"g"T
J"KMLE<�7*)4\
=&iUi ##c#c V � #EcP{ A�VP|}iky8onj���m_h?ikhOj�nPy8z_hOj�~=h�st�Wi�e/z=��h m=z=w��`y8o4sth·jny8zEq�on�W�#wkhOj�g^e/o�~=hOj�iky8wkj�h43(g5y8z_hWzEq4wkhWixikhOj # ikhOj
g=wkrW��hOj�~Ip�z^e/s�wk��m_hOj�jnhWs]�=ikhWzEq?y8�&�Wwxo +l~=hOj�iky8wkjU~=h g=m=wkjnj�e/z_�Oh#V8¥¦hWm$3����Ww�wxz$o_m_hWz_�OhWzEq�e/wxz_j4w#��y8o4qnhWsthWzEq�i�e
~Ip(z^e/s�wk�Em_h!�#iky8�^e/ikha~=hOjvj4pIj4qnrWsthOjl�nu^e8y8q4wk��m_hOjPV=�!hfg=ixm_j # �OhOj¦g=wkrW��hOjlg&hWm=£�hWz�qlonhW£[uWq4wxolm=z_h!j4q4o4m_�Wq4m=onh
�`o�e8�Wq�e/ikh # z_y8z j�hWm=ikhWsthWzEq�j4g^e/q4w�e/ikh # sGe/wkj�e/m_jnjnwfqnhWs�g5y8onhWixikh#V j VkF�V l5e8j4i�eO£Ij4¤(p z_y8s�sth
�OhOj nPy8z_hOj
Y;L/)4abJ"a c�Y;LVc J"N $0L�\4N&JmT�0]\ PVa JO&U\�&VH�����* =&iUi #vcP{ V { A # �Oh��Em_h"z_y8m_j q4o�e8~Im=wxony8z_j g^e/o�&
L/,��B)�\ 8 a J[c PSJ"N@\WV 5�hWm=o
~=hOjn�Wo4wxg=q4wky8z©�Oy8z_~Im=wxq}e/iky8onj>+ wxz�q4ony�~Im=wxonh§ikh!z_y8q4wky8z�~=h P-)4KF&U\ 8 a J[c PSJ"NI=&iUi #Rc X A�V

� ZVi�Z � � DOHPK(Fª@tS N JA�±Q^L8Fª¬�F�@ N H¶F�¬�>A: N °�@E: N H Z
	 � z��Oy8z_j4wk~=rWonhvwk�WwI~=hOj j4pIj4qnrWsthOj�u^e/s�wxixqny8z=wkhWz_j
uEp(g5hWo4�&y8ixwk��m_hOj 9 ~Iwxqnj�~=htq�p(g&ht|}z_y#jny�£ :4# �#²¡hOjnq �0+���~Iwxonh�g&y8m=o§ikhOjn�Em_hWikj§�nu^e8��m_htg5y8wxzEq§~=h�i�²¡hOjng^e8�Oht~=hOj
g=u^e8jnhOj

Γ
g5y#jnjnrO~=htm=z�£�y8wkj4wxz^e/��h"wxz_j4q�e/�=ikh#V ¥¦hOj]j4pIj4qnrWsthOj]jny8zEq �Em^e/ixwxq�e/q4wx£�hWsthWz�q�q4onrOj§��u^e8y8q4wk�Em_hOj21

~=hWm$3"q4o�e '4hO�Wqny8wxonhOjvwxz=wxq4w�e/ikhWsthWzEq}g=ony���u_hOjljP²¡�O�Pe/o4qnhWzEq+h43Ig5y8z_hWzEq4wkhWixikhWsthWzEq}i�² m=z_h!~=h}i�²�e/m=q4onh#V j VkF�V�l5e��
j4i�eP£(j4¤(p§��m^e/ixw&%^hle/wxz_j4w=�OhOj�jnp�qnrWsthOj ~R² 7BT�L 8 R"a4K.24K.)4TUP�K.24N
J"T��R)bJ"TUPO\WV#¹}y8m_j?��m^e/ixw&%^hWony8z_j�e/iky8onj?i�²¡hOj4g^e8�Oh
~=hOjlg=u^e8jnhOj¶~=h�� R"T )10B)vK.24N
J"T��B)�7BT�L 8 Rma�K.)WV
�(y8wxq

C(T ) ⊂ Γ
i�²¡hWz_j�hWs§�=ikh�~=hOj!q4o�e '4hO�Wqny8wxonhOj!g&�Wo4wky(~Iwk�Em_hOja~=h¢g5�Wo4wky�~=h

T
V��(y8wxq

ρ : Γ −→ R
+ hWq

ρC(T ) : C(T ) −→ R
+ ~=hOj·~=hWz_jnwxqn�Oj¦~=h}~Iwkj4q4o4wx�=m=q4wky8z�onhOj4g5hO�Wq4wx£�hWsthWzEqlj4m=o

Γ
hWq·jnm=o

C(T )
VI�(y8wxq¦hWz$%_z

NC(T )
ikh!z_y8s]�=onh§~=haq4o�e '4hO�Wqny8wxonhOj¶~=h!g5�Wo4wky(~=hOj

T
V

5�h!q4u_�Oy8onrWsth]~=h [vy�
·hWz =&i[A�sty8z�q4onh]e/iky8onj+��m_h
C(T )

hOj4q+~=hWz_j�ha~_e/z_j
Γ
# ~_e/z_jlikh§jnhWz_j+j4m=wx£#e/zEq�´

��
 �Z����������� ��� Q��¢@ N !�VP# S�RmLOP
g
7BT3) 8 RmT
cdPVLeR"TXLOTUP-2��"abJBQ4N+)9\O7�a

Γ H � N&R"a�\�?
∫

Γ
g(x)ρ(x)dx = lim

T→∞

1

NC(T )

∫

C(T )
g(x)ρC(T )(x)dx

9 { V c;:

� z�g&hWm=q�e/wxz_j4wv~=�O�Wo4wxonh"i�eC~Ip(z^e/s�wk�Em_h"�#iky8�^e/ikh 9 j4m=o
Γ
: hWz jnhtonhOjnq4onhWwx�#z^e/zEqGe/m$3�y8o4�=wxqnhOj¢g5�Wo4wky/�

~Iwk��m_hOjPV��?e/o§�Oy8z_jn�O��m_hWzEq # i�e�~Iwkj4q4o4wx�=m=q4wky8z�~=hOj�qnhWs�g_j]~=h g=onhWs�wkhWonj§onhWqny8m=onj§g&hWm=q�uWq4onh"e/g=g=onyd3Iwxst�Oh
g^e/o¢i�e�~Iwkj4q4o4wx�=m=q4wky8z ~=hOj]g&�Wo4wky(~=hOj]~=hOj¢y8o4�=wxqnhOj¢g&�Wo4wky(~Iwk��m_hOj]~Im j4p(qnrWsth # g5y8m=o¢~=hOj]g&�Wo4wky(~=hOj e8jnjnh�n
�#o�e/z_~=hOjPV���w�i�²¡y8z�z_y8qnh

ρC(T )
i�e ~Iwkj4q4o4wx�=m=q4wky8z©~=hOjlg&�Wo4wky(~=hOj+~=hOj}y8o4�=wxqnhOjlg&�Wo4wky(~Iwk��m_hOj # y8z�e�~=y8z_�t´

ρC(T ) ∼ Prec(T ), T → ∞
9 { V {(:



��� ����� � ��� �
	��
� �	����� ������� �	��� ����������� � � � ��� �	�	������� �

5�² wxz�qn�WosuWqf~=h]�OhWq4qnh¢e/g=g=ony 3(wxsGe/q4wky8z�on�Oj4wk~=h]~_e/z_j¶ikh���e/wxqf�Em_hai�²¡y8z�j�e/wxq¶�Pe/ik�Wm=ikhWo
ρC(T )

V&�?³5hO�Wq4wx£�h1�
sthWzEq # F©e/o4�#m=ixwkj}e sty8zEq4on� =���A<=��$A���m_ha~_e/z_j+ikha�Pe8j¶~=h�j4pIj4qnrWsthOjluEp(g5hWo4�&y8ixwk��m_hOj #

NC(T ) ∼ λehT , T → ∞, λ ∈ R
9 { V�X :

�?e/o©e/wxixikhWm=onj # wxi]h43Iwkj4qnh
k ∈ R

qnhWi§��m_h
ρC(T ) =

k

NC(T )

V 5�e �Oy8z_~Iwxq4wky8z ~=h
z_y8o4sGe/ixwkj0e/q4wky8z
∫ ∞
0 ρC(T )dT = 1

~=y8z=z_h
k ≈ h

V
� z�y8�=q4wkhWzEq!e/wxz_j4w�i�e]��y8o4sth§e8j4p(s�g=qny8q4wk�Em_h§j4m=wx£8e/z�qnhag5y8m=o

Prec
´

Prec(t) ∼ h e−ht, t → ∞ 9 { V � :

�ae/z_j+�Oha�Pe8j # ikh!qnhWs�g_j¶styPp�hWz�~=h�g=onhWs�wkhWo+onhWqny8m=o}hOj4ql�=wkhWzC~=�4%_z=w;´

τrec ≈
1

h

9 { V�b :

�ae/z_j�ikh¦�Pe8j�~=h·j4pIj4qnrWsthOjUm=z=w��`y8o4st�WsthWz�q st�Wi�e/z=��hPe/zEqnj #
Prec

hWq
τrec

g&hWm=£�hWz�q�e/wxz_j4wBuWq4onhve8jnjnh�n·�=wkhWz
�Oy8z=zEm_j�V�¥¦hWg&hWz_~_e/z�q # ~=hlz_y8s]�=onhWm$3Gj4pIj4qnrWsthOj �nu^e8y8q4wk��m_hOj # j�² wxikj�jnhWs§�=ikhWz�qE(1�#iky8�^e/ikhWsthWz�q*(+m=z=w���y8o4st�1�
sthWzEq¢st�Wi�e/z=��hPe/zEqnj # g5y#jnjnrO~=hWz�q e/m_j�j4w;~=hOj¢j4q4o4m_�Wq4m=onhOj j4m=g=g=ik�WsthWzEq�e/wxonhOj # jnhWs]�=i�e/�=ikhOj +�~=hOj (��ki 
8qnj*(
~_e/z_jlikhOj}jnhO�Wq4wky8z_j+~=h���y8wxz_�Pe/on�#V

� Z � ZtY JAKE°^@ B ��N :_F�JA��S�@ Z 	 ��m=oG��u^e8�Wm=z_h�~=hOj�wxixixm_j4q4o�e/q4wky8z_j"~=h�i�e�%_�#m=onh�X # ~=hWm$3 jnq4o4m_�Wq4m=onhOj
jnhWs]�=ikhWzEq}j�ha~=�W�Ee/��hWo21

� m=z_hInPy8z_hl��m=w_�Oy8m=£(onhli�efsGe ' y8o4wxqn�¶~=hvi�²¡hOj4g^e8�Oh+~=hOj g=u^e8jnhOj;y"q�ikhOj g&y8wxz�qnj;jnhWs]�=ikhWzEqtuWq4onhvonhWg^e/o4q4wkj
~=hasGe/z=wkrWonh]e8jnjnh�nam=z=w���y8o4sth 9 nPy8z_h�~=h!st�Wi�e/z=��h§m=z=w��`y8o4sth :4#

� m=z�hWz_j�hWs§�=ikh§~R² (��ki 
8qnj (a~=y8zEq+ikhOjl�Aony8z�q4wkrWonhOj}jnha�Pe/o�e8�Wqn�Wo4wkj�hWzEq¶g^e/o¶m=z_haj4m=on~=hWz_j4wxqn��~=hag5y8wxzEqnj�V

����� �	��
	����

���+I5'3�"�@* ��� �4��1$-/* �$6 *2�+�"! ���L��� �@*2'#��;O�L���@*�'�<3�>*2�@*(C

¹fy8qny8z_j
Z ⊂ Γ

m=z
qnhWi��ki 
8qPV � z
ixm=w�e8jnjny(�Wwkh]i�e�~=hWz_j4wxqn� ~=h]g=ony8�^e/�=wxixwxqn�
Pesc(Z, t)

# y"q
Pesc(Z, t)hOj4qli�e g=ony8�^e/�=wxixwxqn�]~=ha�Em=wxq4qnhWo

Z
+¢i�² wxz_j4q�e/z�q

t
V
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�!hOj}jnwxs§m=i�e/q4wky8z_j!zEm=st�Wo4wk��m_hOj!sty8zEq4onhWz�q��Em_h¢~_e/z_j!~=h§qnhWixikhOjEnPy8z_hOj # wxiUh43Iwkj4qnh¢jny8m=£�hWzEq
C ∈ R

hWq

γesc ∈ R
qnhWikj+�Em_hG´

Pesc(Z, t) ∼ C

tγesc
, t → ∞ 9 { V ¨(:

��y8m=o�qny8m=q�g5y8wxzEq
x0

~=h
Z
# y8z
z_y8qnh

trec
jny8z
qnhWs�g_j§~=h g=onhWs�wkhWo§onhWqny8m=o§~_e/z_j

Z
#
tesc

ikh qnhWs�g_j
��m_h+i�e§q4o�e ' hO�Wqny8wxonhfwkjnj4m_h}~=h

x0
g^e8jnjnhf~_e/z_j

Z
g&hWz_~_e/z�q¦i�² wxz�qnhWo4£8e/ixikh

[0, trec]
# hWq

text
ikh}qnhWs�g_j·��m�²¡hWixikh

g^e8jnjnh!u_y8onj¶~=h
Z
g5hWz_~_e/zEq

[0, trec]
V_|¶wxz_jnw #

trec = tesc + text
V

5�h�qnhWs�g_j]styPp�hWz ~=h�g=onhWs�wkhWo¢onhWqny8m=o]�Wq�e/z�q�%_z=w·~R²�e/g=onrOj]ikh�ikhWs�sth"~=h D�e8� # y8z�hWz�~=�O~Im=wxq]��m_h
Pesc(Z, t)

e8~IsthWq+m=z�sty8sthWzEq 9 %_z=w : ~R²¡y8on~Ionh c 1
����������������� � � 9;@(Fª«�DGFªQ � @ N BU@�«?JA¬E°�@E:=°^@ !�VU# S�R"LOP

Z ⊂ Γ H % T J'&B&*)4NONN)�P-)4KF&U\ K R"gB)4T 0B)&
L/2��B)bJ �B) 0[J"T�\
Z
N
J <�7�J"TUPVLVP-2�T�RmP-24)

τesc
)dP�0B2 ( T�L/) &�J"a�?

τesc =

∫ ∞

0
tPesc(Z, t)dt

9 { V   :

��w
Pesc

£��Wo4w&%^hai�e �Oy8z_~Iwxq4wky8z 9 { V ¨(:d# z_y8m_j}eO£�y8z_jfe/wxz_j4w�´

γesc > 2
9 { V�� :

�!hGg=ixm_j # +�g^e/o4q4wxo�~R² m=z �OhWo4q�e/wxz o�e/z=� # ikhOj¢sty8sthWz�qnjt~=h
Pesc

~=hW£�wkhWz=z_hWz�q�wxz$%_z=wkjPV�¥¦hWi�e©�Oy8z_j4q4wxq4m_h
m=z_h¶~Iw�³R�WonhWz_�Oh}z_y8q�e/�=ikhfeP£�hO�¶ikh}�Pe8j;~R² m=z�st�Wi�e/z=��h¶m=z=w���y8o4sth}y"q"qny8m_j�ikhOj·sty8sthWzEqnjvjny8z�q %_z=wkjPVI¥f²¡hOj4q
' m_j4qnhWsthWzEq +�q4o�eO£�hWonj¶�Oh§�Wo4wxqnrWonh��Em_h j VkF�VUl5e8j4i�eP£(jn¤�p�~=�4%_z=wxq+i�e z_y8q4wky8z�~=h!g=wkrW��h]~Ip�z^e/s�wk��m_ht´
������������������� � Y JAKE°�@CB ��N :_F�JA��S�@ !�V # S�R"LVP

Z ⊂ Γ
)dP

Pesc(Z, t)
N&J5&
a RRQbJBQ4LON LVP-2�0B)�<�7BLOPeP-)�a

Z
G

N46 LOT�\4PSJmTUP
t H S�R"LOP m0 ∈ N, m0 > 1 H% T 0"LVPI<
7*)

Z
)�\�P 7BT &�LE,��R)�0mg]T�J"KML <�7J)@0$6 L T�0mLVc�)

m0
\4L3&$RD7BavPSRD7$P

m ≥ m0
� N+)vK RmK )�TUPI0$6 R"a�0"a4)

m
0B)

Pesc(Z, t)
)4\4P<L T�( T�L H

¥¦hWq4qnhv~=�4%_z=wxq4wky8z�g&hWo4sthWq�~=h¦jP²¡h43Iq4o�e/wxonhl~=h¦i�² uEp(g&y8q4u_rOjnh·��e/wxqnhvj4m=oUikhv�Oy8s�g5y8o4qnhWsthWzEq·e8jnp�s�g=qny8q4wk��m_h
9 { V ¨(: ~=h

Pesc(Z, t)
VR¥¦hWg&hWz_~_e/z�q # �OhWq4qnh]~=hWo4z=wkrWonh§g5hWo4sthWq}~=h���e/wxonham=zCixwkhWz©eP£�hO�§i�e�~Iwkjnq4o4wx�=m=q4wky8z©~=hOj

qnhWs�g_j¶~=h!g=onhWs�wkhWonj¶onhWqny8m=onj # ��m_hai�²¡y8z�j�e/wxq¶�W£#e/ixm_hWo¶hWz�g=o�e/q4wk��m_h#V
�?³RhO�Wq4wx£�hWsthWzEq # j4w

Pesc(Z, t) ∼ C

tγesc
, t → ∞ hWq·j4w_i�²¡y8z�j4m=g=g5y#jnh¶~=h¶g=ixm_j;��m_h

text
�Oy8o4onhOj4g&y8z_~�e/m

qnhWs�g_jf�Em_hai�e�q4o�e ' hO�Wqny8wxonh§g^e8jnjnh�~_e/z_j}i�eMnPy8z_h§~=h�st�Wi�e/z=��h§m=z=w���y8o4sth # y8z�y8�=q4wkhWz�q}i�²�e/g=g=ony 3(wxsGe/q4wky8z
j4m=wx£#e/zEqnht´

Prec(Z, t) ∼ Pesc(Z, t), t → ∞ 9 { V�� :
�Pe/o

e−ht = o(
1

tγesc
), t → ∞ V

5�e�~=hWz_jnwxqn��~=hag=ony8�^e/�=wxixwxqn�
Prec(Z, t)

£��Wo4w&%^h¢e/iky8onj
Prec(Z, t) ∼ C

tγesc
, t → ∞ V_�?e/o¶�Oy8z_jn�O��m_hWzEq #

Z
hOj4q�m=z]g=wkrW��hv~Ip(z^e/s�wk�Em_h¦j4wIhWq�j�hWm=ikhWsthWzEq jP² wxiIh43(wkj4qnh

m0 ∈ N, m0 > 1
qnhWiI�Em_h·g&y8m=o�qny8m=q

m ≥ m0
#

ikh!sty8sthWzEqf~R²¡y8on~Ionh
m
~=h

Prec(Z, t)
hOj4qlwxz$%_z=w�V

� z�g5hWm=q}e/g=g=ony���u_hWo¶ikh!qnhWs�g_j¶styPp�hWz�~=hag=wk�W��hPe/��h§g^e/o�´

τesc ≈
∫ ∞

cste
t1−γescdt

9 { V c !(:

¥¦y8zEq4o�e/wxonhWsthWz�q e/m
�Pe8j!m=z=w���y8o4st�WsthWzEq]st�Wi�e/z=��hPe/zEq # i�e"onhWi�e/q4wky8z 9 { V c !(: z_h]��e/wxq!g^e8j§e/g=g^e/o�e �kq4onht~=h
qnhWs�g_j;�Pe/o�e8�Wqn�Wo4wkjnq4wk�Em_h¶g&y8m=o�ikhvqnhWs�g_j;styPp�hWz��Em�² m=z_hlq4o�e '4hO�Wqny8wxonh+g^e8j�jnhl~_e/z_j�m=ztg=wkrW��h¶~Ip�z^e/s�wk��m_h#V
º±i�hOj4q¶e/iky8onj+g5y#jnj4wx�=ikha��m_ha�Oh!qnhWs�g_j+g=m=wkjnj�hwuWq4onha�#o�e/z_~ # ' m_j4q4w&%�e/zEq+i�et~=�Wz_y8s�wxz^e/q4wky8zC~=h (1g=wkrW��h[(8V
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¹fy8qny8z_j�g^e/o]e/wxixikhWm=onj¢�Em_htikhtqnhWs�g_j�sty�p�hWz�~=htg=wk�W��hPe/��h"hOj4q]~R²�e/m=q�e/zEq¢g=ixm_j��#o�e/z_~���m_h
γesc

hOj4q
g5hWq4wxq21

γesc
�Pe/o�e8�Wqn�Wo4wkjnh]e/wxz_j4w�i�e (1£(wkjn�Oy#j4wxqn�[(a~Im�g=wkrW��h#V

� Z � Zt����N :_F�J-��SU@�°�>AQ^<�:_>A@ Z
	 5�hOjv�=wxixi�e/on~=jl~=ha��wxz^eZY hWql~=h [¦m=z=wxstyP£(wk�nu�jny8z�qlm=z_h}�5y8z=z_hfwxixixm_j �
q4o�e/q4wky8z�~=h¶�OhOj¦g=wkrW��hOjv~Ip�z^e/s�wk��m_hOj·wxz_�Wixm_j¦~_e/z_j¦m=z�hOj4g^e8�Ohf~=hOj;g=u^e8jnhOj¦m=z=w���y8o4st�WsthWzEqvst�Wi�e/z=��hPe/zEqPV
5�ev%_�#m=onhf�]sty8z�q4onhfi�e]~=�Wg5hWz_~_e/z_�Oh!~=h

Prec(t)
hWz���y8z_�Wq4wky8z�~=h

t
9 hWz��Oy�y8on~=y8z=z_�OhOjviky8�Ee/o4wxq4u=s�wk��m_hOj :

g5y8m=o+�OhOj¶~=hWm$3��=wxixi�e/on~=jPV

�������	��
������F�"��6��������
Prec

�+!���1�!#; -,��1�!E���
t
= 8N9.�$63;/<3�F' 1�6��G�"��7����"�4�$�/�����L� ��!3�	��=.8?����1��"-,�

'#1>6�� ;O�+�"63�����L�G6�!���I510K �4;/<	C

��y8m=o¶�nu^e8�Wm=z©~=hOjl�#o�e/g=u_hOj # y8z�g5hWm=q+~Iwkj4q4wxz=�#m_hWof~=hWm$3��Oy8s�g5y8o4qnhWsthWzEqnj!~Iw�³R�WonhWzEqnj§´

Prec(t) ≈
{

h e−ht, t < t∗

C
t3

, t > t∗
9 { V c#c;:

��y8m=o
t < t∗

# i�e nPy8z_hG~=hGst�Wi�e/z=��htm=z=w���y8o4sth"~=�WqnhWo4s�wxz_h"i�e�~Ip(z^e/s�wk�Em_h # sGe/wkj§g5y8m=o
t > t∗

# �Oh
jny8z�qGikhOj�j4q4o4wkhOjt£(wkj4wx�=ikhOj�~_e/z_jGikhOj"hOj4g^e8�OhOj"~=hOj"g=u^e8jnhOj"~=hOj %_�#m=onhOj c hWq { 9 +ª~Iony8wxqnh : �Em=wf�Oy8z_~Iw��
q4wky8z=z_hWzEq�ikh��Oy8s�g5y8o4qnhWsthWzEq��#iky8�^e/il~=hOj§�=wxixi�e/on~=j�V���y8m=o ikhOj ~=hWm$3�j4pIj4qnrWsthOj # hWixikhOj �Oy8z_j4q4wxq4m_hWz�qt~=hOj
g=wkrW��hOj¶~Ip(z^e/s�wk��m_hOj+~R² wxz_~Iwk�Oh

m0 = 2
V

��y8m=o¶m=z�j4pIj4qnrWsth���u^e8y8q4wk�Em_h]�Em_hWik�Oy8z_��m_h # wxiUh43(wkj4qnh]e g=o4wky8o4w�g=ixm_j4wkhWm=onj}g=wkrW��hOj¶~Ip(z^e/s�wk�Em_hOj}~R² wxzI�
~Iwk�OhOj+~Iw�³R�WonhWzEqnjPV � z�g5hWm=q¶e/iky8onj+jP²�e/q4qnhWz_~Ionh9+¢i�e �`y8o4sthaj4m=wx£#e/zEqnh�g&y8m=o

Prec(t)
´

Prec(t) ∼
∑

k

Ck

tγk
, t → ∞

9 { V cP{(:

¥·u^e8�Wm=z_ha~=hOjtnPy8z_hOjlj4wxz=�#m=ikrWonhOjl£#e�wxz$o_m_hWz_�OhWoli�e¢~Ip(z^e/s�wk�Em_h!�#iky8�^e/ikh#V=��ixm_jvg=on�O�Wwkjn�WsthWzEq # i�²¡�O��m^e��
q4wky8z 9 { V cP{(: wxs�g=ixwk��m_ht´

Prec(t) ∼
Cmin

tγmin
, t → ∞

9 { V c X :
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y"q
γmin = mink γk

hOjnq!e8jnj�y��Wwk� e/mCg=wkrW��h ~Ip(z^e/s�wk�Em_h¢g5y#jnjn�O~_e/z�qfikh]qnhWs�g_j!styPp�hWzª~=h]g=wk�W��hPe/��h ikh
g=ixm_jl�#o�e/z_~RV
5�hOj;�#o�e/z_~=hOj;£#e/ikhWm=onj;~=hOj·qnhWs�g_j;~=h¶g=onhWs�wkhWonj;onhWqny8m=onj¦jny8zEq¦~Im_hOj·e/m"g^e8jnj�e/��h+~=hOj;q4o�e ' hO�Wqny8wxonhOj·g^e/o

m=z�g=wkrW��h�~Ip(z^e/s�wk��m_h 9 i�e9%_�#m=onh§b wxixikj4m=q4onh§�OhWq4qnhawk~=�Oh : V_|}wxz_j4w #

Prec(t) ∼ Prec(Z, t), t → ∞ 9 { V c � :

�������	��
������ !��36��+!3;O�N��6 '3���+9��L*263�A���J��� !3��I5�
	.6�� 9���1�73���"�>C

¹fy8m_j}£�hWz_y8z_ja~=y8z_� ~=h]£�y8wxoa�Em_h¢ikhOjfg=wkrW��hOja~Ip�z^e/s�wk��m_hOjfwxz$o_m_hWz_�OhWzEq��#o�e/z_~=hWsthWz�q # £�y8wxonh ~=�WqnhWo �
s�wxz_hWzEq # i�²�e/ixixm=onh¶~=h

Prec(t)
# g5y8m=o

t
�#o�e/z_~RVE|}wxz_j4w # �=wkhWz��Em_hlg5y8m=£#e/zEq<uWq4onh¶~=h+sthOj4m=onhlz�m=ixikh 9 �Oy8s�sth

g5y8m=oaikh]�=wxixi�e/on~�~=hG��wxz^eZY :4# �OhOjhnPy8z_hOj '4y8m_hWzEqam=z
o�
8ikh wxs�g5y8o4q�e/zEq§~_e/z_jai�e�~Ip(z^e/s�wk��m_h �#iky8�^e/ikht~=hOj
j4pIj4qnrWsthOj+��u^e8y8q4wk�Em_hOjPV
� zªg=onhWz^e/z�q]hWz��Oy8s�g=qnhGikhOj§~Iwx£�hWonjnhOjvnPy8z_hOj§~=h�i�²¡hOjng^e8�Oht~=hOj�g=u^e8jnhOj # i�e�~=hWz_j4wxqn�t~=htg=ony8�^e/�=wxixwxqn�

Prec(t)
�`y8m=o4z=wxqa~=y8z_�]m=z
y8m=q4wxiUg5y8m=oa�Oy8s�g=onhWz_~Ionh i�et���Oy8st�Wq4o4wkh ~=h¢i�²¡hOj4g^e8�Oh¢~=hOj}g=u^e8j�hOjPV�[¦wkhWz
��m_h

~=�Wg5hWz_~_e/zEq¶~R² m=z��OhWo4q�e/wxz�q�p(g&ha~=h!qnhWs�g_j # hWixikhf��y8m=o4z=wxq¶~=hOjvwxzI��y8o4sGe/q4wky8z_j # qnhWiRikh!g^e/o�e/strWq4onh
γesc
# ~=h

z^e/q4m=onh�j4g^e/q4w�e/ikh#V

C q4o�eP£�hWonjlikhOjvqnhWs�g_j+~=h!g=onhWs�wkhWonjlonhWqny8m=onj
trec
# z_y8m_j}eO£�y8z_j+�Wq4m_~Iwk�a~=hOjlg5y8o4q4wky8z_jl~=h!q4o�e '4hO�Wqny8wxonhOj

�W£�y8ixm^e/zEq+hWz�q4onh!ikhOj¦wxz_j4q�e/zEqnj
t0
hWq

t0 + trec
# e/g=g5hWik�OhOj�<�7�J]\�L3$rc�g[c�N+)�\WV�x¶z_hfq4o�e '4hO�Wqny8wxonhf�Oy8s�g=ikrWqnh!g5hWm=q

uWq4onh�£(m_h©�Oy8s�sthªm=z_h
j4m_�O�OhOjnj4wky8z ~=h
��m^e8j4w����Wp(�WikhOj # e8j�jny��Wwk�Oj +�~=hOj�qnhWs�g_j�~=h�g=onhWs�wkhWonj�onhWqny8m=onj
t1, · · · , tn, · · · V�5�hOj ti

jny8z�q}~=hOj¶£8e/o4w�e/�=ikhOjfe/ik�Pe/qny8wxonhOj # ~=haiky8w�g=ony8�^e/�=wxixwxqn�¢e8jnj�y��Wwk�Oh
Prec(t)

# �Em_h!i�²¡y8z
j4m=g=g5y#jnhWo�e�wxz_~=�Wg5hWz_~_e/zEqnhOj§hWz�q4onhthWixikhOjPV�|>%_z
~=h��Oy8s�g=onhWz_~Ionhti�e�~Ip(z^e/s�wk�Em_ht�#iky8�^e/ikh # y8zªhOj4qa~=y8z_�
e/sthWz_�>+!�Oy8z_j4wk~=�WonhWo;i�e}��m^e/zEq4wxqn�

Sn =
∑n

i=1 ti
# +fi�e8�Em_hWixikhly8zGe8jnj�y��Wwkhvikh¦qnhWs�g_j;~=hvg=onhWs�wkhWo;g^e8jnj�e/��h

Nt = max{n ∈ N |Sn ≤ t} Vº±i?j�hWs§�=ikh�ik�W�#wxq4wxsth�~=h�jP²�e/q4qnhWz_~Ionh�+��Oh��Em�² m=z_h�jny8s�sth�~R² wxz�qnhWo4£8e/ixikhOj§qnhWs�g&y8onhWikj§jny8wxq�hWz_�Oy8onh�m=z
wxzEqnhWo4£#e/ixikhaqnhWs�g5y8onhWi�V_� ² m=z�g5y8wxzEq+~=ha£(m_h!g=ony8�^e/�=wxixwkj4qnh # �OhWi�e onhW£(wkhWzEqE+ h43(wx��hWo+��m_h

Prec
jny8wxqlm=z_haiky8w

j4q�e/�=ikh 1

������������������� ��� Q&J·DPHP:=<�>A@ !�V�# S�R"LVP
X1

�
X2
0B)4\ = J"a4LVJBQ�NN)�\ J"N+2bJmPSR"LOa�)4\ L T30B2-&*)4T30[J"TUP-)�\�L T�0R)4TUPVL3$

<�7J)4K.)4TUP@0"L�\�PVa�L/QO7J24)�\ \'7BL>= J"TUPhN
J N
R"L
P H S�RmLOP c1, c2 > 0

)�P
X3

N&J = J"a4LVJRQ4NN)�J"N+2bJmPSR"LOa4)�0B2 ( T�L/)1&$J"a
X3 = c1X1 + c2X2 H% T 0mLOP�<�7*)vN
J�N&R"L

P
)�\4P \4PSJRQ4NN)�\4L

X3
)�\�P�0mL�\�PVa�L/QO7J24)�\'7BLC= JmTUPtc')�PeP-)9N&RmL H

5�e¢iky8w��Ee/m_j�j4wkhWz=z_h�hOj4qlm=z_haiky8w�jnq�e/�=ikh # sGe/wkj¶hWixikh!z�²¡hOj4q¶g^e8jli�e�jnhWm=ikh 1
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P
7�T )�0R)4T�\�LVP-2@0B)W&
abRBQbJBQ4LONQLOP-2v\O7�a

R
� \dR"LVP

0 < α ≤ 2 H % T 0"LVPI<
7*) P
)�\4P 7�T )�0mL�\�PVa�L/QO7$PVLVR"T 0B) A$2�= g	0$6 LOT�0"Lec�)

α
\J6 LONP)�L"L \4P-)

c > 0
P-)4N$<�7J) ?

∀t ∈ R, P (t) =

∫ +∞

−∞
eiqte−c|q|αdq

9 { V c b :

P
\ )4abJ�JmN&R"a�\�T
RmP-2

Pα H
5�e �Oy8z_~Iwxq4wky8z

0 < α ≤ 2
hOjnqlm=z_h��Oy8z_~Iwxq4wky8z�z_�O�OhOjnj0e/wxonh�~R²¡h43(wkjnqnhWz_�Oh#V

5��W£(p =���AUe¢sty8zEq4on�§ikhaon�Oj4m=ixq�e/q¶j4m=wx£#e/zEq21
��
 �Z��������� � ��� ¬ � ��!�VU# S�R"LVP

Pα
7BT3)@0"L \4PVa4LEQ�7BPVLeR"T 0B) A$2O= g 0$6 L T�0mLVc�)

α H
� N
R"a \ Pα

)�\�P 7BT3)vN&RmL \4PSJBQ4N+) H
5�ha�Pe8j

α = 1
�Oy8o4onhOj4g5y8z_~X+¢m=z_haiky8wU~=h§¥ve/m_�nuEp�hWq¶g&y8m=o

α = 2
# y8z�onhWq4ony8m=£�h§i�e¢iky8w��Ee/m_jnj4wkhWz=z_h#V

� z$%_z # g5y8m=o
0 < α < 2

#
Pα

g5y#jnjnrO~=h!ikha�Oy8s�g5y8o4qnhWsthWzEqae8j4p(s�g=qny8q4wk�Em_h�jnm=wx£8e/z�q�´

Pα(t) ∼ C

tα+1
, t → ∞ 9 { V cP¨(:

¹fy8m_jlg&y8m=£�y8z_j+sGe/wxzEqnhWz^e/zEq!�Wz_y8z_�OhWo¶ikh!q4u_�Oy8onrWsth]~=h��_hWixikhWo9= � A;´
��
 �Z��������� � ��� @�>`>A@EL !�VU# c VXSUL

σ2
0 = 〈(ti − τrec)

2〉 )�\�P�( T�L � J"N
R"a�\�?

Prob{Nt ≥
t

τrec
−

√
n

σ0ξ

τrec
} → φ(ξ)

9 { V c�  :

R��
φ
N&J 8 R"T
cdPVLeR"T 0B23( T�L/)w\'7Ba

R
&�J"a@?

φ(ξ) =
1√
2π

∫ ξ

−∞
e−y2/2dy

9 { V c � :

{ V S�RmLOP
φS
N
J 8 R"T
c PVLVR"T 0B23( T�LE)w\'7Ba

R
&$J"a�?

φS(t) =

∫ ∞

t
Prec(u)du

9 { V c � :

S�RmLOP
h
7BT3) 8 R"T
cdPVLeR"TXN+)4TUP-)�K )�TUP =]J"a�LeJBQ4N+) ?

∀c ∈ R, lim
t→∞

h(ct)

h(t)
= 1

9 { V {m!(:

S 6 LON )4L"L�\�P-)
1 < α < 2

P-)4N \�<�7J)
φS(t) =

h(t)

tα+1

�<JmN&R"a�\@?

Prob{Nt ≥
t

τrec
− bt

τ
(1+α)/α
rec

ξ} → Pα(ξ)
9 { V {Ic;:

R��
bt
=Z24a4L ( )

φS(bt) ∼ 1
t1/α H

d¶hWsGe/on��m_y8z_j��Em_h©i�² wxz_~Iwk�Oh
α
~=h©i�e�~Iwkj4q4o4wx�=m=q4wky8z ~=h 5��W£�p z�²¡hOj4q�e/m=q4onh©��m_h

γesc − 1
V 5�h��Pe8j

0 < α < 1
hOj4q+~=y8z_��h43=�Wixm�+ �Pe/m_jnh�~Im�ikhWs�sth§~=h�D�e8�#V

5�h!q4u_�Oy8onrWsth§g&hWm=q¶j�h!q4o�e8~Im=wxonh�~=hai�e¢sGe/z=wkrWonh§jnm=wx£8e/z�qnhag&y8m=olz_y8q4onh§�Wq4m_~=ht´
� ~_e/z_j]m=z_h nPy8z_h�~=htst�Wi�e/z=��h"m=z=w��`y8o4sth # y"q�ikhtsty8sthWzEq�~R²¡y8on~Ionh { ~=h

Prec
hOjnqw%_z=w # ikhtqnhWs�g_j

�Oy8z_j4q4o4m=wxqh+�g^e/o4q4wxof~=hai�e�j4m_�O�OhOjnjnwky8zC~=hOj+qnhWs�g_j}~=h�g=onhWs�wkhWonj}onhWqny8m=onj+qnhWz_~�£�hWonj+m=z_h�iky8wU�Ee/m_j �
j4wkhWz=z_h #
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�����

� ~_e/z_jlm=z_hEnPy8z_ha~=h!g=wk�W��hPe/��h # y"q
Prec

j4m=wxqvm=z_h!iky8wR~=h!g=m=wkjnj�e/z_�Oh # �OhfqnhWs�g_j+jP²�e/g=g^e/onhWz�qnhv+]m=z_h
~Iwkj4q4o4wx�=m=q4wky8z©~=h�5��W£(p�~R² wxz_~Iwk�Oh

α
V

5�hf�Oy�h4GG�WwkhWz�q
α
�Pe/o�e8�Wqn�Wo4wkjnh!i�e§£�wkj��Oy#j4wxqn�}~Im�g=wkrW��h!~_e/z_j¦i�²¡hOj4g^e8�Oh!~=hOj¦g=u^e8jnhOj21(wxi&hOjnq¦~=y8z_�fonhWi�e/q4w��

+ i�²�e8j4g5hO�Wq¶j4g^e/q4w�e/iU~=hai�e�~Ip(z^e/s�wk�Em_h#V � zCg&hWm=q+j�²�e/q4qnhWz_~Ionh9+��Oh���m_hai�e��Oy8s�g5y#j�e/z�qnh�qnhWs�g5y8onhWixikh§~=h
i�e"~Ip�z^e/s�wk��m_h]j�y8wxqfe/m_jnj4w��Pe/o�e8�Wqn�Wo4wkjn�Oh¢g^e/o}m=z©wxz_~Iwk�Oh # �Em_h§i�²¡y8zCz_y8qnhWo�e

β
VU5�h§ixwkhWz�hWzEq4onh hOj4g^e8�Oh¢hWq

qnhWs�g_j+£#e�e/g=g^e/o�e �kq4onh�£(w�e¢i�e j4q4o4m_�Wq4m=onhawxz�qnhWo4z_h§~=hOj¶g=wkrW��hOj+~Ip�z^e/s�wk��m_hOjPV

� Z ��Z � DP«�:=T�@��nHP@�Fª«�D��±L�:=T#HP:_> Z
	 5�hOj�wxixixm_jnq4o�e/q4wky8z_j ¨ hWq   sty8zEq4onhWzEqv��m_hlikhOj g=wkrW��hOj;~Ip(z^e/s�wk��m_hOj
g5hWm=£�hWzEqlg5y#jnjn�O~=hWov~=hOj¦jnq4o4m_�Wq4m=onhOj¶e/m=qny/��j4wxs�wxi�e/wxonhOj�´�i�e§�Aony8z�q4wkrWonha~=h}��u^e8�Em_h �kikhfg=o4wxz_�Wwxg^e/ikhahOj4qv�Oy8s �
g5y#jn�Oh�~R² �kikhOj}g=ixm_j¶g5hWq4wxqnhOj¶~=y8z�q}ikhOj+�Aony8z�q4wkrWonhOjfj�y8zEq}hWixikhOj!e/m_jnj4wU�Oy8s�g&y#jn�OhOj}~R² �kikhOj # hWq!e/wxz_j4wU~=h]j4m=wxqnh#V
5�e§���Oy8st�Wq4o4wkh!~=h}�OhOj·g=wkrW��hOj¦g=on�OjnhWzEqnh!~=y8z_�}m=z�e8j4g5hO�Wq;�`o�e8�Wq�e/i�V(��e/o+e/wxixikhWm=onj # wxi�jnhWs]�=ikhWo�e/wxql�Em_h}g=ixm_j
i�² �kikh+hOj4q g5hWq4wxqnh # g=ixm_j�ikhvqnhWs�g_j;~=hlg=wk�W��hPe/��hlonhWi�e/q4w���hOj4q �#o�e/z_~w1#ikhvqnhWs�g_j·~_e/z_j��Ohlq�p(g5hl~=hvg=wkrW��hlonhW£[uWq
~=y8z_�aixm=wUe/m_j�j4wRm=z_haj4q4o4m_�Wq4m=onha�`o�e8�Wq�e/ikh # �Oha��m=wRz_y8m_j¶�Oy8z_~Im=wxq +�i�e ~=�4%_z=wxq4wky8zCj4m=wx£#e/zEqnht´

�G��� �	��
���� �.-,��63; -�6���� ���/��;O-����"�L��� 6�! '�� �(9��>=�*,;/<3)(I �����	�
���
���

������������������� � Y JAKE°�@C�±L�:=T#HP:_> !�VP# S�R"LVP
Z
7BT &
L/,��B) 0"g"T
J"KMLE<�7*) csR"KF&$R]\ 2 0R) 0[R"K J"LOT3)�\

A1, · · · , An, · · · )4K.QbR��VP-2�\�� A1 ⊃ A2 ⊃ · · · ⊃ An ⊃ · · · H�� RmPSR"T�\ Γn
N�6 J"LOa�) 0B)

An
)�P

Tn
N+)

P-)4KF&U\ K R"gB)4T <
7"6 7�T ) PVabJ 	 )bcdPSR"LOa4) &$J]\ \ ).0;J"T�\ c�)�PeP-) � RmT3) H % T 0"LVPM<�7J) Z
)�\4PM7�T�&
L/,��B) 8 abJ[cdPSJmN \*6 L N

)�L"L \4P-)
λT > 1

)dP
λΓ < 1

P-)4NON+)�\�<�7J)9NN)�\h\O7�LVP-)�\
(Γn)n≥1

)�P
(Tn)n≥1

=Z24a4L ( )4TUPW?
{

Tn+1 = λT Tn

Γn+1 = λΓ Γn

9 { V {#{(:

A$)4\I&�J"a JmK ,dPVa�)�\
λΓ
)dP

λT
\dR"TUP<JO&(&*)4N+2�\-csR )�� c�L/)4TUPO\@0$6 2bc4Y*)4N N+) H
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5�hvqnhWo4sthI&
L/,��B) 8 abJ[cdPSJ"N5hOj4q?i�efq4o�e8~Im_�Wq4wky8zG��m_hvz_y8m_j�eO£�y8z_j;��u_y8wkj4wkhvg5y8m=o Y;LE)�a J"abc4Y;LecsJ"N $ L \�N
J"T�0"\ PVa JO&
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=
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�Oy8zEq4o�e/wx�#z^e/z�qvikhOj £8e/o4w�e/q4wky8z_j·~_e/z_j�ikhvg=o4wxz_�Wwxg5h+£#e/o4w�e/q4wky8z=z_hWi_�`o�e8�Wq4wky8z=z^e/wxonh # wxi_hOj4q;g&y#jnjnwx�=ikhl~=hlonhWq4ony8mI�
£�hWo+ikhOj+�O��m^e/q4wky8z_j+wkj�j4m_hOjl~R² m=z�g=iky8z=��hWsthWzEqPV
5�h;�`y8o4sGe/ixwkjnsth¦~=�W£�hWiky8g=g5�¦g^e/o�|¢V¡|¢V/��q�e/z=wkj4i�eP£(j4¤(p§~=hW£(wkhWzEq�e/iky8onj?�Oy8s�g^e/q4wx�=ikh+eO£�hO�¦m=z¢g=o4wxz_�Wwxg&hv~=h

sty8wxz_~Ionh+e8�Wq4wky8z¢�Ao�e8�Wq4wky8z=z^e/wxonh # �Oh¦��m=w�ixm=wIg5hWo4sthWq?~R² m=z_h¦g^e/o4q ~=h¦jP²¡h43(q4o�e/wxonhv~=h¦�OhWo4q�e/wxz_hOj uEp(g5y8q4u_rOjnhOj
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z_y8q4wky8z_j�j4m=o�ikhOj�~=�Wo4wx£��OhOj��Ao�e8�Wq4wky8z=z^e/wxonhOjCjny8zEqChWz_j4m=wxqnh
h43(g5y#jn�OhOj # e %_z ~=h
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qnhWs�g_jv�`o�e8�Wq�e/iRg&hWm=q+�Oy8z_~Im=wxonh9+]�Oy8z_jnwk~=�WonhWo+i�e¢£8e/o4w�e/�=ikha~R²¡�W£�y8ixm=q4wky8z

t
�Oy8s�sth!m=z_haj4m_�O�OhOjnjnwky8z�~R² wxzI�

qnhWo4£#e/ixikhOj?qnhWs�g&y8onhWikj g5y#j4wxq4w���j
Ti
# £8e/o4w�e/�=ikhOj�e/ik�Pe/qny8wxonhOj wxz_~=�Wg5hWz_~_e/zEqnhOj·hWq?wk~=hWzEq4wk��m_hWsthWzEq·~Iwkjnq4o4wx�=m_�OhOjPV

º±i·jnhWs]�=ikhGz^e/q4m=onhWiv~=hGjP²�e/q4qnhWz_~Ionh +��OhG��m_hti�eCj4m_�O�OhOjnj4wky8z�~=hG~=hWm$3�wxz�qnhWo4£8e/ixikhOj¢qnhWs�g5y8onhWikj]jny8wxq¢m=z
wxzEqnhWo4£#e/ixikhtqnhWs�g5y8onhWi[1��OhWq4qnhtonhWsGe/on�Em_h�wxs�g5y#jnht��m_h�i�e�iky8w;~=hG~Iwkj4q4o4wx�=m=q4wky8z�~=hOj

Ti
jny8wxq§j4q�e/�=ikh#V65�hOj

iky8wkj¦j4q�e/�=ikhOj # ~=y8z�q·ikhOj·~Iwkj4q4o4wx�=m=q4wky8z_jv~=h>5��W£(ptjny8z�q;m=z"h43=hWs�g=ikh # jny8zEq·z_y8q�e/s�sthWzEq+�Pe/o�e8�Wqn�Wo4wkjn�OhOj·g^e/o
m=z�wxz_~Iwk�Oh

0 < β < 2
V?¥¦hWixikh��Oy8z_j4wk~=�Won�Oh"g^e/o¢|¢V¡|¢V���q�e/z=wkj4i�eP£(j4¤(p # z_y8qn�Oh

gβ
# g5y#jnjnrO~=hGi�e���y8z_�Wq4wky8z

�Pe/o�e8�Wqn�Wo4wkj4q4wk��m_h§j4m=wx£#e/zEqnhG´
∫ ∞

0
eiwygβ(y)dy = exp{−|w|βexp[−i(πβ/2)sign(w)]} 9 XIV c;:

5�e �Oy8z�q4o�e/wxzEqnh
Ti ≥ 0

wxs�g5y#jnh
0 < β < 1

V
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�����
�����

¥¦y8s�sth�z_y8m_j}ikh�j4m=�#���Wony8z_j}g^e/o¶i�etz_y8q�e/q4wky8z # hWq¶�=wkhWzC��m_h§�Ohaz_h]jny8wxq+g^e8jfhWz_�Oy8onh§�Wi�e/wxo # �Oh§g^e/o�e��
strWq4onh

β
g5hWm=q��OhWo4q�e/wxz_hWsthWzEq-uWq4onh�onhWixwk�te/m��Oy(h4GG�WwkhWzEq§�Pe/o�e8�Wqn�Wo4wkj4q4wk��m_ht~ImªqnhWs�g_ja�Ao�e8�Wq�e/i�V�d}hWsGe/o �

��m_y8z_j+�Em_h!i�et�Oy8zEq�e/wxzEqnh
0 < β < 1

hOj4q+�Oy8s�g^e/q4wx�=ikh¢eO£�hO�]�OhWixikh�~=h!i�e onhWi�e/q4wky8z 9 { V { � : V
� z �Oy8z_j4wk~=rWonh�i�eª£#e/o4w�e/�=ikh
e/ik�Pe/qny8wxonh
~Iwkjn�WonrWqnh

Nt = max{n ∈ N | ∑n
i=1 Ti ≤ t} Vl�Ie�ixwxs�wxqnh�Oy8zEq4wxz�m_h!h43(wkj4qnh¶hWq;hOj4q�z_y8qn�Oh

S(t)
V(¥f²¡hOjnq�m=zGqnhWs�g_j¦~=hlg=onhWs�wkhWo;g^e8j�j�e/��h§´

S(t)
onhWg=on�OjnhWz�qnh¶i�² wxz_jnq�e/zEq

y"q�ikh!qnhWs�g_j}j4qny���u^e8j4q4wk��m_h!onhWi�e/q4w�� + ∑n
i=1 Ti

e/q4qnhWwxzEq¶g5y8m=o+i�e¢g=onhWs�wkrWonh��`y8wkj
t
V

5�e©£#e/o4w�e/�=ikh�e/ik�Pe/qny8wxonh
S(t)

�Wony �kqthWz ��y8z_�Wq4wky8z ~Im qnhWs�g_j
t
V�¥¦h�g=ony(�OhOjnj4m_j g5hWm=qte/iky8onj uWq4onh�£�m

�Oy8s�sth�m=z]z_y8m=£�hPe/m§qnhWs�g_j # e/ik�Pe/qny8wxonh # ~=�Wg5hWz_~_e/zEq?~Im�qnhWs�g_j
t
1
S(t)

jnhWo�e+�Em^e/ixw&%^�·~=h>P-)4KF&U\ LOTUP-)4a4T3)WV
5�e ~=hWz_j4wxqn�§~=hag=ony8�^e/�=wxixwxqn�

pS(t, τ)
~=�4%_z=wkh�j4m=o

R
+ hWq¶e8jnjny(�Wwk�Oh�+

S(t)
hOjnq+~=y8z=z_�Oh�g^e/o§´

pS(t, τ) = L−1
(u)[e

ut−τuβ
uβ−1](t)

9 XIV {(:

y"q
L−1

(u)

hOjnq+i�e¢q4o�e/z_j ��y8o4st�Oh�~=h�5�e/g=i�e8�Ohawxz�£�hWonjnh # jnm=wx£8e/z�q+i�e¢£8e/o4w�e/�=ikh
u
V

5�e�£8e/ikhWm=o ~=h
pS(t, τ)

onhWg=on�OjnhWzEqnh�i�e�g=ony8�^e/�=wxixwxqn����m�² +�i�² wxz_j4q�e/zEq
t
# ikh"qnhWs�g_j¢wxzEqnhWo4z_h

S(t)
jny8wxq

�W�Ee/iZ+
τ
V

5�hlg=ony(�OhOjnj4m_j
S(t)

hOjnq�m=q4wxixwkjn�+g5y8m=o;~=hOj·j4m=�&y8on~Iwxz^e/q4wky8z_j¦~=hlg=ony(�OhOjnj4m_j21Ej4w�� 9 q : hOj4q�m=ztg=ony(�OhOjnj4m_j #
y8z�ixm=w�e8jnj�y��Wwkh!ikh!g=ony(�OhOjnj4m_j

Y (S(t))
~Iwxqh\O7*QsR"a 0;R"T�T32¢y"q�ikh!qnhWs�g_j}~=hW£�wkhWz�q}e/ik�Pe/qny8wxonh#V

|¢V¡|]V=��q�e/z=wkj4i�eO£Ij4¤(p�j�² wxz_j4g=wxonh!~=hf�OhWq4qnh!wk~=�Oha~=h!j4m=�5y8on~Iwxz^e/q4wky8z�1=wxiR�Wq4m_~Iwkh!ikhf��y8o4sGe/ixwkj4sth!u^e/s�wxixqny/�
z=wkhWz�y"q�ikhaqnhWs�g_j

t
hOj4qlonhWs�g=i�e8�O��g^e/o

S(t)
V

¥¦hWq4qnh¦sty�~=�Wixwkj0e/q4wky8z ~Im qnhWs�g_j?g5y8m=o4o�e/wxq # jny8m_j�on�OjnhWo4£�hv~=h·g=ixm_j e/s�g=ikhOj�' m_j4q4w&%^�Pe/q4wky8z_j # jP²�e/g=g=ixwk��m_hWo
e/m �Pe8jU~=hOj�g=wkrW��hOj��Ao�e8�Wq�e/ikj # y"q¢ikhOj

Ti
jnhWo�e/wkhWz�q e8j�jny��Wwk�Ojp+¶~=hOjUqnhWs�g_j?~=h;g=wk�W��hPe/��hv~_e/z_jUikhOj?~Iw�³5�WonhWz�qnhOj

�kikhOj+hWs]�&y �kqn�OhOjPV
�!�4%_z=wkjnjny8z_jt+ag=on�OjnhWz�q;ikh¶jnp(j4qnrWsth¶�Wm_~Iwk�§´�y8z��Oy8z_j4wk~=rWonh¶�Oy8s�sth}g=ony��OhOj�j4m_j�g=o4wxz_�Wwxg^e/i�m=z"j4pIj4qnrWsth

u^e/s�wxixqny8z=wkhWz©e/m=qny8z_y8sth # ~=h�,!e/s�wxixqny8z=wkhWz
H(x, p)

# on�W�#w�g^e/o+ikhOj+�O��m^e/q4wky8z_j§´










ẋ(t) =
∂H

∂p

ṗ(t) = −∂H

∂x

9 XIV�X :

� z�onhWs�g=i�e��Pe/zEq
t
g^e/o

S(t)
# |]V¡|¢V���q�e/z=wkj4i�eO£Ij4¤(p�sty8zEq4onhGe/iky8onja��m_h]ikh¢jnp(j4qnrWsth]u^e/s�wxixqny8z=wkhWz�j4mI�

�5y8on~=y8z=z_��hOj4qlon�W�#w�g^e/o¶~=hOj¶�O�Em^e/q4wky8z_j+�Ao�e8�Wq4wky8z=z^e/wxonhOjPV�|�£#e/zEq}~=h!g=on�OjnhWzEqnhWof�Oh!on�Oj4m=ixq�e/q # wxi��Oy8z�£�wkhWz�q
~=h�~=y8z=z_hWo¶��m_hWik��m_hOj+~=�4%_z=wxq4wky8z_j¶hWq+on�Ojnm=ixq�e/qnj¶j4m=olikhOj+~=�Wo4wx£��OhOj+�Ao�e8�Wq4wky8z=z^e/wxonhOj�V

� Z � Z�[ :_>-T�SU>a�±L�:=T�H�J-Q NUN :_JAL�@ Z 	 ¹fy8m_j§~=y8z=z_y8z_j]wk�Ww�ikhOj]~=�4%_z=wxq4wky8z_j]~=hOj]~=�Wo4wx£��OhOj]~=htd¶wkhWsGe/z=zI�
5Rwky8m=£(wxixikhahWql~=ha¥ve/g=m=qny=V=¹fy8m_jvsty8zEq4ony8z_j¶hWz_j4m=wxqnhfikhOj¦�`y8o4s]m=ikhOj+~R² wxzEqn�W�#o�e/q4wky8z�g^e/olg^e/o4q4wkhOjvg5y8m=ol�OhOj
~=hWm$3ty8g&�Wo�e/qnhWm=onj # e/wxz_j4w^��m_hl�OhWixikh+�Oy8z_�OhWo4z^e/zEq¦i�e!q4o�e/z_j ��y8o4st�Oh+~=h 5Ue/g=i�e8�Oh¶~=hli�e!~=�Wo4wx£��Oh}~=h}¥ve/g=m=qny=V
� H�� H , H f@23( TULOPVLeR"T�\�0B)�\vR'&*24abJmP-)O7Ba�\ 8 abJ[cdPVLeR"T�T
JmL a4)�\1V$# º±i5h43(wkj4qnhfg=ixm_j4wkhWm=onjl~=�4%_z=wxq4wky8z_j+g&y8m=ovikhOjv~=�1�
o4wx£��OhOj¢�`o�e8�Wq4wky8z=z^e/wxonhOj 9 £�y8wxo¢g^e/o�h43=hWs�g=ikh =��$A : V�¹}y8m_j hWz onhWq4wkhWz_~Iony8z_j�~=hWm$3 ´��OhWixikhOj�~=h"d¶wkhWsGe/z=zI�
5Rwky8m=£(wxixikh¶hWq;�OhWixikhOj·~=h}¥ve/g=m=qny=VEº±i_jnhWs]�=ikhWo�e/wxq¦��m_h+�OhOj�~=hWm$3ty8g5�Wo�e/qnhWm=onj·jny8wkhWz�q;�OhWm$3�ikhOj�g=ixm_j;m=q4wxixwkjn�Oj
~_e/z_j+i�etg=o�e/q4wk�Em_h 1�|]V¡|¢V���q�e/z=wkj4i�eP£(jn¤�p =&i���A�g=o4wx£(wxik�W�#wkh§i�e�~=�Wo4wx£��Oh]~=h¢¥ve/g=m=qny�e/iky8onj}��m_h : V5¥·onhOjnjny8z
= � A?m=q4wxixwkjnh �OhWixikh ~=h]d¶wkhWsGe/z=zI� 5Rwky8m=£(wxixikh#V�º�i�hOj4q�e/wkjn�¢~R²¡�WqnhWz_~Ionh]ikhOjfon�Oj4m=ixq�e/qnja~=h �Oh¢~=hWo4z=wkhWo�e/m$3C~=�1�
o4wx£��OhOj!~=h¢¥ve/g=m=qnyI15�#²¡hOj4qf�Oh§��m_h§z_y8m_j¶�`hWony8z_j}g^e/ofi�etj4m=wxqnh # e %_z©~=h§onhWixwkhWo}ikhOj}q4o�eO£#e/m$3C~=h¢�OhOj}~=hWm$3
e/m=qnhWm=onjPV
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5�e �Oy8z_j4q4o4m_�Wq4wky8zC~=h}i�e ~=�Wo4wx£��Oh§~=hfd¶wkhWsGe/z=zI� 5Rwky8m=£(wxixikh§hOj4qvi�e j4m=wx£#e/zEqnh�´Iy8z��Oy8z_j4q4o4m=wxq+m=z�y8g5�Wo�e��
qnhWm=o

aD−k
t

# g&y8m=o
k ∈ N

∗ # g=o4wxs�wxq4wx£�h�¤���wkrWsth�~R² m=z_h!��y8z_�Wq4wky8z # �#²¡hOj4q �0+���~Iwxonha£��Wo4w&%�e/z�q¢´

dk

dtk

[

aD−k
t f(t)

]

= f(t)
9 XIV � :

¥¦hWq4qnha~=�4%_z=wxq4wky8z�jnhf���Wz_�Wo�e/ixwkjnh�z^e/q4m=onhWixikhWsthWzEqE+
k ∈ R

+
∗

V � z�~=�4%_z=wxq+hWz_jnm=wxqnh!i�e ~=�Wo4wx£��Oh�~R²¡y8on~Ionh

α
#

aDα
t

#
α ∈ R

+
∗

# �Oy8s�sthai�e�~=�Wo4wx£��Oh§zI��wkrWstham_j4m_hWixikh��Oy8s�g5y#jn�Ohv+ i�²¡y8g5�Wo�e/qnhWm=o
aD−(n−α)

t

# y"q
n
hOj4q

i�²¡hWzEq4wkhWo}z^e/q4m=onhWi�£��Wo4w&%�e/zEq
n − 1 ≤ α < n

´

aDα
t =

dn

dtn
◦ aD−(n−α)

t

9 XIV�b :

� ixm_j!g=on�O�Wwkjn�WsthWz�q # jny8wxq
α, β ∈ R

+
∗

#
n,m ∈ N

∗ qnhWikja��m_h n − 1 ≤ α < n
# hWq

m − 1 ≤ β < m
V

�(y8wxq¶~=h!g=ixm_j
a, b ∈ R̄

# eP£�hO�
a < b

#
f
m=z_hf��y8z_�Wq4wky8z�~=�4%_z=wkh§jnm=o

]a, b[
V

�X)4K J"a�<�7J)�?�ikhOj·wxz_~Iwk�OhOj
α
hWq

β
~=h}�OhWq4qnh}g^e/o4q4wkh!e/m=ony8zEqvqny8m_j·~=hWm$3"i�eas uWsth!j4wx�#z=w&%^�Pe/q4wky8z��Em_h}ikh

g^e/o�e/strWq4onh
β
m=q4wxixwkj��ag^e/o¶|¢V¡|]V^��q�e/z=wkj4i�eP£(jn¤�p # +¢o�e/g=g=ony(�nu_hWof~=y8z_��~Im��Oy(h4GG�WwkhWzEqf~Im�qnhWs�g_jv�`o�e8�Wq�e/i #

sGe/wkjlg^e8jE+ �OhWixm=w�~=h!i�e ���Oy8st�Wq4o4wkha�`o�e8�Wq�e/ikh�~=hOjlg=wkrW��hOj�V

�!�4%_z=wkjnjny8z_j+~R²�e/�5y8on~�z_y8q4onh�y8g5�Wo�e/qnhWm=o9(1g=o4wxs�wxq4wx£�h§¤E��wkrWsth[(�´
�������������������IVP# S�R"LVP

k ∈ N
∗ H

∀t > a, aD−k
t f(t) =

1

(k − 1)!

∫ t

a
(t − τ)k−1f(τ) dτ

9 XIV ¨(:

¥¦hWq+y8g5�Wo�e/qnhWm=o¶£��Wo4w&%^hag5y8m=o
k = 1

´

∀t > a,
d

dt
aD−1

t f(t) =
d

dt

∫ t

a
f(τ) dτ = f(t)

9 XIV   :
hWqlg5y8m=o

k > 1
´

∀t > a,
d

dt
aD−k

t f(t) =
1

(k − 1)!

d

dt

∫ t

a
(t − τ)k−1f(τ) dτ

=
1

(k − 1)!

[

(t − τ)k−1f(τ)
]

τ=t

+
1

(k − 1)!

∫ t

a

d

dt

(

(t − τ)k−1f(τ)
)

dτ

= 0 +
(k − 1)

(k − 1)!

∫ t

a
(t − τ)k−2f(τ) dτ

= aD−(k−1)
t f(t)

� z�hWz��Oy8z_�Wixm=q¶��m_h!g5y8m=o+qny8m=q
t > a

# dk

dtk

(

aD−k
t f(t)

)

= f(t)
V

5�e]��y8z_�Wq4wky8z
Γ
~=�4%_z=wkh§g^e/o�´

Γ(x) =

∫ ∞

0
tx−1e−tdt,

g&y8m=o
x ∈ R

+
∗

9 XIV�� :

g5hWo4sthWq}~R²¡�WqnhWz_~Ionh�i�e ��e8�Wqny8o4wkhWixikh e/m$3�on�OhWikj+g5y#j4wxq4w��`j�V=�?³5hO�Wq4wx£�hWsthWz�q #
Γ(1) = 1

hWq¶g5y8m=o+qny8m=q
x > 0

#
Γ(x + 1) = xΓ(x)

# ~=y8z_�
Γ(k + 1) = k!

# g5y8m=o+qny8m=q
k ∈ N

V
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5�e ~=�4%_z=wxq4wky8zCg=on�O�O�O~=hWzEqnh¢jP²¡�WqnhWz_~�~=y8z_�az^e/q4m=onhWixikhWsthWz�qfj4m=o
R

+
∗

´

��������������������� � MON HP¬�°^L/:_>-@©��L/:=T#H�JAQ N�N :_J-L/@��ª°�:_S�T \ @ !�VP#

∀t > a, aD−α
t f(t) =

1

Γ(α)

∫ t

a
(t − τ)α−1f(τ) dτ

9 XIV�� :

¹fy8m_j+y8�=qnhWz_y8z_j}e/wxz_j4wRm=z_h�g=onhWs�wkrWonh§~=�4%_z=wxq4wky8z�~=h�~=�Wo4wx£��Oha�Ao�e8�Wq4wky8z=z^e/wxonh"´
��������������������� � � ¬�L/J �&¬E@©��L/:=T#H�JAQ N�N :_JAL/@�BU@���JA@(Fª: N�N � � J-Q&S���J`>`>A@��
°^:_SUT \ @ !

∀t > a, aDα
t f(t) =

1

Γ(n − α)

(

d

dt

)n ∫ t

a
(t − τ)n−1−αf(τ) dτ

9 XIV c !(:

5�hOj]~=�4%_z=wxq4wky8z_j]g=on�O�O�O~=hWz�qnhOj¢m=q4wxixwkjnhWzEq¢ikh�(1g^e8jnj��[(�~=h
f
# �#²¡hOj4q �0+���~Iwxonh"ikhOj�£#e/ikhWm=onj¢~=h

f(τ)
g&y8m=o

a < τ < t
V¦¹fy8m_j"g5y8m=£�y8z_j�~=�4%_z=wxo�~=hOj�y8g5�Wo�e/qnhWm=onj�j4wxs�wxi�e/wxonhOj # ��m=w}m=q4wxixwkj�hWzEq�ikh (0�`m=q4m=o*(©~=h

f
#

�#²¡hOj4q �0+���~Iwxonh§ikhOjl£8e/ikhWm=onj¶~=h
f(τ)

g5y8m=o
t < τ < b

1
������������������� �&VP# S�RmLOP

k ∈ N
∗ �

∀t < b, tD−k
b f(t) =

1

(k − 1)!

∫ b

t
(τ − t)k−1f(τ) dτ

9 XIV c#c;:

¥¦hWq+y8g5�Wo�e/qnhWm=o¶£��Wo4w&%^h���m^e/zEq +¢ixm=w

dk

d(−t)k

(

tD−k
b f(t)

)

=

(−d

dt

)k
(

tD−k
b f(t)

)

= f(t),
g5y8m=o

t < b.
9 XIV cP{(:

� z�~=�4%_z=wxq}hWz_jnm=wxqnh!ikhOj¶~=hWm$3�y8g&�Wo�e/qnhWm=onj}j4m=wx£8e/z�qnj21
�������������������  � MON HP¬�°^L/:_>-@©��L/:=T#H�JAQ N�N :_J-L/@��ªB�L/Q�J-HP@ !�V$#

∀t < b, tD−β
b f(t) =

1

Γ(β)

∫ b

t
(τ − t)β−1f(τ) dτ

9 XIV c X :

������������������� � � � ¬�L/J �&¬E@©��L/:=T#H�JAQ N�N :_JAL/@�BU@���JA@(Fª: N�N � � J-Q&S���J`>`>A@��
BUL/Q�J-HP@ !

∀t < b, tDβ
b f(t) =

1

Γ(m − β)

(

− d

dt

)m ∫ b

t
(τ − t)m−1−βf(τ) dτ

9 XIV c � :

¹fy8qny8z_j α
aEβ

b

i�²¡hWz_jnhWs§�=ikh]~=hOjv�`y8z_�Wq4wky8z_j
f
qnhWixikhOj}�Em_h

aDα
t f

hWq
tDβ

b f
jny8z�q¶~=�4%_z=wkhOjPV

� z©��e/wkj�e/zEqag5y8o4qnhWoaikhOja~=�Wo4wx£8e/q4wky8z_j§~IwxonhO�WqnhWsthWzEq§j4m=o!i�e"��y8z_�Wq4wky8z
g=ixm=q�
8q��Em_h j4m=o!i�² wxz�qn�W�#o�e/ikh # y8z
~=�4%_z=wxq+i�e�~=�Wo4wx£��Oh§~=h]¥ve/g=m=qny�´
������������������� � � � ¬�L/J �&¬E@©��L/:=T#H�JAQ N�N :_JAL/@�BU@ [ :=«�S�HPQ��
°�:_S�T \ @ !

∀t > a, C
a Dα

t f(t) =
1

Γ(n − α)

∫ t

a
(t − τ)n−1−αf (n)(τ) dτ

9 XIV c b :

������������������� � � � ¬�L/J �&¬E@©��L/:=T#H�JAQ N�N :_JAL/@�BU@ [ :=«�S�HPQ��
B�L/Q�J-HP@ !�V$#

∀t < b, C
t Dβ

b f(t) =
1

Γ(m − β)
(−1)m

∫ b

t
(τ − t)m−1−βf (m)(τ) dτ

9 XIV cP¨(:
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�(y8wxq α
a Ẽβ

b

i�²¡hWz_jnhWs]�=ikh§~=hOjv��y8z_�Wq4wky8z_j
f
qnhWixikhOj+��m_h C

a Dα
t f

hWq C
t Dβ

b f
jny8zEq¶~=�4%_z=wkhOj�V

5�hOj y8g5�Wo�e/qnhWm=onj ~=y8zEq i�² wxzEqn�W�#o�e/ikh g5y8o4qnh j4m=o
[a, t]

9 onhOj4g&hO�Wq4wx£�hWsthWz�q
[t, b]
: jnhWony8zEq ��m^e/ixw&%^�Oj

~R² R'&*2�a JmP-)�7�a�\X&$J"\ \
2 9 onhOj4g5hO�Wq4wx£�hWsthWzEqMR'&*24abJmP-)O7Ba�\ 8 7BP 7Ba : V
¹fy8qny8z_j��Em_h�ikhOj�y8g5�Wo�e/qnhWm=onj¢�Ao�e8�Wq4wky8z=z^e/wxonhOjthWz=�#iky8�5hWzEqGikhOj�y8g&�Wo�e/qnhWm=onjt�Wi�e8j�j4wk�Em_hOj�´�wxilj4m$Gtqt~=h

g=onhWz_~Ionh
α, β ∈ N

∗ V�¥¦hWq4qnh§onhWsGe/on�Em_h§£8e�z_y8m_j}jnhWo4£(wxo¶~=hag=o4wxz_�Wwxg5h�(1�Ee/on~=h1����y8m6(t´_qny8m_j¶ikhOjlon�Ojnm=ixq�e/qnj
ixwk�Oj e/m§��y8o4sGe/ixwkj4sth;�Ao�e8�Wq4wky8z=z^e/wxonhl~=hW£(ony8zEq hWz=�#iky8�5hWoUikh¦�Pe8j?�Wi�e8jnj4wk��m_h 9 £�y8wxo = � AIg5y8m=oUg=ixm_j?~=h¦~=�Wq�e/wxikj : V
¥¦hWg5hWz_~_e/zEq # �OhOjly8g5�Wo�e/qnhWm=onjlz_h!jny8zEqlg^e8j+e/wkjn�WsthWz�qlsGe/z=wxg=m=i�e/�=ikhOj+�Pe/olikhOjvg=ony8g=o4wk�Wqn�Ojv��y8z_~_e/sthWzI�

q�e/ikhOj+~=hOj}~=�Wo4wx£��OhOj+m_j4m_hWixikhOjlz_h§jP²¡�WqnhWz_~=hWzEq}g^e8j¶e/m��Pe8jl�`o�e8�Wq4wky8z=z^e/wxonh 1
� i�e onrW�#ikh§~=hw5�hWwx�=z=w
n§z_hajP²�e/g=g=ixwk��m_hag=ixm_j]´

aDα
t (f · g) 6= aDα

t f · g + f · aDα
t g

9 XIV c�  :
9 ikhOj}~=�Wo4wx£��OhOjl�`o�e8�Wq4wky8z=z^e/wxonhOj+z_h�jny8z�q¶~=y8z_�ag^e8j+~=hOj¶~=�Wo4wx£8e/q4wky8z_jfe/m�jnhWz_jlj4q4o4wk�Wq :4#

� i�e�~=�Wo4wx£��Oh§~R² m=z_h��Oy8s�g&y#j��Ohaz_h�jP²¡h43Ig=o4wxsth!g^e8j}e/wkjn�WsthWz�q§´

aDα
t f(g(t)) 6= aDα

t g(t) · f ′(g(t))
9 XIV c � :

� i�e��Oy8s�g5y#jn�Oh�~R²¡y8g5�Wo�e/qnhWm=onj+z�²¡hOjnqlg^e8j¶j4wxs�g=ikh�´

aDα
t aDβ

t 6= aDα+β
t

9 XIV c � :
�}m_hWik��m_hOj}g=ony8g=o4wk�Wqn�Ojajnm=�_j4wkj4qnhWzEq!qny8m=qnh1��y8wkj21�z_y8m_j!e/ixiky8z_jfsGe/wxz�qnhWz^e/zEq�g=on�OjnhWz�qnhWo��OhWixikhOj!�Em=w�z_y8m_j

jnhWony8z�q+m=q4wxikhOj+g^e/o+i�e jnm=wxqnh#V
� H�� H�� H�� a R'&�a�L/2�P-2�\ 0B)�\ERO&*24abJmP-)O7Ba \ 8 abJ[cdPVLeR"T�T�J"L a4)�\WVP# ��on�O�Wwkjny8z_j·~R²�e/�5y8on~tikh¶ixwkhWz"hWz�q4onh¶ikhOj·~=�Wo4wx£��OhOj
~=h]¥ve/g=m=qnythWq+�OhWixikhOj}~=h�d+wkhWsGe/z=zI� 5�wky8m=£�wxixikh"´

∀f ∈ α
aEβ

b ∩ α
a Ẽβ

b ,























aDα
t f(t) = C

a Dα
t f(t) +

n−1
∑

k=0

(t−a)k−α

Γ(k−α+1)f
(k)(a)

tDβ
b f(t) = C

t Dβ
b f(t) +

m−1
∑

k=0

(b−t)k−β

Γ(k−β+1)f
(k)(b)

9 XIV {m!(:

5�e�sGe ' y8o4wxqn��~=hOj�e/o4q4wk�WikhOj���m_hGz_y8m_j�eO£�y8z_j��Oy8z_jnm=ixqn� # ~=y8z�q =&i��$A # jnh"ixwxs�wxqnhWzEq +
0 < α, β < 1

V
�Ie/mI�RsthWzEq4wky8z�h43(g=ixwk�Wwxqnh # z_y8m_j��`hWony8z_j;~=hls uWsth>+fg^e/o4q4wxo;~=hlsGe/wxz�qnhWz^e/zEqPV [¦wkhWzG�Em_h¶�Wi�e8jnj4wk��m_hOj # z_y8m_j
~=�Wsty8zEq4ony8z_j}ikhOjlon�Oj4m=ixq�e/qnj}j4m=wx£#e/zEqnj¶e %_z�~R²¡�W£(wxqnhWo+qny8m=qnhawxs�g=on�O�Wwkjnwky8z�g^e/o+i�e j4m=wxqnh#V
�!y8z=z_y8z_j ~R²�e/�&y8on~¯i�eµ��y8o4s§m=ikh ~R² wxzEqn�W�#o�e/q4wky8z g^e/o�g^e/o4q4wkhOj g5y8m=o ikhOj ~=�Wo4wx£��OhOj ~=h d¶wkhWsGe/z=zI�

5Rwky8m=£(wxixikht´

��
 �Z��������� ��VP# S�R"LVP
0 < α < 1

�
f, g ∈ α

aEβ
b

�
a < t < b H%� N
R"a�\�?

∫ t

a
[aDα

t f(τ)] g(τ) dτ =

∫ t

a
f(τ) [τDα

t g(τ)] dτ
9 XIV {Ic;:

∫ b

t
[τDα

b f(τ)] g(τ) dτ =

∫ b

t
f(τ) [tDα

τ g(τ)] dτ
9 XIV {#{(:

KtT.&$J"a�PVLVc
7�NQLE)�a �
∫ b

a
[aDα

b f(τ)] g(τ) dτ =

∫ b

a
f(τ) [τDα

b g(τ)] dτ
9 XIV { X :
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∫ t

a
[aDα

t f(τ)] g(τ) dτ =
1

Γ(1 − α)

∫ t

a

d

dτ

(
∫ τ

a
(τ − u)−αf(u) du

)

g(τ) dτ

= − 1

Γ(1 − α)

∫ t

a

(
∫ τ

a
(τ − u)−αf(u) du

)

g′(τ) dτ

+

[

1

Γ(1 − α)
g(τ)

∫ τ

a
(τ − u)−αf(u) du

]τ=t

τ=a

= − 1

Γ(1 − α)

∫ t

a

(
∫ t

u
(τ − u)−αg′(τ) dτ

)

f(u) du

+g(t)
1

Γ(1 − α)

∫ t

a
(t − u)−αf(u) du

=

∫ t

a
f(u)

[

C
u Dα

t g(u)
]

du

+g(t)
1

Γ(1 − α)

∫ t

a
(t − u)−αf(u) du

=

∫ t

a
f(u)

[

uDα
t g(u) − g(t)

(t − u)−α

Γ(1 − α)

]

du

+g(t)
1

Γ(1 − α)

∫ t

a
(t − u)−αf(u) du

=

∫ t

a
f(u) [uDα

t g(u)] du

5�e jnhO�Oy8z_~=ha�`y8o4s]m=ikh§jnh!sty8z�q4onh§~=h!i�e s uWsthasGe/z=wkrWonh#V

¥¦y8zEq4o�e/wxonhWsthWz�q}e/m"�Pe8jv�Wi�e8jnjnwk�Em_h # e/m_�Wm=z�qnhWo4sthf~=h}�&y8on~"z�²�e/g=g^e/o�e �kql~_e/z_j¦�OhWq4qnh¶��y8o4s§m=ikh#VIº�i�z�²¡hWz
£#e¢g^e8j+~=has uWsthag5y8m=oli�e�~=�Wo4wx£��Oh�~=h]¥ve/g=m=qnyI1

��
 �Z��������� �_VP# S�R"LVP
0 < α < 1

�
f, g ∈ α

a Ẽβ
b

�
a < t < b H%� N
R"a�\�?

∫ t

a

[

C
a Dα

t f(τ)
]

g(τ) dτ =

∫ t

a
f(τ)

[

C
τ Dα

t g(τ)
]

dτ

+ g(t)aD−(1−α)
t f(t) − f(a)aD−(1−α)

t g(a)
9 XIV { � :

∫ b

t

[

C
b Dα

τ f(τ)
]

g(τ) dτ =

∫ b

t
f(τ)

[

C
t Dα

τ g(τ)
]

dτ

+ g(t)tD−(1−α)
b f(t) − f(b)tD−(1−α)

b g(b)
9 XIV { b :
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KtT.&$J"a�PVLVc
7�NQLE)�a �

∫ b

a

[

C
a Dα

t f(t)
]

g(t)dt =

∫ b

a
f(t)

[

C
b Dα

t g(t)
]

dt

+ g(b)aD−(1−α)
b f(b) − f(a)aD−(1−α)

b g(a)
9 XIV {#¨(:

f@24K R"T�\4PVabJmPVLeR"T^V$#

∫ t

a

[

C
a Dα

τ f(τ)
]

g(τ)dτ =

∫ t

a
[aDα

τ f(τ)] g(τ) dτ − f(a)

Γ(1 − α)

∫ t

a
(τ − a)−αg(τ) dτ

=

∫ t

a
f(τ) [τDα

t g(τ)] dτ − f(a)aD−(1−α)
t g(a)

=

∫ t

a
f(τ)

[

C
τ Dα

t g(τ)
]

dτ +
g(t)

Γ(1 − α)

∫ t

a
(t − τ)−αf(τ) dτ

−f(a)aD−(1−α)
t g(a)

=

∫ t

a
f(τ)

[

C
τ Dα

t g(τ)
]

dτ + g(t)aD−(1−α)
t f(t)

−f(a)aD−(1−α)
t g(a)

º±i�hWz�£8e ~=has uWsth�g&y8m=oli�²�e/m=q4onh!��y8o4s§m=ikh#V

5�hOj¦y8g&�Wo�e/qnhWm=onj·�`m=q4m=o¦hWq¦g^e8jnjn�}jny8zEqle/wxz_j4w&ixwk�Oj;£(w�eaikhOj·��y8o4s§m=ikhOjv~R² wxzEqn�W�#o�e/q4wky8z�g^e/o¦g^e/o4q4wkhOjPV=¥¦hWq4qnh
onhWsGe/on��m_ha£8eMuWq4onh9+¢i�e �^e8jnha~=haqny8m=qnhai�e j�hO�Wq4wky8z��_V
¹fy8m_j¢h43Iu=wx�5y8z_jte/m_jnj4wvm=z ixwkhWz hWzEq4onh�~=�Wo4wx£��Oh��`o�e8�Wq4wky8z=z^e/wxonh�hWq q4o�e/z_j �`y8o4st�Oh�~=h 5�e/g=i�e8�Oh�£�w�eCikh

on�Oj4m=ixq�e/q¶jnm=wx£8e/z�qPV�¥¦hWq4qnhaonhWi�e/q4wky8zCj�hWo�e ~=�W£�hWiky8g=g&�Oh�~_e/z_j¶i�e jnhO�Wq4wky8zCbIV

� � �!��� �=V$# S�R"LVP
f ∈ C∞([a,+∞[)

�
n − 1 ≤ γ < n

��)dP
a ≤ 0 H%� N&R"a�\�?

L[Ca Dγ
t f ](s) = sγL[f ](s) − e−as

[

sγ−1f(a) + sγ−2f ′(a) + ... + sγ−nf (n−1)(a)
] 9 XIV {�  :

KtT.&$J"a�PVLVc
7�NQLE)�a �

L[C0 Dγ
t f ](s) = sγ−nL[f (n)](s) = sγL[f ](s) − sγ−1f(0) − ... − sγ−nf (n−1)(0)

9 XIV { � :
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f@24K R"T�\4PVabJmPVLeR"T^V$# ¥ve8j
a = 0

´

L[C0 Dγ
t f ](s) =

∫ +∞

0
e−st

[

1

Γ(n − γ)

∫ t

0
(t − τ)n−1−γf (n)(τ) dτ

]

dt

=
1

Γ(n − γ)

∫ +∞

0

∫ +∞

τ
e−st(t − τ)n−1−γf (n)(τ) dt dτ

=
1

Γ(n − γ)

∫ +∞

0

∫ +∞

0
e−s(u+τ)un−1−γf (n)(τ) du dτ

=

(
∫ +∞

0
e−su un−1−γ

Γ(n − γ)
du

)

·
(

∫ +∞

0
e−sτf (n)(τ) dτ

)

= L[
tn−1−γ

Γ(n − γ)
](s) · L[f (n)](s)

= sγ−nL[f (n)](s)
�Ie8�nu^e/z�q}��m_h

L[f (n)](s) = snL[f ](s) − sn−1f(0) − ... − fn−1(0)
# y8zCy8�=q4wkhWzEq]´

L[C0 Dγ
t f ](s) = sγ−n[snL[f ](s) − sn−1f(0) − ... − fn−1(0)]

= sγL[f ](s) − sγ−1f(0) − sγ−2f ′(0) − ... − sγ−nf (n−1)(0)
¥ve8jl���Wz_�Wo�e/i;´

L[Ca Dγ
t f ](s) =

∫ +∞

0
e−st

[

1

Γ(n − γ)

∫ t

a
(t − τ)n−1−γf (n)(τ) dτ

]

dt

=

∫ +∞

0
e−st

[

1

Γ(n − γ)

∫ t

0
(t − τ)n−1−γf (n)(τ)dτ

]

dt

+

∫ +∞

0
e−st

[

1

Γ(n − γ)

∫ 0

a
(t − τ)n−1−γf (n)(τ)dτ

]

dt

= sγ−nL[f (n)](s) +

∫ 0

a

(
∫ +∞

0
e−st (t − τ)n−1−γ

Γ(n − γ)
dt

)

f (n)(τ)dτ

= sγ−nL[f (n)](s) +

∫ 0

a
L[

(t − τ)n−1−γ

Γ(n − γ)
](s)f (n)(τ)dτ

= sγ−nL[f (n)](s) + sγ−n

∫ 0

a
e−sτf (n)(τ)dτ

� z�wxz�qn�W�#o�e/zEqfg^e/o+g^e/o4q4wkhOj #
∫ 0

a
e−sτf (n)(τ)dτ =

∫ 0

a
se−sτf (n−1)(τ)dτ +

[

e−sτf (n)(τ)
]0

a

= s

∫ 0

a
e−sτf (n−1)(τ)dτ + f (n−1)(0) − e−asf (n−1)(a)

�Oha��m_hai�²¡y8z����Wz_�Wo�e/ixwkjnhag^e/o¶on�O�Wm=o4onhWz_�OhG´
∫ 0

a
e−sτf (n)(τ)dτ = sn

∫ 0

a
se−sτf(τ)dτ +

[

sn−1f(0) + ... + f (n−1)(0)
]

−e−as
[

sn−1f(a) + ... + f (n−1)(a)
]
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�ae/z_jli�²¡�O��m^e/q4wky8z 9 XIV { � :4# ikhOjlqnhWo4sthOj¶hWz
fk(0)

jnhaj4wxs�g=ixw&%^hWz�qPV ��wxz^e/ikhWsthWzEq #

L[Ca Dγ
t f ](s) = sγL[f ](s) − e−as

[

sγ−1f(a) + sγ−2f ′(a) + ... + sγ−nf (n−1)(a)
] 9 XIV { � :

� Z � Zt����N :_F�J-��SU@ \ :_F�J`>-HPQ N J-@ NUN @�DP@(>-Q N ��ZN��Z �&HP: N JAD�>A: ��D�� � Z 	 5�hlqnhWs�g_j wxzEqnhWo4£(wkhWzEq¦~_e/z_j
ikhaj4pIj4qnrWsth!u^e/s�wxixqny8z=wkhWz©g=o4wxz_�Wwxg^e/iZ+ q4o�eO£�hWonj

H
#
x
#
p
# hWq+ikhOj+�O��m^e/q4wky8z_j¶~=hw,!e/s�wxixqny8z�V

|¢V¡|]VI��q�e/z=wkj4i�eO£Ij4¤(pG~=�4%_z=wxqvikhOj·z_y8m=£�hWixikhOjv£#e/o4w�e/�=ikhOj
xβ

hWq
pβ
# ��m=w�£�y8z�qvonhWg&�Won�fikhfj4p(jnqnrWsth}j4m=�5y8o �

~=y8z=z_� # ~=hai�e¢sGe/z=wkrWonh]j4m=wx£#e/zEqnht´










xβ(t) =

∫ ∞

0
pS(t, τ)x(τ)dτ

pβ(t) =

∫ ∞

0
pS(t, τ)p(τ)dτ

9 XIV�X !(:

5�hE,fe/s�wxixqny8z=wkhWz
H
�Wq�e/z�qle/m=qny8z_y8sth # wxi&onhOj4qnhf�Em^e/z�q +�ixm=w&wxz_�nu^e/z=���a~_e/z_jv�OhWq4qnh}q4o�e/z_j �`y8o4sGe/q4wky8z�V

|¢V¡|]V^��q�e/z=wkj4i�eP£(jn¤�p"�`y8o4s]m=ikh�~=hag=ixm_jli�² u�p�g5y8q4u_rOjnh�jnm=wx£8e/z�qnht´

(H)











∂H

∂x
(xβ(t), pβ(t)) =

∫ ∞

0
pS(t, τ)

∂H

∂x
(x(τ), p(τ))dτ

∂H

∂p
(xβ(t), pβ(t)) =

∫ ∞

0
pS(t, τ)

∂H

∂p
(x(τ), p(τ))dτ

9 XIV�X c;:

� z�g5hWm=q}e/iky8onj+�Wz_y8z_�OhWo¶ikh!on�Ojnm=ixq�e/q¶j4m=wx£#e/zEq§´

��
 �Z��������� � � �&HP: N JAD�>A: ��D�� ��!�VP# SUL N�6 Y;g'&$RmPOY*,�\
)
(H)

)4\4P =D24a�L (�24)6�tJ"N
R"a \wN
J.0"g"T
JmK-LE<�7J)10 7 \�g]\�$
P-,4K.)�YBJ"KMLONQPSR"TULE)4T�\'7JQbR"a�0[R"TUT32 )�\4P�0[R"T�T 24)X&$J"awN+)�\@2�<�7�JmPVLeR"T�\�\O7�L>= J"T
P-)�\�?











C
0 D

β
t xβ(t) =

∂H

∂p
(xβ(t), pβ(t))

C
0 Dβ

t pβ(t) = −∂H

∂x
(xβ(t), pβ(t))

9 XIV�X {(:

f@24K R"T�\4PVabJmPVLeR"T^V$#

L[
∂H

∂p
(xβ(t), pβ(t))](s) =

∫ ∞

0
e−st ∂H

∂p
(xβ(t), pβ(t))dt

=

∫ ∞

0
e−st

(
∫ ∞

0
pS(t, τ)

∂H

∂p
(x(τ), p(τ))dτ

)

dt

=

∫ ∞

0

(
∫ ∞

0
e−stpS(t, τ)dt

)

∂H

∂p
(x(τ), p(τ))dτ

=

∫ ∞

0
sβ−1e−τsβ ∂H

∂p
(x(τ), p(τ))dτ

= sβ−1

∫ ∞

0
e−τsβ dx

dτ
(τ)dτ

= s2β−1

∫ ∞

0
e−τsβ

x(τ)dτ + sβ−1
[

e−τsβ
x(τ)

]τ=∞

τ=0

= s2β−1L[x](sβ) − sβ−1x(0)
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�?e/o}e/wxixikhWm=onj # ~R²�e/g=onrOj¶ikh!ikhWs�sth cm#

L[C0 Dβ
t xβ](s) = sβL[xβ ](s) − sβ−1xβ(0)

9 XIV�X#X :
�!h!g=ixm_j #

L[xβ](s) =

∫ ∞

0
e−st

(
∫ ∞

0
pS(t, τ)x(τ)dτ

)

dt

=

∫ ∞

0

(
∫ ∞

0
e−stpS(t, τ)dt

)

x(τ)dτ

=

∫ ∞

0
sβ−1e−τsβ

x(τ)dτ

= sβ−1L[x](sβ)

� z�e8~IsthWq¶��m_h
xβ(0) = x(0)

V
�ae/z_j+�Oha�Pe8j #

L[∂H
∂p (xβ(t), pβ(t))](s) = L[C0 Dβ

t xβ](s)
V

� z�g=onhWz^e/z�q¶i�e q4o�e/z_j ��y8o4st�Oh�~=h�5Ue/g=i�e8�OhawxzE£�hWonjnh]~=ha�OhWq4qnh��O��m^e/q4wky8z # wxi�£(wkhWzEqI%_z^e/ikhWsthWz�q]´

∂H

∂p
(xβ(t), pβ(t)) = C

0 Dβ
t xβ(t)

9 XIV�X/� :

5�e jnhO�Oy8z_~=h�onhWi�e/q4wky8zCjnh!sty8z�q4onh§~=h!i�e s uWsthasGe/z=wkrWonh#V

¥¦h�q4u_�Oy8onrWsth���e/wxq"~=y8z_�Ce/g=g^e/o�e �kq4onh©m=z ixwkhWz ��y8o4q"hWzEq4onhCqnhWs�g_j�e/ik�Pe/qny8wxonhChWq�~Ip�z^e/s�wk��m_h��`o�e8�1�
q4wky8z=z^e/wxonh#V � z g5hWm=q�e/iky8onj�eP£8e/z_�OhWo���m_h�ikh�qnhWs�g_jG�`o�e8�Wq�e/i # ~R² wxz_~Iwk�Oh

β
# e8jnjny(�Wwk��+ªi�e�~Ip(z^e/s�wk��m_h

~=hOj¢j4p(jnqnrWsthOj§�nu^e8y8q4wk��m_hOj # g&hWm=q¢�Oy8z_~Im=wxonh�+�~=hOj§�O��m^e/q4wky8z_j]�Ao�e8�Wq4wky8z=z^e/wxonhOj]��e/wkj�e/zEq]wxzEqnhWo4£�hWz=wxo�~=hOj
~=�Wo4wx£��OhOj¶~R²¡y8on~Ionh

β
V

¹fy8qny8z_j§��m_h�j4w�o4wkhWzªz_h"jnhWs§�=ikhGwxs�g&y#jn��jnm=o�i�² wxz_~Iwk�Oh��`o�e8�Wq�e/i # i�² wxz_~Iwk�Oh"~=h�i�e�~Iwkj4q4o4wx�=m=q4wky8z�j4q�e/�=ikh
~=y8wxq �Em^e/z�q +}ixm=w$uWq4onhvj4q4o4wk�WqnhWsthWz�q;�Oy8s�g=o4wkj hWzEq4onh ! hWq c V���wIikh·ixwkhWz���m=wIm=z=wxq�qnhWs�g_j �Ao�e8�Wq�e/i=hWq ~=�Wo4wx£��Oh
�`o�e8�Wq4wky8z=z^e/wxonh!e/o4o4wx£�hh+9uWq4onh}jny8ixwk~Iw&%^� # wxi5jnhWo�e§e/iky8onj¦g5y#jnj4wx�=ikh¶~=hf�Oy8zEq4o�e/wxz_~Ionh!ikh¶sty�~=rWikhf~=�O�Wo4wx£#e/zEqvikhOj
g=wkrW��hOjl�`o�e8�Wq�e/ikj # hWz�wxs�g5y#j�e/z�q

0 < β < 1
# £�y8wxonh�hWz�~=�WqnhWo4s�wxz^e/z�q}i�e�£8e/ikhWm=o+~=h

β
V

¹fy8qny8z_j��OhWg5hWz_~_e/zEqU��m_h i�² u�p�g5y8q4u_rOjnh
(H)

jnhWs§�=ikh¦evg=o4wky8o4w(e8j�jnh�n;�Oy8zEq4o�e/wx�#z^e/z�qnh#V"5�e+��m_hOj4q4wky8z§jny8m_j4�
'ne8�OhWzEqnh!hOj4q;i�e]j4m=wx£#e/zEqnh¢´EikhOj¦�O��m^e/q4wky8z_j¦y8�=qnhWz�m_hOjvstyPp�hWz=z^e/z�q¶�OhWq4qnh¶u�p�g5y8q4u_rOjnhfy8zEq ��hWixikhOjlhWz_�Oy8onhfm=z
�Oy8zEqnhWz�m�g=u�p(j4wk��m_h��
x}z_h!on�Wg&y8z_jnh9+��OhOj¶~=hWm$3�g=ony8�=ikrWsthOj}g&hWm=q>uWq4onh§hWzE£(wkj�e/���Oh§hWz�m=q4wxixwkj0e/zEq¶m=z�g=o4wxz_�Wwxg&h]~=hasty8wxz_~Ionh

e8�Wq4wky8z �`o�e8�Wq4wky8z=z^e/wxonh#V¦�Ie/z_j�m=q4wxixwkj�hWoti�² uEp(g&y8q4u_rOj�h
(H)
# �OhWixm=w����Ww+g5hWm=qtg5hWo4sthWq4q4onh�~=h�onhWq4ony8m=£�hWoGikhOj

�O��m^e/q4wky8z_j 9 XIV�X {(: V?¹}y8m_j z_y8m_j��Oy8z�qnhWzEqny8z_j"~R²¡hWs�g=ikyPp�hWoGikh�qnhWo4sth (WhWz�£�wkj�e/���Oh[( # �Pe/o¢z_y8m_jGjny8s�sthOj
�Oy8z_jn�WwkhWz�qnj¢��m�² wxi;jnhWs]�=ikhGqny8m"'4y8m=onj]g&y#jnjnwx�=ikht~=hGjP² wxz�qnhWo4ony8��hWo¢jnm=o§i�e�jnwx�#z=w&%^�Pe/q4wky8z�hWq]i�e�£8e/ixwk~Iwxqn��~Im
g=o4wxz_�Wwxg5h§~=hasty8wxz_~Ionh¢e8�Wq4wky8z # hWq¶~=hasGe/z=wkrWonh§g=ixm_j+���Wz_�Wo�e/ikh]j4m=o+i�e on�Pe/ixwxqn��~R² m=zCsty�~=rWikh�sGe/q4u_�WsGe��
q4wk��m_h#V

��Z�[ Q&Fª«�:IH�JA<�J`>`J-HP¬�: �&@ETCS N «�L8J N TEJA«�@�B�@CF�Q�J N BUL/@�:=T#H�JAQ N ��L/:=T#H�JAQ N�N :_JAL/@
¥¦y8s�sthty8zªi�²�e�£�m/+�q4o�eP£�hWonj§ikhOja�`y8o4s]m=ikhOj]~R² wxz�qn�W�#o�e/q4wky8z�g^e/o�g^e/o4q4wkhOj # ikhOj§y8g5�Wo�e/qnhWm=onja�`o�e8�Wq4wky8zI�

z^e/wxonhOj+g^e8j�jn�ahWqv�Am=q4m=o}jny8zEq+ixwk�Oj�V
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|>%_z�~=h¢g=onhWz_~Ionh�hWz
�Oy8s�g=qnht�OhWq4qnh �Oy(h43(wkj4qnhWz_�Oh g5y#jnj4wx�=ikh¢~_e/z_jaikhOj!�O��m^e/q4wky8z_j!�Ao�e8�Wq4wky8z=z^e/wxonhOj #�: V
¥·onhOjnjny8z = � A # ��m=wRm=q4wxixwkjnhaikhOj+~=�Wo4wx£��OhOj}~=h�d+wkhWsGe/z=zI� 5Rwky8m=£(wxixikh # wxz�q4ony�~Im=wxq}i�²¡y8g&�Wo�e/qnhWm=o}j4m=wx£8e/z�q§´
������������������� �(VP# � R 7�a 0 < α < 1

�
0 < β < 1

�
µ ∈ C

�<R"T 0R23( T�LVP N46 RO&*24abJmP-)O7Ba Dα,β
µ
&$J"a@?

Dα,β
µ =

1

2
(aDα

t − tDβ
b ) + µ

i

2
(aDα

t + tDβ
b )

9 �_V c;:

5�h§g^e/o�e/strWq4onh
µ
z�²�e�g^e8jf~=h§jnhWz_j}g=uEpIj4wk��m_h # wxiUg&hWo4sthWqfj4wxs�g=ikhWsthWzEqa~=h¢jnhaonhOj4q4onhWwxz_~Ionh�e/m�g^e8j�jn�

y8mCe/m��`m=q4m=oPV_�?³RhO�Wq4wx£�hWsthWzEq #
� j4w

µ = −i
# Dα,β

µ = aDα
t
#

� j4w
µ = i

# Dα,β
µ = −tDβ

b

V
5�h!q4u_�Oy8onrWsth   ~=haq4o�e8~Im=wxq}e/iky8onj¶~=h!i�e�sGe/z=wkrWonh�j4m=wx£#e/zEqnhag5y8m=o¶�OhWq¶y8g5�Wo�e/qnhWm=o§´

∫ b

a

[

Dα,β
µ f(t)

]

g(t) dt = −
∫ b

a
f(t)

[

Dβ,α
−µ g(t)

]

dt
9 �_V {(:

�^e/wkjny8z_j¶~=has uWsthag5y8m=olikhOj+~=�Wo4wx£��OhOj}~=h§¥ve/g=m=qnyI1
������������������� �^VP# � R 7�a 0 < α < 1

�
0 < β < 1

�
µ ∈ C

�<R"T 0R23( T�LVP N46 RO&*24abJmP-)O7Ba CDα,β
µ
&$J"a@?

CDα,β
µ =

1

2
(Ca Dα

t − C
t Dβ

b ) + µ
i

2
(Ca Dα

t + C
t Dβ

b ), µ ∈ C
9 �_V�X :

5�hvq4u_�Oy8onrWsth¶�¶��e/wkj�e/zEq;wxzEqnhWo4£�hWz=wxo;~=hOj qnhWo4sthOj;~=hv�&y8on~=j # e/ixik�W��hOy8z_j;ikhOj?z_y8q�e/q4wky8z_j;hWz�wxzEq4ony(~Im=wkj�e/z�q
i�²¡y8g5�Wo�e/qnhWm=o}j4m=wx£#e/zEq�´

������������������� �=VP# S�RmLOP α,β
µ [., .]t2t1

N�6 R'&*24abJmP-)O7Ba@0R23( T�L3&$Jma@?

α,β
µ [f, g]t2t1 =

1

2
(1 + iµ)g(t2)t1D

−(1−α)
t2 f(t2) −

1

2
(1 − iµ)g(t1)t1D

−(1−β)
t2 f(t1)

9 �_V � :

5�e��`y8o4s]m=ikha~R² wxzEqn�W�#o�e/q4wky8z�g^e/o¦g^e/o4q4wkhOjvg=onhWz_~�e/iky8onjvi�ea��y8o4sth!j4m=wx£#e/zEqnhfg&y8m=o¦i�²¡y8g5�Wo�e/qnhWm=o CDα,β
µ

´
∫ b

a

[

CDα,β
µ f(t)

]

g(t) dt = −
∫ b

a
f(t)

[

CDβ,α
−µ g(t)

]

dt + α,β
µ [f, g]ba + β,α

−µ [g, f ]ba
9 �_V�b :

5�hOj+~=�W£�hWiky8g=g5hWsthWzEqnjfj4m=wx£#e/zEqnj¶£�y8zEq>uWq4onha�^e8j��Oj+j4m=o+�OhOj¶y8g5�Wo�e/qnhWm=onjPV

��ZVi�ZtY >AQ N °^@�F�@ N H �±L�:=T#H�JAQ NUN :_JAL�@ Z 	 �ae/z_j �Oh g^e/o�e/�#o�e/g=u_h # ikh q±p�g5h ~=h ~=�Wo4wx£��Oh m=q4wxixwkjn�
9 d+wkhWsGe/z=zI� 5�wky8m=£�wxixikh�y8m ¥ve/g=m=qny : z�² wxzEqnhWo4£(wkhWzEq©g^e8jPV 5�hOj�on�Oj4m=i�e/qnj�jny8z�q�£#e/i�e/�=ikhOj�g5y8m=o�ikhOj�~=hWm$3
q�p(g5hOjl~=hf~=�Wo4wx£��OhOj�VB5�hOjvz_y8q�e/q4wky8z_j

aDα
t

hWq
tDβ

b

hWz=�#iky8�&hWony8z�q+wk�Ww5ikhOj¦~=�Wo4wx£��OhOj¶~=hfd¶wkhWsGe/z=zI� 5Rwky8m=£(wxixikh
hWq+�OhWixikhOj¶~=h¢¥ve/g=m=qny=V
5�²¡y8�=qnhWz�q4wky8z ~R²¡�O�Em^e/q4wky8z_j��Ao�e8�Wq4wky8z=z^e/wxonhOjGg&hWm=q�jnh"��e/wxonh�~=h�i�e©sGe/z=wkrWonh�j4m=wx£#e/zEqnh
´�g^e/o4q�e/z�qG~=hOj

�O��m^e/q4wky8z_j+�Wi�e8jnj4wk��m_hOj # y8z�onhWs�g=i�e8�Ohai�e ~=�Wo4wx£��OhaqnhWs�g5y8onhWixikhag^e/o+i�²¡y8g5�Wo�e/qnhWm=o Dα,β
µ

V^¥¦hWq4qnh�~=�WsGe/on��u_h
hOj4q��OhWg5hWz_~_e/zEq��O��m=wx£�y���m_h�~Im ��e/wxq�~=hOj�sGe/m=£#e/wkjnhOj�g=ony8g=o4wk�Wqn�Oj�~=hOj�~=�Wo4wx£��OhOj��`o�e8�Wq4wky8z=z^e/wxonhOjPV+�?e/o
h43=hWs�g=ikh # j4w^~_e/z_j·ikh¶�Pe8j·�Wi�e8jnj4wk��m_h # m=z_h¶�O��m^e/q4wky8z�~Iw�³5�WonhWz�q4wkhWixikh}~R²¡y8on~Ionh

k ≥ 1
g5hWm=q � uWq4onh+o�e/sthWz_�Ohh+

m=z_h¦�O�Em^e/q4wky8z�~R²¡y8on~Ionh cm# wxi(z�²¡hWz¢£8e+g^e8j�~=h·s uWsth¦g&y8m=o�ikh¦�Pe8j��`o�e8�Wq4wky8z=z^e/wxonh # �Pe/o
aDα

t aDβ
t 6= aDα+β

t

V
5�hOj¢�O�Em^e/q4wky8z_j �Wi�e8jnjnwk�Em_hOj]~=y8wx£�hWzEq�~=y8z_�Gg5y8m=£�y8wxoMuWq4onhG�O�Wo4wxqnhOj jny8m_j]m=z_h�(1�5y8z=z_ht��y8o4sth[( # g5y8m=o

��m�² wxi!j�y8wxq�g5y#jnj4wx�=ikh�~R²¡h1³RhO�Wq4m_hWo�i�e�j4m=�_j4q4wxq4m=q4wky8z�V : V¶¥·onhOj�jny8z = � Aw%�3=hCm=z �Pe8~Ionh�g=on�O�Wwkj�g5y8m=o��OhOj
�O��m^e/q4wky8z_jPV65�e�q4o�e/z_j �`y8o4sGe/q4wky8z d

dt → Dα,β
µ

jnm=o��OhOj§�O��m^e/q4wky8z_j]hOj4q§e/iky8onj]�Em^e/ixw&%^�Oh"~=h@&
N
R"T��B)�K )�TUP
8 a J[c PVLVR"TUT
J"LOa�)WVf�Ie/z_j�hWzEq4onhWo�~_e/z_j�ikhOj�~=�Wq�e/wxikj # z_y8m_j�z_y8m_j��Oy8zEqnhWz�qnhWony8z_j©~=h
~Iwxonh��Em_h�i�²¡�O��m^e/q4wky8z
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~R²¡� m=ikhWo � 5�e/�#o�e/z=��h ∂L
∂v (t, x, v) = ∂L

∂x (t, x, v)
hOj4q!�O�Wo4wxqnh¢j�y8m_jf�OhWq4qnh (1�5y8z=z_h]�`y8o4sth[(8V � z©g&hWm=q�e/iky8onj

h1³RhO�Wq4m_hWo+m=z�g=iky8z=��hWsthWzEq¶�Ao�e8�Wq4wky8z=z^e/wxonh 1

��
 �Z��������� ��� � Y >-Q N °�@�F�@ N Ht��L/:=T#H�JAQ N�N :_J-L/@�B�@C>��x¬E��SU:IH�JAQ N B�� � SU>A@EL � � :=°�L�: N °^@ !
S�R"LVP

L(t, x, v)
7�T A6J��"abJ"T��"L/)4T/J(0mK-L \ \4LEQ�NN) & LE) 0"L �F24a4)4TUPVLeJBQ4N+)4* H AP)X&
N&RmT��B)4K.)4TUP 8 abJ[cdPVLeR"T�T
J"LOa4) 0B)N46 2�<
7$JmPVLeR"T 0$6 K�7BNN)4a6$ A6J��"abJ"T��B)�)�\4PtJ"N
R"a \�0;R"T�T32 &$J"a@?

Dα,β
µ

(

∂L

∂v
(t, x(t),Dα,β

µ x(t))

)

=
∂L

∂x
(t, x(t),Dα,β

µ x(t))
9 �_V ¨(:

º±iRz�²¡hWz�£8e �OhWg5hWz_~_e/zEq}g^e8j+~=h!s uWsth�g5y8m=olikhOj+�O��m^e/q4wky8z_j¶~=h�,!e/s�wxixqny8z�1=wxi�z�²¡hOjnqlg^e8j+g5y#jnj4wx�=ikha~=h
ikhOjag=iky8z=��hWo§~IwxonhO�WqnhWsthWz�qPV�¹fy8m_jag5y8m=£�y8z_j��OhWg&hWz_~_e/z�q]j4m=wx£(onh i�e�s uWstht~=�WsGe/on��u_hG��m_h�~_e/z_jaikh��Pe8j
�Wi�e8jnj4wk��m_h # hWz�~=�4%_z=wkjnj0e/zEq+m=z�jnp(j4qnrWsth!u^e/s�wxixqny8z=wkhWz +¢g^e/o4q4wxo}~R² m=z�jnp(j4qnrWsth!i�e/�#o�e/z=�#wkhWz�V
� z��Oy8z_j4wk~=rWonh�m=zX5�e/�#o�e/z=�#wkhWz

L
e/m=qny8z_y8sth 9 ∂L

∂t = 0
:4# e8~Is�wkjnj4wx�=ikh # hWq}�Em=w�j�e/q4wkj4��e/wxq+i�e¢g=ony8g=o4wk�Wqn�

~=hE5�hW��hWz_~Ionh # �#²¡hOj4q �0+���~IwxonhfqnhWi&��m_h}i�ea��y8z_�Wq4wky8z
v 7−→ ∂L

∂v (x, v)
hOjnq;wxzE£�hWonjnwx�=ikh!g&y8m=o¦qny8m=q

x
VEº±i5h43(wkj4qnh

e/iky8onjlm=z_h!��y8z_�Wq4wky8z
f
qnhWixikh���m_h

v = f(x, p)
V

�ae/z_jlikha�Pe8j+�Wi�e8jnjnwk�Em_h # y8z�~=�4%_z=wxq!e/iky8onjlikhasty8sthWz�q
p
g^e/o

p(t) =
∂L

∂v
(x(t), v(t))

9 �_V   :

5�h�,!e/s�wxixqny8z=wkhWz
H
e8jnjny(�Wwk�w+

L
hOj4q¶e/iky8onj¶~=�4%_z=w�g^e/o

H(x, p) = pf(x, p) − L(x, f(x, p))
9 �_V�� :

�ae/z_jRikh?g=iky8z=��hWsthWzEqU�`o�e8�Wq4wky8z=z^e/wxonh;~=h?i�²¡�O��m^e/q4wky8z]~R²¡� m=ikhWo � 5�e/�#o�e/z=��h # ∂L
∂v (x(t), v(t))

hOj4qRonhWs�g=i�e8�O�
g^e/o ∂L

∂v (x(t),Dα,β
µ x(t)

1=y8z�hOj4ql~=y8z_���Oy8z_~Im=wxq>+ ~=�4%_z=wxo+ikh!sty8sthWz�ql�Ao�e8�Wq4wky8z=z^e/wxonh 9 �Em_h!i�²¡y8z�z_y8qnhWo�e
hWz_�Oy8onh

p
: g^e/o§´

p(t) =
∂L

∂v
(x(t),Dα,β

µ x(t))
9 �_V�� :

5�e]��y8z_�Wq4wky8z
f
£��Wo4w&%^hv+¢g=on�OjnhWz�q Dα,β

µ x = f(x, p)
V

5�hOj!�O��m^e/q4wky8z_ja~=h-,!e/s�wxixqny8z�e8jnjny(�Wwk�OhOjh+"�OhM,!e/s�wxixqny8z=wkhWzªjny8zEq�e/iky8onja~=y8z=z_�OhOj!g^e/o!ikh]q4u_�Oy8onrWsth
j4m=wx£#e/zEq§´

��
 �Z��������� ��� � Y >-Q N °�@�F�@ N Ht��L/:=T#H�JAQ N�N :_J-L/@EDGBU@�Dt¬E��SU:IH�JAQ N DtBU@ � :_F�J`>-HPQ N !
S�R"LVP

L(x, v)
7�T�A2J �"a JmT��"L/)4T)JD7$PSR"T
R"K.)MJ(0"KML \ \4LEQ4N+)w\�JmPVL \ 8 J"L \�J"TUP N&J�&
abR'&
a4LE2dP-2 0B)�A$)��R)4T�0"a4) H S�R"LVP

p
NN) K R"K.)4TUP 8 abJ[cdPVLeR"T�T�J"L a4) 0R23( T�L &$J"a

p(t) = ∂L
∂v (x(t),Dα,β

µ x(t))
� LON�)�L"L \4P-) 7�T ) 8 RmT
cdPVLeR"T

f
P-)4N N+)

<�7J) Dα,β
µ x = f(x, p) H S�RmLOP H N+)EH�J"KMLONQPSR"TULE)4T 0B23( T�L3&$J"a@?

H(x, p) = pf(x, p) − L(x, f(x, p)) H
� N
R"a \ H

=Z24a4L (�)vNN)�\@24<�7$J[PVLVR"T�\w\'7BLC= JmTUP-)�\@?
{

Dα,β
µ x(t) = ∂H

∂p

Dα,β
µ p(t) = −∂H

∂x

9 �_V c !(:

W )�\�2�<�7�JmPVLeR"T�\w\ )4a RmTUPtJO&(&*)4N+24)�\�g=iky8z=��hWsthWzEq}�`o�e8�Wq4wky8z=z^e/wxonh§~=hOj+�O��m^e/q4wky8z_j¶~=hw,!e/s�wxixqny8z H



��� ����� � ��� �
	��
� �	����� ������� �	��� ����������� � � � ��� �	�	������� � �

f@24K R"T�\4PVabJmPVLeR"T^V$# � ² m=z_hag^e/o4q #

∂H

∂p
=

∂

∂p
(pf(x, p) − L(x, f(x, p)))

= f(x, p) + p
∂f

∂p
− ∂f

∂p

∂L

∂v

= f(x, p) + p
∂f

∂p
− ∂f

∂p
p

= f(x, p) = Dα,β
µ x

� ²�e/m=q4onhag^e/o4q #

∂H

∂x
= p

∂f

∂x
− ∂L

∂x
− ∂L

∂v

∂f

∂x

= −∂L

∂x

= Dα,β
µ

∂L

∂v
= Dα,β

µ p

d¶hWsGe/on��m_y8z_j;��m�²¡hWz"j�hlonhOj4q4onhWwx�#z^e/zEqle/m"�Pe8j;g^e/o4q4wk�Wm=ixwkhWo Dβ,0
−i

hWq
a = 0

# ikhOj;�O��m^e/q4wky8z_j 9 �_V c !(: jny8zEq
j4wxs�wxi�e/wxonhOjt+!�OhWixikhOj�~=h¶��q�e/z=wkj4i�eO£Ij4¤(p 9 XIV�X {(: e/m�z=wx£�hPe/mG~=hOj�y8g5�Wo�e/qnhWm=onj �`o�e8�Wq4wky8z=z^e/wxonhOj # �Oh¶�Em=w"' m_j4q4w&%^h
e¢g5y#j4qnhWo4wky8o4w�i�e�~=�Wz_y8s�wxz^e/q4wky8z©~=h5&
N
R"T��B)4K.)4T
P·g5y8m=o¶��m^e/ixw&%^hWo+i�e ~=�WsGe/on�nu_h¢~=ha�OhWq}e/m=qnhWm=oPV
� on�O�Wwkjny8z_jlhWz$%_z���m_hfi�e�g=ony(�O�O~Im=onha~=hfg=iky8z=��hWsthWzEq}e§g&y8m=o+eP£8e/z�q�e/��h�~=h¶g5y8m=£�y8wxo+~Iwkjnjny(�WwkhWo¦g^e8jnjn�

hWqv�`m=q4m=o # hWz���u_y8wkj4wkjnj�e/z�q+onhOj4g5hO�Wq4wx£�hWsthWzEq
µ = −i

hWq
µ = i

# �Oha��m=w5g&hWm=q+j�hWs§�=ikhWov(1o�e8jnj4m=o�e/z�q*(a~R² m=z
g5y8wxzEq¶~=ha£(m_h!g=uEpIj4wk��m_h#V
x}z_h}��m_hOj4q4wky8z�ik�W�#wxq4wxsthfhOjnq¦~=hfj�eO£�y8wxolj4w�ikh¶g=iky8z=��hWsthWz�ql�`o�e8�Wq4wky8z=z^e/wxonhfj�h¶q4ony8m=£�hhuWq4onhM(1i�e�(+�5y8z=z_h

sGe/z=wkrWonh�~R²¡y8�=qnhWz=wxo¶~=hOj¶�O�Em^e/q4wky8z_jv�`o�e8�Wq4wky8z=z^e/wxonhOjPV�¹}y8m_j+e/ixiky8z_j+h1³RhO�Wq4wx£�hWsthWzEq}g=on�OjnhWzEqnhWo}m=z_h�e/m=q4onh
st�Wq4u_y(~=h # ��m=w^z_hl��y8m=o4z=wxq;g^e8j;ikhOj;s uWsthOj¦�O��m^e/q4wky8z_j·~_e/z_j;ikh¶�Pe8j����Wz_�Wo�e/i�V=¥¦y8s�sthWzEqlj�eP£�y8wxo;i�e8��m_hWixikh
�nu_y8wkjnwxo � 5�e
jnhO�Oy8z_~=h # �^e8jn�Oh�j4m=otm=z g=o4wxz_�Wwxg&h�~=h�sty8wxz_~IonhCe8�Wq4wky8z # g&hWm=qGj�hWs§�=ikhWoGg=ixm_jtik�W�#wxq4wxsth#V
� ixikh��Oy8z_~Im=wxq+�OhWg5hWz_~_e/zEqf~_e/z_jlikha�Pe8jv���Wz_�Wo�e/iZ+ ~=hOjl�O��m^e/q4wky8z_jl��e/wkj�e/zEq¶e/g=g^e/o�e �kq4onh§~=h!sGe/z=wkrWonhaz_y8z
~Iwkjnjny(�Ww�e/�=ikh�ikhOj�y8g5�Wo�e/qnhWm=onj�g^e8jnjn��hWq �`m=q4m=o 9 ikh���u_y8w&3

µ = −i
z_h��Oy8z_~Im=wxq�g=ixm_j +©~=hOj��O�Em^e/q4wky8z_j

�Pe/m_j�e/ikhOj : V

��Z � ZtY L/J N TEJA«�@�B�@CF�Q�J N B�L/@�:=T#H�JAQ N ��L/:=T#H�JAQ N�N :_JAL/@ Z 	
� H�� H , H _6R"a4K JmN L \�K.)XN&J �"a JmT��"L/)4T^VU# �!e/z_j"ikh��Pe8j��Wi�e8jnj4wk��m_h # jnw

L(t, x, v)
~=�Ojnwx�#z_h�ikh�5�e/�#o�e/z=�#wkhWz

~R² m=z�j4pIj4qnrWsth # y8z�ixm=w�e8j�jny��Wwkh!i�e]��y8z_�Wq4wky8z=z_hWixikh L ~=�4%_z=wkh�g^e/o

L : C1(]a, b[) −→ R

x 7−→
∫ b

a
L(t, x(t), dx

dt (t)) dt

9 �_V c#c;:

5�²¡�O��m^e/q4wky8z ~R²¡� m=ikhWo � 5Ue/�#o�e/z=��h©hOjnqty8�=qnhWzEm_h�iky8onj��Em_h��OhWq4qnh��`y8z_�Wq4wky8z=z_hWixikh©hOj4qth43Iq4onhWsGe/ikh#V;�ae/z_j
qny8m=qnh!i�e¢j4m=wxqnh # y8z�jnhfonhOj4q4onhWwxzEq¶e/m��Pe8jly"q

L
hOj4q+e8~Is�wkjnj4wx�=ikh#V=�ae/z_jl�Oha�Pe8j # L hOjnqv~Iw�³R�WonhWzEq4w�e/�=ikh 1�y8z

y8�=q4wkhWzEqf~=y8z_�ai�²¡�O��m^e/q4wky8z�~R²¡� m=ikhWo � 5�e/�#o�e/z=��h hWz�e/z=zEm=i�e/z�q}i�e ~Iw�³R�WonhWzEq4wkhWixikh¢~=h L V
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� z�g=ony��OrO~=h�~=h�s uWsthGg5y8m=o]ikh��Pe8j]�Ao�e8�Wq4wky8z=z^e/wxonh 1 y8z �Oy8z_j4wk~=rWonh�ikh"s uWsth�5�e/�#o�e/z=�#wkhWz
L
��m_h

g=on�O�O�O~=hWs�sthWzEqPV¦¥¦h"��u_y8w&3�hOj4q¢sty8q4wx£��Gg^e/o ikh���e/wxq �Em_h"ikh�5Ue/�#o�e/z=�#wkhWz�z�²¡hOjnq¢��m�² m=z_ht��y8z_�Wq4wky8z ~=hOj
�Oy(y8on~=y8z=z_�OhOj

x
hWq

v
1¦ikhOj�uEp(g5y8q4u_rOjnhOj���e/wxqnhOj�j4m=o��OhWixikhOj ���Ww 9 �Oy8s�sth�g^e/o�h43IhWs�g=ikh
jnm=g=g&y#jnhWo���m_h

Dα,β
µ x(t) = v(t)

: z_ha�nu^e/z=��hWzEqfg^e8jli�e]��y8o4sth�~=h
L
V

¥¦y8z_j4wk~=�Wony8z_j}~R²�e/�&y8on~�ikha�Pe8j¶~=hOj¶~=�Wo4wx£��OhOj¶~=had¶wkhWsGe/z=zI� 5Rwky8m=£(wxixikh#V
5�eC��y8z_�Wq4wky8z=z_hWixikh��`o�e8�Wq4wky8z=z^e/wxonhCe8jnjny(�Wwk�Oh 9 �Em_h�i�²¡y8z z_y8qnhWo�e
qny8m"' y8m=onj L : hOj4q +©g=on�OjnhWzEq"~=�4%_z=wkh�Oy8s�stht´

L : α
aEβ

b −→ R

x 7−→
∫ b

a
L(t, x(t),Dα,β

µ x(t)) dt

9 �_V cP{(:

¥ve/ik�Wm=iky8z_j¶j0e ~Iw�³5�WonhWz�q4wkhWixikh 1
�(y8wxq

x ∈ α
aEβ

b

#
h ∈ V ar(a, b)

hWq
ε > 0

1

L(x + εh) =

∫ b

a
L(t, x(t) + εh(t),Dα,β

µ x(t) + εDα,β
µ h(t)) dt

= L(x) + ε

∫ b

a

∂L

∂x
(t, x(t),Dα,β

µ x(t))h(t) dt

+ε

∫ b

a

∂L

∂v
(t, x(t),Dα,β

µ x(t))Dα,β
µ h(t) dt + o(ε)

� z�m=q4wxixwkjnhv+¢g=on�Oj�hWzEq¶i�e¢onhWi�e/q4wky8z 9 �_V {(: ´
∫ b

a

∂L

∂v
(t, x(t),Dα,β

µ x(t))Dα,β
µ h(t) dt = −

∫ b

a
Dβ,α

−µ

∂L

∂v
(t, x(t),Dα,β

µ x(t))h(t) dt
9 �_V c X :

5�e ~Iw�³R�WonhWzEq4wkhWixikh¢~=h L hWz
x
hOj4q+~=y8z_��~=y8z=z_�Ohag^e/o]´

dL(x, h) =

∫ b

a

[

∂L

∂x
(t, x(t),Dα,β

µ x(t)) −Dβ,α
−µ

∂L

∂v
(t, x(t),Dα,β

µ x(t))

]

h(t) dt
9 �_V c � :

¥¦y8s�sth z_y8m_j§e/ixiky8z_j!ikh £�y8wxoag^e/oai�e�j4m=wxqnh # i�²¡hOj4g^e8�Oh�~=hOj!£#e/o4w�e/q4wky8z_j��Oy8z_~Iwxq4wky8z=z_hGi�et��y8o4sth�~=h i�e
~Iw�³R�WonhWzEq4wkhWixikh#V^¹fy8m_jlg=on�O�Wwkjny8z_j}~=y8z_�ai�e z_y8q4wky8z�~R²¡h43Iq4onhWs§m=s�g&y8m=o L ´
������������������� �^VP# S�RmLOP

P ⊂ α
aEβ

b

�
x ∈ α

aEβ
b H%� N
R"a \ x

)�\�PI0"LVP-)
P
$ )�L[PVa�)4K J"N+)X&$RD7Ba L \�L3&�RD7�a-PSRD7$P

h ∈ P
�
dL(x, h) = 0 H

¹fy8m_jlg&y8m=£�y8z_j +¢g=on�OjnhWzEqf�Wz_y8z_�OhWo+ikhaq4u_�Oy8onrWsth§jnm=wx£8e/z�q�´
��
 �Z��������� � � ��� ��SU:IH�J-Q N B � � S�>A@EL � � :=°�L�: N °^@C��L/:=T#H�JAQ N�N :_JAL/@ !�V$# S�RmLOP

L
7BT A2J��"abJ"T��mLE)4T

J(0"KML \ \4LEQ4N+)�� L N
J 8 R"T
cdPVLeR"T�T )4N N+) 8 abJ[cdPVLeR"T�T�J"L a4)9J]\ \dR c�L/24) H S�R"LOP x ∈ α
aEβ

b H
� N
R"a \ x

)�\�P α
aEβ

b

$ )4LmPVa�)�K JmNN) &$R 7�a L \�LM)�P \ )O7�N+)4K.)4TUP \�L x =D24a�L (�) N�6 2�<�7�JmPVLeR"T 0$6 K 7�N+)4a6$ A2J �"a JmT��B)8 a J[c PVLVR"TUT
J"LOa�)�\'7BL>= J"TUP-) ?

Dβ,α
−µ

(

∂L

∂v
(t, x(t),Dα,β

µ x(t))

)

=
∂L

∂x
(t, x(t),Dα,β

µ x(t))
9 �_V c b :

f@24K R"T�\4PVabJmPVLeR"T^V$# ��w!i�²¡�O��m^e/q4wky8z 9 �_V c b : hOjnq"£��Wo4w&%^�Oh # e/iky8onj��=wkhWz j��=o
dL(x, h) = 0

g&y8m=o�qny8m=q

h ∈ α
aEβ

b

V^d¶�O�Wwxg=ony(�Em_hWsthWz�q # y8z��Oy8z_j4wk~=rWonhaikh§�Pe8j

h(t) =

[

∂L

∂x
(t, x(t),Dα,β

µ x(t)) −Dβ,α
−µ

∂L

∂v
(t, x(t),Dα,β

µ x(t))

] 9 �_V cP¨(:
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� �	����� ������� �	��� ����������� � � � ��� �	�	������� � �

� zCe�e/iky8onj

0 =

∫ b

a

[

∂L

∂x
(t, x(t),Dα,β

µ x(t)) −Dβ,α
−µ

∂L

∂v
(t, x(t),Dα,β

µ x(t))

]2

dt
9 �_V c�  :

� z��Oy8z_�Wixm=q¶��m_h
∂L

∂x
(t, x(t),Dα,β

µ x(t)) −Dβ,α
−µ

∂L

∂v
(t, x(t),Dα,β

µ x(t)) = 0
9 �_V c � :

¥¦hWq4qnhf�O�Em^e/q4wky8z�~=�WqnhWo4s�wxz_h!hWzEq4wkrWonhWsthWz�qli�e§~Ip(z^e/s�wk�Em_hf~R² m=z�j4pIj4qnrWsth+i�e/�#o�e/z=�#wkhWz��`o�e8�Wq4wky8z=z^e/wxonh#V

� qnhWz_~=y8z_jE+¢g=on�OjnhWzEq}ikhOjlon�Oj4m=ixq�e/qnj¶~=h : V�¥·onhOjnjny8z�g5y8m=o+ikhOj+~=�Wo4wx£��OhOj}~=h§¥ve/g=m=qny=V
5�hOj¢~=�Wo4wx£��OhOj]~=h�¥ve/g=m=qny���y8zEq e/g=g^e/o�e �kq4onh�~=hOj�qnhWo4sthOj j4m=g=g=ik�WsthWzEq�e/wxonhOj ~_e/z_j]i�e���y8o4s§m=ikh�~R² wxzI�

qn�W�#o�e/q4wky8z g^e/o"g^e/o4q4wkhOjPV·¥¦y8s�sthC~_e/z_jtikh��Pe8j"�Wi�e8jnj4wk��m_h # y8z onhOj4q4onhWwxz�qGi�²¡hOj4g^e8�Oh�~=hOjG£8e/o4w�e/q4wky8z_j�hWz
wxs�g5y#j�e/zEq¶~=hOj¶�Oy8z_~Iwxq4wky8z_j¶z�m=ixikhOj}e/m$3��&y8on~=jPV
� z�wxzEq4ony(~Im=wxq}~=y8z_��i�²¡hOj4g^e8�Oh�~=hOjl£#e/o4w�e/q4wky8z_j¶j4m=wx£#e/zEq21

������������������� �=VP# S�RmLOP CV ar(a, b)
N�6 )4T�\ )4K.Q4NN) 0R23( T�L�&$J"a ?

CV ar(a, b) = {h ∈ α
a Ẽβ

b , h(a) = h(b) = 0, aD−(1−α)
b h(a) = aD−(1−α)

b h(b) = 0,

aD−(1−β)
b h(a) = aD−(1−β)

b h(b) = 0 }
9 �_V c � :

�!rOjliky8onj #
∀f ∈ α

a Ẽβ
b , ∀h ∈ CV ar(a, b), α,β

µ [f, h]ba = β,α
−µ [h, f ]ba = 0

9 �_V {m!(:
5�²¡h43Iq4onhWsGe/ikh§~=h!i�e¢��y8z_�Wq4wky8z=z_hWixikh L onhOj4qnh�~=y8z_��~=y8z=z_�Ohag^e/o]´

dL(x, h) =

∫ b

a

[

∂L

∂x
(t, x(t), CDα,β

µ x(t)) − CDβ,α
−µ

∂L

∂v
(t, x(t), CDα,β

µ x(t))

]

h(t) dt
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〈f, g〉 =

∫ b

a
f(t)g(t)dt
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P
⊥ = P

⊥ V^�?³5hO�Wq4wx£�hWsthWz�q #

x P
��h43Iq4onhWsGe/ikhag5y8m=o L ⇔ ∀h ∈ P, dL(x, h) = 0

⇔ ∀h ∈ P, 〈∂L
∂x −Dβ,α

−µ
∂L
∂v , h〉 = 0

⇔
(

∂L
∂x −Dβ,α

−µ
∂L
∂v

)

∈ P
⊥

⇔
(

∂L
∂x −Dβ,α

−µ
∂L
∂v

)

∈ P
⊥

⇔ ∀h ∈ P, 〈∂L
∂x −Dβ,α

−µ
∂L
∂v , h〉 = 0

⇔ ∀h ∈ P, dL(x, h) = 0

⇔ x P
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� z�g5hWm=q+sty8zEq4onhWof�Em_h
CV ar(a, b) = α

a Ẽβ
b

V=�?e/o}�Oy8z_j��O�Em_hWz�q #
x
hOjnq CV ar(a, b)

��h43Iq4onhWsGe/ikh]g&y8m=o

L jnw�hWq+jnhWm=ikhWsthWzEqfj4w
x
hOj4q α

a Ẽβ
b
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x ∈ α

a Ẽβ
b H �

N
R"a�\
x
)�\4P α

a Ẽβ
b
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)O7BN+)4K.)4TUP9\�L
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CDβ,α
−µ

(

∂L

∂v
(t, x(t), CDα,β

µ x(t))

)

=
∂L

∂x
(t, x(t), CDα,β

µ x(t))
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aDα
t

hWq
tDβ

b
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L
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∂t = 0
:4#

e8~Is�wkjnj4wx�=ikh # j�e/q4wkj ��e/wkj�e/zEq+i�e¢g=ony8g=o4wk�Wqn�]~=hw5�hW��hWz_~Ionh#V
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p(t) =
∂L

∂v
(x(t),Dα,β

µ x(t))
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H
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L
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H(x, p) = pf(x, p) − L(x, f(x, p))
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{

Dα,β
µ x(t) = ∂H

∂p

Dβ,α
−µ p(t) = −∂H

∂x
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µ x(t) = ∂H

∂p
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∂H

∂x
= p

∂f

∂x
− ∂L

∂x
− ∂L

∂v

∂f

∂x

= −∂L

∂x
� o #

x
hOjnq+jny8ixm=q4wky8zC~=h 9 �_V c b : j4w�hWq¶jnhWm=ikhWsthWz�q}j4w ∂L

∂x = Dβ,α
−µ

∂L
∂v

V^|¶wxz_j4w #
x
hOj4q¶jny8ixm=q4wky8z�~=h 9 �_V c b :

j4w�hWq+jnhWm=ikhWsthWz�q}j4w ∂H
∂x = −Dβ,α

−µ
∂L
∂v = −Dβ,α

−µ p(t)
V
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H(x, p)
)�P &$Jma�NN)4\@2�<�7�JmPVLVRmT�\ 8 abJ[cdPVLeR"T�T�J"L a4)�\9J]\�\�R cdLE24)4\ ?

{

Dα,β
µ x(t) = ∂H

∂p

Dβ,α
−µ p(t) = −∂H

∂x
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µ

hWq Dβ,α
−µ

~_e/z_j+ikhOj+�O�Em^e/q4wky8z_j # �OhWixikhOj ���Ww
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wxz_~Iony(~Im=wxonh

i�²¡hOj4g^e8�Oh�jnm=wx£8e/z�q§´
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V arα,β(a, b)
�X)�\4P�0B23( T�L3&�J"a@?

V arα,β(a, b) =
{

h ∈ α
aEβ

b , aDα
t h = −tDα

b h, aDβ
t h = −tDβ

b h
} 9 �_V { � :

��w
h ∈ V arα,β(a, b)

# e/iky8onj�´

Dα,β
µ h =

1

2
(aDα

t h − tDβ
b h) + µ

i

2
(aDα

t h + tDβ
b h)

=
1

2
(−tDα

b h + aDβ
t h) + µ

i

2
(−tDα

b h − aDβ
t h)

=
1

2
(aDβ

t h − tDα
b h) − µ

i

2
(aDβ

t h + tDα
b h)

= Dβ,α
−µ h

|>%_z�~R²�eO£�y8wxo m=z_hG£�wkj4wky8z��Wi�e/wxonh"~=hOj]sty(~Iw&%^�Pe/q4wky8z_j wxz_~Im=wxqnhOj]g^e/o¢�OhOj]�Oy8z�q4o�e/wxzEqnhOj # wxz�q4ony�~Im=wkj�y8z_j
qny8m=q¶~R²�e/�5y8on~�i�²¡y8g5�Wo�e/qnhWm=o Aα,β

µ = Dα,β
µ −Dβ,α

−µ

V
¹fy8m_j¶eO£�y8z_jfe/iky8onj

V arα,β(a, b) = Ker Aα,β
µ
V
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∀f, g ∈ α
aEβ

b , 〈Aα,β
µ · f, g〉 =

∫ b

a
Dα,β

µ f(t)g(t)dt −
∫ b

a
Dβ,α

−µ f(t)g(t)dt

= −
∫ b

a
f(t)Dβ,α

−µ g(t)dt +

∫ b

a
f(t)Dα,β

µ g(t)dt

=

∫ b

a
f(t)

(

Aα,β
µ · g

)

(t)dt

= 〈f,Aα,β
µ · g〉

¹fy8m_j¶eO£�y8z_j}~=y8z_�az_y8q�e/s�sthWzEq ImAα,β
µ = (Ker Aα,β

µ )⊥
V

� z�j�haonhOj4q4onhWwx�#z^e/zEqw+ i�²¡hOj4g^e8�Oh]~=hOj+£#e/o4w�e/q4wky8z_j
V arα,β(a, b)

# ikh§�Wo4wxqnrWonh]~R²¡h43(q4onhWsGe/ixwxqn�§g&y8m=o L jnh
q4o�e8~Im=wxq¶~=y8z_��~=h�i�e¢sGe/z=wkrWonh§j4m=wx£#e/zEqnht´
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L
7BT A6J��"abJ"T��"L/)4TXJ(0"KML \ \4LEQ4N+)�� L N
J 8 R"T
cdPVLeR"T�T )4N N+) 8 abJ[cdPVLeR"T�T
JmL a4)>J"\ \�R*c�LE2�) HS�R"LVP

x ∈ α
aEβ

b H
� N
R"a \ x

)�\4P
V arα,β(a, b)

$�)�LmPVa4)4K J"NN)5&$RD7Ba L \4LI)�P \ )O7�N+)4K.)4TUP<\J6 LON$)�L"L \4P-) g ∈ α
aEβ

b

P-)�N$<�7*)

∂L

∂x
−Dβ,α

−µ

∂L

∂v
= Aα,β

µ g
9 �_V�X !(:

f@24K R"T�\4PVabJmPVLeR"T^V$#
x
hOj4q

V arα,β(a, b)
��h43Iq4onhWsGe/ikh§g5y8m=o L j4w�hWq¶jnhWm=ikhWsthWz�q¶j4wRg5y8m=o+qny8m=q

h ∈ V arα,β(a, b)
#
dL(x, h) = 0

V
¥¦y8s�sth

dL(x, h) = 〈∂L
∂x −Dβ,α

−µ
∂L
∂v , h〉 # �OhO�Ww��O�Em=wx£#e/m=q +

(

∂L
∂x −Dβ,α

−µ
∂L
∂v

)

∈ (Ker Aα,β
µ )⊥

V
� z��Oy8z_�Wixm=q}hWz�m=q4wxixwkj0e/zEq¶i�²¡�W�Ee/ixwxqn� ImAα,β

µ = (Ker Aα,β
µ )⊥

V

¹fy8m_j·z�²�eP£�y8z_jl~=y8z_�fg^e8j·m=z=wk�Wwxqn�!~=hfi�e]jny8ixm=q4wky8z�1Iwxi^��e/m=q¦wxs�g&y#jnhWovm=z_h!�Oy8z_~Iwxq4wky8z�j4m=g=g=ik�WsthWzEq�e/wxonh
9 �nu_y8wkjnwxo

g
: e %_z�~=h��Pe/o�e8�Wqn�Wo4wkj�hWo¶hWzEq4wkrWonhWsthWz�qfm=z_haj�y8ixm=q4wky8z�V

�?e/o;h43IhWs�g=ikh # ikhl�nu_y8w&3�ikhv(1g=ixm_j�j4wxs�g=ikh[(+�Oy8z_j4wkj4q�e/zEqt+fg=onhWz_~Ionh
g = 0

onhO~=y8z=z_h¶i�²¡�O�Em^e/q4wky8z 9 �_V c b : 1
i�e}jny8ixm=q4wky8z�~Im �Pe8j����Wz_�Wo�e/i=hOj4q�m=z_hvjny8ixm=q4wky8z¢~Im g=ony8�=ikrWsth¦onhOj4q4onhWwxz�q 9 �`y8o4q�u_hWm=onhWm_jnhWsthWzEq·~R²�e/wxixikhWm=onj : V
5�h¦g5y8wxzEq wxs�g5y8o4q�e/zEq�hOj4q ��m_h·z_y8m_j?g5y8m=£�y8z_j;e/m_jnjnw(��u_y8wkj4wxo

g =
∂L

∂v

1/i�²¡�O��m^e/q4wky8zG~R²¡� m=ikhWo � 5�e/�#o�e/z=��h
~=hW£(wkhWzEq¶~_e/z_j}�Oha�Pe8j§´

∂L

∂x
(t, x(t),Dα,β

µ x(t)) = Dα,β
µ

∂L

∂v
(t, x(t),Dα,β

µ x(t))
9 �_V�X c;:

5�²¡y8g5�Wo�e/qnhWm=o Dβ,α
−µ

z�²�e/g=g^e/o�e �kq¶g=ixm_j # z_y8m_j¶eO£�y8z_jfe/wxz_j4w�~=�O�Oy8m=g=ik�aikh�g^e8jnjn�ahWqlikh!�`m=q4m=o�´
� eP£�hO�

µ = i
# i�²¡�O��m^e/q4wky8zC~R²¡� m=ikhWo � 5�e/�#o�e/z=��h¢~=hW£(wkhWzEq]´

∂L

∂x
(t, x(t),−tDβ

b x(t)) = −tDβ
b

∂L

∂v
(t, x(t),−tDβ

b x(t))
9 �_V�X {(:

� eP£�hO�
µ = −i

# hWixikh�j�²¡�O�Wo4wxq�´

∂L

∂x
(t, x(t), aDα

t x(t)) = aDα
t

∂L

∂v
(t, x(t), aDα

t x(t))
9 �_V�X#X :

� z���e/wxq¶~=h!s uWsthag5y8m=o+ikhOj+~=�Wo4wx£��OhOj¶~=h§¥ve/g=m=qny=V
5�²¡hOj4g^e8�Oh�~=hOj+£8e/o4w�e/q4wky8z_j}hOj4q+j4wxs�wxi�e/wxonht´
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������������������� ��VP# A�6 )�\-&$J[c�) a4)�\�PVa�)4LOTUP 0B)�\ = Jma�LeJmPVLeR"T�\`a�)�N&JmPVL 8 JD7 L 0B24a4LC=D24)�\ 0B) W J'&37BPSR � T�RmP-2
CV arα,β(a, b)

� )�\�P�0R23( T�L3&$Jma@?
CV arα,β(a, b) = {h ∈ CV ar(a, b), C

a Dα
t h = −C

t Dα
b h, C

a Dβ
t h = −C

t Dβ
b h}

9 �_V�X/� :

� z g5y#j�e/z�q CAα,β
µ = CDα,β

µ − CDβ,α
−µ

# z_y8m_j�eO£�y8z_jChWz_�Oy8onh CV arα,β(a, b) = CV ar(a, b) ∩
Ker CAα,β

µ
V

5�h!g=o4wxz_�Wwxg5h�~=hasty8wxz_~Ionh¢e8�Wq4wky8z��Oy8z_~Im=wxq}e/m�s uWsthaon�Ojnm=ixq�e/q§´

��
 �Z��������� � �IVP# S�RmLOP
x ∈ α

a Ẽβ
b H �

N&R"a�\
x
)�\�P CV arα,β(a, b)

$ )4LmPVa�)�K JmNN)M&�RD7�a L \4L )dP \
)�7�N+)4K.)4TUP\*6 LONP)�L"L \4P-)
g ∈ α

a Ẽβ
b

P-)4NP<�7J) ?

∂L

∂x
(t, x(t), CDα,β

µ x(t)) − CDβ,α
−µ

(

∂L

∂v
(t, x(t), CDα,β

µ x(t))

)

= CAα,β
µ g

9 �_V�X#b :

5�e"j4wx�#z=w&%^�Pe/q4wky8z�~=h
V arα,β(a, b)

9 y8m�~=h CV arα,β(a, b)
: hWq}~=h

g
onhOjnqnh§�OhWo4qnhOj!y8�_jn�Wm=onh#VR¥¦hWg&hWzI�

~_e/zEq # �Oh!on�Oj4m=ixq�e/q+z_y8m_jlg^e/o�e �kq}wxzEqn�WonhOjnj0e/zEq¶g5y8m=o+~=hWm$3�o�e/wkjny8z_j�´
� wxiahOj4q�g&y#j�j4wx�=ikh�~R²¡y8�=qnhWz=wxo�~=hOj�jny8ixm=q4wky8z_j��Pe/m_j�e/ikhOj�£(w�eªm=z g=o4wxz_�Wwxg5h�~=h�sty8wxz_~Ionh
e8�Wq4wky8z�1l�Oh
~=hWo4z=wkhWofjnhWs§�=ikh§e/wxz_jnwRonhOj4qnhWo+£#e/ixwk~=h�~_e/z_jlikh��Pe8~Ionh!�`o�e8�Wq4wky8z=z^e/wxonh #

� ikhOjvjny8ixm=q4wky8z_jv�Pe/m_j�e/ikhOjvy8�=qnhWzEm_hOjlj�y8zEq¦wk~=hWzEq4wk��m_hOj +��OhWixikhOjvy8�=qnhWzEm_hOjvg^e/o¦g=iky8z=��hWsthWzEqv�`o�e8�Wq4wky8zI�
z^e/wxonh 1�~_e/z_j ikh+�Pe8j�y"qti�²¡y8z"j�e/wxq;e!g=o4wky8o4w^��m_hli�²¡y8z�£�hWm=q·y8�=qnhWz=wxo;m=z_h+�O�Em^e/q4wky8z"�Pe/m_j�e/ikh # ikhOj;~=hWm$3
st�Wq4u_y(~=hOjvjny8zEqv�O�Em=wx£#e/ikhWzEqnhOj�V�5�hf�nu_y8w&3��Oy8o4z_�WixwkhWz���m^e/zEqI+]j�eO£�y8wxov�Em_hWixikh}~=�WsGe/on�nu_h!g=o4wx£(wxik�W�#wkhWo
~Iwkj4g^e/o�e �kqt~=h�ixm=w���s uWsth
´�i�²¡�O��m^e/q4wky8z q4ony8m=£��Oh�hOjnq �Pe/m_j0e/ikh"qny8m=qthWz £��Wo4w&%�e/z�q�m=z�g=o4wxz_�Wwxg5h�~=h
sty8wxz_~Ionh¢e8�Wq4wky8z�V

� q4m_~Iwky8z_j?sGe/wxz�qnhWz^e/zEq;�Oh¦�Em�² wxi=hWz hOj4q�g&y8m=o�ikh·�`y8o4sGe/ixwkj4sth·u^e/s�wxixqny8z=wkhWz�V�¥¦y8s�sth¦g=on�O�O�O~=hWs�sthWzEq #
ikhOjlon�Oj4m=ixq�e/qnj¶jny8zEqlikhOjls uWsthOj+g&y8m=olikhOj+~=�Wo4wx£��OhOj¶~=h�d+wkhWsGe/z=zI� 5Rwky8m=£(wxixikh#V � z�z_h!ikhOjl~Iwkjnq4wxz=�#m_h�~=y8z_�
g^e8jlwk�Ww�V

��
 �Z��������� � �(VP# S�RmLOP
L
7�T A2J��ma J"T �"LE)�T JD7$PSR"T
RmK ))J(0"KML \ \�L/Q4N+) \dJmPVL�\ 8 JmL�\dJ"TUPMN
J &
abR'&
a4LE2dP-2 0B)

A$) �B)4T�0"a4)�� L N
J 8 RmT
cdPVLeR"T�T3)4NON+) 8 a J;cdPVLVRmT�T
J"LOa�)-J]\�\�R cdLE24) HS�R"LVP
x ∈ α

aEβ
b

)�P
p(t) = ∂L

∂v (x(t),Dα,β
µ x(t))

N+)vK R"K.)4TUP 8 abJ[cdPVLeR"T�T
J"LOa4)9J"\ \�R*c�LE2 H
� N
R"a \ x

)�\4P
V arα,β(a, b)

$�)�LmPVa4)4K J"NN)5&$RD7Ba L \4LI)�P \ )O7�N+)4K.)4TUP<\J6 LON$)�L"L \4P-) g ∈ α
aEβ

b

P-)�N$<�7*) ?

{

Dα,β
µ x(t) = ∂H

∂p

Dβ,α
−µ p(t) = −∂H

∂x −Aα,β
µ g

9 �_V�X ¨(:

f@24K R"T�\4PVabJmPVLeR"T^V$# 5;²¡�W�Ee/ixwxqn� Dα,β
µ x(t) = ∂H

∂p

jP²¡y8�=q4wkhWz�q;~=hli�efs uWsthlsGe/z=wkrWonh+��m_hvg=on�O�O�O~=hWs�sthWzEqPV

∂H

∂x
= p

∂f

∂x
− ∂L

∂x
− ∂L

∂v

∂f

∂x
= −∂L

∂x

9 �_V�X   :

� o #
x
hOjnq

V arα,β(a, b)
��h43Iq4onhWsGe/ikhGg5y8m=o L j4w;hWq�jnhWm=ikhWsthWz�q¢j�² wxi�h43(wkj4qnh

g ∈ α
aEβ

b

qnhWi·�Em_h ∂L
∂x −

Dβ,α
−µ

∂L
∂v = Aα,β

µ g
V

|}wxz_j4w #
x V arα,β(a, b)

��h43Iq4onhWsGe/ikh�g5y8m=o L j4w]hWqCjnhWm=ikhWsthWz�q�jnw ∂H
∂x = −Dβ,α

−µ
∂L
∂v − Aα,β

µ g =

−Dβ,α
−µ p(t) −Aα,β

µ g
V
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� z���u_y8wkj4wkjnj�e/z�q
g = p

# ikhOj¶�O�Em^e/q4wky8z_j}~=hw,fe/s�wxixqny8z�~=hW£(wkhWz=z_hWzEq¢´

{

Dα,β
µ x(t) = ∂H

∂p

Dα,β
µ p(t) = −∂H

∂x

9 �_V�X#� :

� z�g5hWm=q+i�+ hWz_�Oy8onh�y8�=qnhWz=wxo}~=hOj¶�O�Em^e/q4wky8z_j}�Pe/m_j�e/ikhOj+hWz���u_y8wkj4wkjnj�e/z�q
µ = −i

V
� z$%_z # hWzGikh}�Pe8j�g^e/o4q4wk�Wm=ikhWo Dβ,0

−i

eO£�hO�
a = 0

�Oy8z_~Im=wxq¦�Oy8s�sth}g5y8m=o;ikh+g=iky8z=��hWsthWz�q¦�Ao�e8�Wq4wky8z=z^e/wxonh
e/m$3��O�Em^e/q4wky8z_j}y8�=qnhWzEm_hOj}g^e/o+|]V¡|¢V^��q�e/z=wkj4i�eO£Ij4¤(p�V

��Z ��Z�[ Q \ ¬EL/@ N T�@]: ��@�T¢>A@¢��Q^L8Fª:_>`JAD�F�@�BU@ ��ZN��Z �&HP: N JAD�>A: ��D�� � Z
	 5�²¡�O��m^e/q4wky8z 9 �_V�X#� : sty8z�q4onh
��m_h�ikh���y8o4sGe/ixwkj4sthG~=hG|]V¡|¢VU��q�e/z=wkj4i�eP£(j4¤(p
hOj4q§�Oy8s�g^e/q4wx�=ikh�eO£�hO�Gm=z�g=o4wxz_�Wwxg5hG~=h�sty8wxz_~Ionh�e8�Wq4wky8z�V
5�²�eP£8e/z�q�e/��h]~=ha�OhWq4qnh�j�hO�Oy8z_~=hast�Wq4u_y�~=h§hOj4q+�Em�²¡hWixikh�z_h�j4m=g=g5y#jnh!g^e8jli�² uEp(g5y8q4u_rOjnh

(H)
9 XIV�X c;: V

��y8m=o j�²¡hWz �Oy8z�£8e/wxz_�Wonh # m=q4wxixwkj�y8z_j i�² uEp(g&y8q4u_rOjnh�~R² m=z qnhWs�g_j wxzEqnhWo4z_h
S(t)

# sGe/wkj onhWg^e/o4qny8z_j�~R² m=z
j4pIj4qnrWsth�i�e/�#o�e/z=�#wkhWz�g=o4wxz_�Wwxg^e/i # onhWg5�Won�§g^e/o

x(t)
hWq

v(t)
V�5�h¢j4p(jnqnrWsth]j4m=�5y8on~=y8z=z_�¢hOj4qfe/iky8onj!~=�O�Wo4wxq

g^e/o
xβ(t)

hWq
vβ(t)

# ~=�4%_z=wkj}~=h!i�e s uWsthasGe/z=wkrWonh���m_hag=on�O�O�O~=hWs�sthWz�q¢´











xβ(t) =

∫ ∞

0
pS(t, τ)x(τ)dτ

vβ(t) =

∫ ∞

0
pS(t, τ)v(τ)dτ

9 �_V�X#� :

�!h�i�e�s uWstht��e��Oy8z���m_h�i�²¡y8z e�y8�=qnhWzEm�i�e�onhWi�e/q4wky8z ∂H
∂p (xβ(t), pβ(t)) = C

0 D
β
t xβ(t)

# y8zªsty8zEq4onh
��m_h

vβ(t) = C
0 D

β
t xβ(t)

V � zCe�e/wxz_j4w
vβ(t) = Dβ,0

−i xβ(t)
# eO£�hO�

a = 0
V

� z e/g=g=ixwk��m_h�e/iky8onj�ikh�q4u_�Oy8onrWsth 9 c�  : 1 ikh�sty8sthWzEq
p
hOj4qt~=�4%_z=wlg^e/o

p(t) = ∂L
∂v (xβ(t), vβ(t))

V
¹fy8m_j+�nu_y8wkj4wkj�jny8z_j+hWz_j4m=wxqnh

g = p
hWq}e/�5y8m=q4wkjnjny8z_j¶e/m$3��O�Em^e/q4wky8z_j}~=hw,fe/s�wxixqny8z©j4m=wx£#e/zEqnhOj�´

{

C
0 Dβ

t xβ(t) = ∂H
∂p (xβ(t), p(t))

C
0 D

β
t p(t) = −∂H

∂x (xβ(t), p(t))

9 �_V � !(:

¹fy8m_j}onhWsGe/on��m_y8z_ja��m_h]ikh¢sty8sthWz�q
p
z�²¡hOj4q!g^e8ja~=�4%_z=w ~=h¢i�e"s uWsth]sGe/z=wkrWonh���m_h

pβ
V�5�hOja~=hWm$3

��m^e/zEq4wxqn�Ojly8�5�WwkjnjnhWzEqv�OhWg5hWz_~_e/zEq+e/m$3Gs uWsthOjv�O�Em^e/q4wky8z_j61Ewxi5~=hW£�wkhWz�q+e/iky8onj·g5y#jnj4wx�=ikh}~=h¶ikhOj¦wk~=hWz�q4w&%^hWoPV
5�hOj·�O�Em^e/q4wky8z_j 9 �_V � !(: jny8z�q·j4wxs�wxi�e/wxonhOjve/m$3t�O�Em^e/q4wky8z_j 9 XIV�X {(:�# sGe/wkj·hWz"�Wq�e/z�q·wkjnjnm_hOj�~R² m=zGg=o4wxz_�Wwxg5h

~=hasty8wxz_~=h§e8�Wq4wky8z # hWixikhOj+z_haj4m=g=g5y#jnhWzEq¶g=ixm_jli�² uEp(g&y8q4u_rOj�h
(H)

9 XIV�X c;: V
¥¦hOj��O��m^e/q4wky8z_j¢�Ao�e8�Wq4wky8z=z^e/wxonhOjty8�=qnhWz�m_hOj # hOjnj0eOp�y8z_j +Cg=on�OjnhWzEqt~=h�£�y8wxo��Oh���m_hWixikhOj g=ony8g=o4wk�Wqn�Oj�wxi

g5y#jnj4wx�=ikha~R²¡hWz�q4wxonhWoPV
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º±ivj�hWs§�=ikh�ik�W�#wxq4wxsth�~=h�jnh�~=hWsGe/z_~=hWo"j4wvikhOjt�O��m^e/q4wky8z_jtg=on�O�O�O~=hWz�qnhOj"jny8z�qth43(g=iky8wxq�e/�=ikhOj"hWz g=o�e��
q4wk��m_h#V �}m_hWixikhOj�g=ony8g=o4wk�Wqn�Oj�~=hOj�jnp(j4qnrWsthOj��Wi�e8j�j4wk�Em_hOj�j�²¡�WqnhWz_~=hWzEqCe/m �Pe8j��`o�e8�Wq4wky8z=z^e/wxonh�� ¥¦y8s�sth
z_y8m_j]i�²�eO£�y8z_j�~=�r's+�sthWzEq4wky8z=z_� # ikhOj¢~=�Wo4wx£��OhOj]�Ao�e8�Wq4wky8z=z^e/wxonhOj�j�y8zEq ~Iw&GG�WwxikhWsthWzEq sGe/z=wxg=m=i�e/�=ikhOj # �Pe/o
hWixikhOj+z_h§£��Wo4w&%^hWzEqfg^e8j+i�etsGe ' y8o4wxqn�]~=hOj+g=ony8g=o4wk�Wqn�Oj!~=hOj¶~=�Wo4wx£�hOj}m_j4m_hWixikhOjPV
5�e�g=onhWs�wkrWonh]�Em_hOj4q4wky8z©hOj4q
e8jnj4m=on�WsthWz�qa~=h¢j0eO£�y8wxoaj4w?�OhOjf�O��m^e/q4wky8z_j!g5hWm=£�hWzEqwuWq4onh¢on�Ojny8ixm_hOjae/z^e/ixp�q4wk��m_hWsthWzEqPV�x}z_h �W�^e/m_�nu_h�~=h
on�Wg5y8z_jnhae]~=�r's+ �Wqn�!~=y8z=z_�Oh�eO£�hO�aikhfixwkhWz���m=w5m=z=wkjnj�e/wxql~=�Wo4wx£��Oha~=h§¥ve/g=m=qny +]�Ee/m_�nu_h�hWqvq4o�e/z_j ��y8o4st�Oh
~=hE5�e/g=i�e8�Oh 9 ikhWs�sth c;: VI� on�O�Wwkj�y8z_j¦��m_h}ikh¶ixwkhWz�h43(wkjnqnhfe/m_jnjnw5eP£�hO�}i�e]~=�Wo4wx£��Oh!~=h}d¶wkhWsGe/z=zI� 5Rwky8m=£(wxixikh 1
i�e!~Iw�³R�WonhWz_�Oh¶hOj4q���m_hvikhOj�~=�Wo4wx£��OhOj;~R²¡y8on~IonhOj·hWzEq4wkhWonj·�W£8e/ixm_�OhOj +ai�² wxz_j4q�e/zEq�wxz=wxq4w�e/i�jny8zEq�onhWs�g=i�e8�O�OhOj;g^e/o
~=hOj�~=�Wo4wx£��OhOj¢~R²¡y8on~IonhOj�z_y8zI��hWz�q4wkhWonjPVZ5Ue�~Iw&GG�Wm=ixqn�G~R² wxz�qnhWo4g=on�Wq�e/q4wky8z�~=hOj]�OhOj�~=hWo4z=wkrWonhOj]hOjnqam=z_ht~=hOj
o�e/wkjny8z_jlg5y8m=oli�e8��m_hWixikhaikhOj+~=�Wo4wx£��OhOj+~=h]¥ve/g=m=qnyGjny8zEq+jny8m=£�hWz�q+g=o4wx£(wxik�W�#wk�OhOj+g5y8m=o+~=hOjlsty�~=�Wixwkj0e/q4wky8z_jPV
�?e/of�Oy8z�q4onh # g5y8m=o+ikhOjf~=�Wo4wx£��OhOjE+�~Iony8wxqnh # �OhaixwkhWz©hOj4q¶�=o4wkjn�#VU5�hOj}�O��m^e/q4wky8z_jfy"q�ikhOj¶y8g5�Wo�e/qnhWm=onj}g^e8jnjn�
hWqv�`m=q4m=o+wxzEqnhWo4£(wkhWz=z_hWzEq!j4wxs§m=ixq�e/z_�WsthWz�q}z_h�g&hWm=£�hWz�q>uWq4onhaon�Ojny8ixm_hOjlg^e/o¶q4o�e/z_j �`y8o4st�Oh§~=h�5�e/g=i�e8�Oh#V
¹fy8m_j�e/ixiky8z_j�~=y8z=z_hWo�m=z_h©wxixixm_j4q4o�e/q4wky8z ~=h��OhWq4qnh©st�Wq4u_y(~=h©~=h©on�Ojny8ixm=q4wky8z g^e/o�q4o�e/z_j ��y8o4st�Oh
~=h

5�e/g=i�e8�Oh¢eO£�hO�ai�²¡h43=hWs�g=ikh�~=hai�²¡y#jn�Wwxixi�e/qnhWm=o}u^e/o4sty8z=wk�Em_ha�Ao�e8�Wq4wky8z=z^e/wxonh]�Pe/m_j�e/i�V
x}z_ht~=hWm$3(wkrWsth���m_hOj4q4wky8zªz^e/q4m=onhWixikh��Oy8z_�OhWo4z_hGikhOj§wxzEqn�W�#o�e/ikhOj¢g=onhWs�wkrWonhOj21�~_e/z_j§ikht�Pe8j¢�Wi�e8jnj4wk��m_h #

�OhWixikhOj ���Ww�'4y8m_hWzEqlm=z�o�
8ikha�`y8z_~_e/sthWz�q�e/i�~_e/z_jli�e¢on�Ojny8ixm=q4wky8z�~=hOj¶�O�Em^e/q4wky8z_j # hWq+~_e/z_j+i�²¡�Wq4m_~=h�~Im��Oy8s �
g5y8o4qnhWsthWzEqa~=hOj}jnp�qnrWsthOj}~Ip�z^e/s�wk��m_hOjPVR¥¦hOj}��m^e/zEq4wxqn�Oj!j4m=�_j4wkjnqnhWzEq ��hWixikhOj!~_e/z_j¶i�e"�Pe8j¶�Ao�e8�Wq4wky8z=z^e/wxonh��
¥¦hWq4qnh���m_hOj4q4wky8z
jnhWs§�=ikh�~=�Wixwk�Pe/qnh#VR¹fy8m_jfz_y8m_ja�Oy8zEqnhWzEqnhWony8z_j¢~=h¢g=on�OjnhWzEqnhWo���m_hWik��m_hOj!g=wkj4qnhOja�Oy8z_�OhWo �
z^e/zEq}�Ohag&y8wxz�qPV

?5Z ��¬ED�Q�>`S�H�JAQ N B ��¬���S�:IH�JAQ N D�B?J��;¬EL/@ N H�JA@�>`>A@EDG��L/:=T#H�JAQ N�N :_JAL/@ED���>���Q�DPTEJ`>`>A:IHP@�SUL \ :=L/F�Q N J-��SU@
5�²¡�Wq4m_~=h�~=h"i�²¡y#jn�Wwxixi�e/qnhWm=o¢�Ao�e8�Wq4wky8z=z^e/wxonh�£#e�z_y8m_j¢g5hWo4sthWq4q4onh"~=h�~=�O�Oy8m=£�o4wxo�~=hWm$3�g=ony8g=o4wk�Wqn�Oj���m=w

e/g=g^e/o�e/wkjnjnhWz�qfeP£�hO�aikh!��y8o4sGe/ixwkj4sth!�`o�e8�Wq4wky8z=z^e/wxonhG´
� ikh��Pe/o�e8�WqnrWonh§wxz_j4q4o4wxz_jnrO��m_hWsthWzEqf~Iwkjnj4wxg^e/q4w�� ~=h!i�e�~=�Wo4wx£��Oh!�`o�e8�Wq4wky8z=z^e/wxonh #
� ikh¶ixwkhWz"hWzEq4onh}ikhlz_y8s]�=onh}~=h}�Oy8z_~Iwxq4wky8z_j·wxz=wxq4w�e/ikhOj¦hWq;i�e��Oy8s�g&y#j4wxq4wky8z�~=h+~=�Wo4wx£��OhOj;�Ao�e8�Wq4wky8z=z^e/wxonhOj�V

?5ZVi�Z�[ :=BUL/@�B ��¬EH�S�B�@ Z 	 �!e/z_jvikh!�Pe8jl�Wi�e8jnjnwk�Em_h # ikh!�Pe8~Ionhajny8m=£�hWzEqlikhfg=ixm_j¶e8~_e/g=qn�!g5y8m=ol~=�O�Wo4wxonh
i�²¡y#jn�Wwxixi�e/qnhWm=o�hOjnq�ikh©��y8o4sGe/ixwkj4sth�u^e/s�wxixqny8z=wkhWz�V+��e/wkjny8z_j�~=h�s uWsth�g5y8m=o�ikh
�Pe8j��`o�e8�Wq4wky8z=z^e/wxonh 1¶y8z
�Oy8z_j4wk~=rWonh}ikh¶j4pIj4qnrWsthlu^e/s�wxixqny8z=wkhWz��`o�e8�Wq4wky8z=z^e/wxonh}~=h ,fe/s�wxixqny8z=wkhWz

H = 1
2p2 +w2q2 hWq·~R²¡�O��m^e/q4wky8z_j

e8jnjny(�Wwk�OhOj�´
{

C
0 D

β
t x(t) = ∂H

∂p = p(t)
C
0 Dβ

t p(t) = −∂H
∂x = −w2x(t)

9 bIV c;:

eO£�hO�
0 < β < 1

V
¥¦hOj+�O��m^e/q4wky8z_j¶jny8z�q¶�O��m=wx£8e/ikhWz�qnhOj}e/m�j4pIj4qnrWsthaj4m=wx£#e/zEq§´

{

C
0 Dβ

t
C
0 Dβ

t x(t) + w2x(t) = 0
C
0 Dβ

t
C
0 Dβ

t p(t) + w2p(t) = 0

9 bIV {(:
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C q4wxq4onha~=h��Oy8s�g^e/o�e/wkjny8z # wxz�q4ony�~Im=wkj�y8z_j}e/m_jnj4wRikh§j4p(jnqnrWsthaj4m=wx£8e/z�q§´
{

C
0 D2β

t x(t) + w2x(t) = 0
C
0 D2β

t p(t) + w2p(t) = 0

9 bIV�X :

º±iRg&y8m=o4o�e/wxq>uWq4onh!£(m��Oy8s�sth�m=z_h§jny8o4qnha~=h (1g=iky8z=��hWsthWzEq*(]~=h!i�²¡�O��m^e/q4wky8z��Wi�e8jnj4wk��m_h

d2x

dt2
(t) + w2x(t) = 0

9 bIV � :

9 ��m=wRwxs�g=ixwk�Em_h§e/m_j�j4w d2p
dt2 (t) + w2p(t) = 0

# y"q
p = m dx

dt

: V
¹fy8m_j¶e/ixiky8z_jl£�y8wxo¶��m_ha�OhOj+j4pIj4qnrWsthOjlz_h��Oy8z_~Im=wkj�hWzEq¶g^e8j}e/m$3�s uWsthOj}jny8ixm=q4wky8z_jPV

?5Z � Z �"¬�DPQ�>`S�H�J-Q N BU@�D!¬E��SU:IH�J-Q N D Z
	 5�²¡�O��m^e/q4wky8z 9 bIV {(: ��e/wxq�e/g=g^e/o�e �kq4onhlm=z_hl�Oy8z"' m=�Ee/wkjny8zt~=hv~=�1�
o4wx£��OhOj��`o�e8�Wq4wky8z=z^e/wxonhOjPV#|�£#e/zEq ~=h¦g5y8m=£�y8wxo e/g=g=ixwk��m_hWo ikh·ikhWs�sth cm# wxiI�Oy8zE£(wkhWzEq·~R²¡h43(g=o4wxsthWo i�²¡y8g5�Wo�e/qnhWm=o
C
0 D

β
t

C
0 D

β
t

jny8m_jlm=z_h§e/m=q4onh!��y8o4sth#V_¹fy8m_j¶eO£�y8z_j¶g&y8m=o+�OhWi�e�ikh!ikhWs�sth§j4m=wx£#e/zEq§´

� � �!���� ^V$# S�R"LVP
0 ≤ β < 1 H%� N&R"a�\�?

�

\4L
0 ≤ β < 1

2

� C
a Dα

t
C
a Dα

t f(t) = C
a D2β

t f(t)
�

�

\4L 1
2 ≤ β < 1

� C
a Dα

t
C
a Dα

t f(t) = C
a D2β

t f(t) + f ′(a) (t−a)1−2β

Γ(2−2β) H
f@24K R"T�\4PVabJmPVLeR"T^V$#

C
a Dα

t
C
a Dα

t f(t) =
1

Γ(1 − β)2

∫ t

a
(t − τ)−β d

dτ

[
∫ τ

a
(τ − u)−βf ′(u) du

]

dτ

=
1

Γ(1 − β)2

∫ t

a
(t − τ)−β

[

(τ − a)−βf ′(a) +

∫ τ

a
(τ − u)−βf ′′(u) du

]

dτ

=
f ′(a)

Γ(1 − β)2

∫ t

a
(t − τ)−β(τ − a)−β dτ

+
1

Γ(1 − β)2

∫ t

a
(t − τ)−β

(
∫ τ

a
(τ − u)−βf ′′(u) du

)

dτ

� q4m_~Iwky8z_j}�nu^e8��m_haqnhWo4sth�jn�Wg^e/on�WsthWz�qPV
5�h!g=onhWs�wkhWo¶��e/wxq¶e/g=g^e/o�e �kq4onh§i�e¢�`y8z_�Wq4wky8z

B
~=�4%_z=wkh�g^e/o§´

B(x, y) =

∫ 1

0
(1 − u)x−1uy−1 du =

Γ(x)Γ(y)

Γ(x + y)

9 bIV�b :

�?³RhO�Wq4wx£�hWsthWzEq # hWz�m=q4wxixwkj�e/zEq}ikha�nu^e/z=��hWsthWz�q!~=h!£#e/o4w�e/�=ikhOj
u = t−τ

t−a

# z_y8m_j¶eP£�y8z_j§´

f ′(a)

Γ(1 − β)2

∫ t

a
(t − τ)−β(τ − a)−β dτ =

f ′(a)

Γ(1 − β)2
(t − a)1−2β

∫ 1

0
u−β(1 − u)−β du

=
f ′(a)

Γ(1 − β)2
(t − a)1−2β

B(1 − β, 1 − β)

=
f ′(a)

Γ(1 − β)2
(t − a)1−2β Γ(1 − β)Γ(1 − β)

Γ(2 − 2β)

= f ′(a)
(t − a)1−2β

Γ(2 − 2β)

9 bIV ¨(:

º±i�hWz�£8e ~=has uWsth�g&y8m=olikh�j�hO�Oy8z_~�qnhWo4sth # styPp�hWz=z^e/z�q}i�² wxz�qnhWo4£�hWonj4wky8zC~=hOj¶~=hWm$3�wxz�qn�W�#o�e/ikhOj21
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1

Γ(1 − β)2

∫ t

a

(t − τ)−β

∫ τ

a

(τ − u)−βf ′′(u) du dτ =
1

Γ(1 − β)2

∫ t

a

∫ τ

a

(t − τ)−β(τ − u)−βf ′′(u) dudτ

=
1

Γ(1 − β)2

∫ t

a

∫ t

u

(t − τ)−β(τ − u)−βf ′′(u) dτdu

=

∫ t

a

(

1

Γ(1 − β)2

∫ t

u

(t − τ)−β(τ − u)−β dτ

)

f ′′(u)du

=

∫ t

a

(t − u)1−2β

Γ(1 − β)2
B(1 − β, 1 − β)f ′′(u)du

=
1

Γ(2 − 2β)

∫ t

a

(t − u)1−2βf ′′(u)du

�!hWm$3��Pe8j¶jny8zEq}e/iky8onj +��Oy8z_j4wk~=�WonhWo§´
� ��w 1

2 ≤ β < 1
#

1

Γ(2 − 2β)

∫ t

a
(t − u)1−2βf ′′(u)du = C

a D2β
t f(t),

�Pe/o
1 ≤ 2β < 2.

9 bIV   :

� ��w
0 ≤ β < 1

2

# m=z_hawxz�qn�W�#o�e/q4wky8zCg^e/olg^e/o4q4wkhOj}~=y8z=z_ht´

∫ t

a

(t − u)1−2β

Γ(2 − 2β)
f ′′(u)du =

∫ t

a

(t − u)−2β

Γ(1 − 2β)
f ′(u)du +

[

(t − u)1−2β

Γ(2 − 2β)
f ′(u)

]b

a

= C
a D2β

t f(t) − (t − a)1−2β

Γ(2 − 2β)
f ′(a),

�Pe/o
0 ≤ 2β < 1.

¥¦haqnhWo4sth§j4m=g=g=ik�WsthWzEq�e/wxonh¢hOj4qli�²¡y8g=g5y#jn��~=h!i�²¡h43Ig=onhOjnj4wky8z 9 bIV ¨(: V

5�hOjlikhWs�sthOj c hWq}X¢g5hWo4sthWq4qnhWzEqfe/iky8onj}~R²¡�Wz_y8z_�OhWo+ikh�j4m=wx£#e/zEq]´

� � �!��� ��V$# S�R"LVP
0 ≤ β < 1 H%� N&R"a�\�?

L[Ca Dα
t

C
a Dα

t f ](s) = s2βL[f ](s) − e−ass2β−1f(a)
9 bIV�� :

f@24K R"T�\4PVabJmPVLeR"T^V$# � ��w
0 ≤ β < 1

2

#

L[Ca Dα
t

C
a Dα

t f ](s) = L[Ca D2β
t f ](s)

= s2βL[f ](s) − e−ass2β−1f(a),
�Pe/o

0 ≤ 2β < 1

� ��w 1
2 ≤ β < 1

#

L[Ca Dα
t

C
a Dα

t f ](s) = L[Ca D2β
t f ](s) + L[f ′(a)

(t − a)1−2β

Γ(2 − 2β)
]

= s2βL[f ](s) − e−as
(

s2β−1f(a) + s2β−2f ′(a)
)

+ e−ass2β−2f ′(a)

= s2βL[f ](s) − e−ass2β−1f(a)
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¹fy8m_jGg5y8m=£�y8z_j�+�g=on�OjnhWz�q"on�Ojny8m_~IonhCikhOj��O�Em^e/q4wky8z_j 9 bIV {(: hWq 9 bIV�X : �#o � �Oh +�i�e
q4o�e/z_j4�`y8o4st�Oh�~=h
5�e/g=i�e8�Oh#V
� z�o�e/g=g5hWixikh��Em_h

L
[

tγ

Γ(1+γ)

]

= 1
s1+γ

V
5�e¢q4o�e/z_j ��y8o4st�Oh§~=hw5Ue/g=i�e8�Oh§~=h!i�²¡�O��m^e/q4wky8z 9 bIV {(: hWz

x
j�²¡h43(g=o4wxsth��Oy8s�sthG´

s2βX(s) − s2β−1x(0) + w2X(s) = 0,
y"q

X(s) = L[x](s)
9 bIV�� :

|}wxz_j4w #
X(s) = x(0) s2β−1

s2β+w2

V
� onhWz_y8z_j ��hWz�sGe/wxzEqnhWz^e/zEqaj�e¢q4o�e/z_j4�`y8o4st�Ohawxz�£�hWonjnh#V
��y8m=o!�Oh]��e/wxonh # y8z©wxz�q4ony�~Im=wxq!m=z_h]��y8z_�Wq4wky8zª�Em=w?jnhWs§�=ikh '4y8m_hWo!m=z©o�
8ikh¢wxs�g5y8o4q�e/zEq�~_e/z_jfikh �Pe/ik�Wm=i

�`o�e8�Wq4wky8z=z^e/wxonhG´
������������������� � ��� Q N T#H�JAQ N BU@ 
 J-HOHP:=° � � @���@EL !�V�# S�RmLOP

µ, ν > 0 H A6J 8 R"T
cdPVLeR"T 0B)��XLVPePSJ���$
A$)�� )4a�� T
RmP-24)

Eµ,ν
)�\�PI0B2 ( T�L/)w\O7�a

R
&$J"a@?

∀x ∈ R, Eµ,ν(x) =
+∞
∑

k=0

xk

Γ(µk + ν)

9 bIV c !(:

¥¦hWq4qnh!��y8z_�Wq4wky8z�hOj4qlwxz�qn�WonhOjnj�e/zEqnh§£�w�e¢z_y8q�e/s�sthWz�qfj�y8z�ixwkhWzCeO£�hO�ai�e�q4o�e/z_j �`y8o4st�Oh§~=hw5�e/g=i�e8�OhG´

L
[

tγ−δEγ,γ−δ+1(λtγ)
]

(s) =
sδ−1

sγ − λ

9 bIV c#c;:
� z�y8�=q4wkhWzEqf~=y8z_�t´

X(s) = x(0)L
[

E2β,1(−w2t2β)
]

(s)
9 bIV cP{(:

º±i�hWz�£8e ~=has uWsth�g&y8m=oli�²¡�O��m^e/q4wky8zChWz
p
V

� z©g=onhWz^e/zEqai�e"q4o�e/z_j ��y8o4st�Oh ~=h95�e/g=i�e8�Oh wxz�£�hWonjnh ~=h]�OhOja�O��m^e/q4wky8z_j # z_y8m_jahWz©~=�O~Im=wkj�y8z_ja�Em_h]ikhOj
jny8ixm=q4wky8z_j}~=hOj+�O�Em^e/q4wky8z_j}~Im�j4pIj4qnrWsth!u^e/s�wxixqny8z=wkhWz 9 bIV {(: j�y8zEq¶~=y8z=z_�OhOj¶g^e/o§´

{

x(t) = x(0)E2β,1(−w2t2β)

p(t) = p(0)E2β,1(−w2t2β)

9 bIV c X :

d¶�Oj�y8ix£�y8z_j>+¢g=on�OjnhWzEq¶i�²¡�O�Em^e/q4wky8z 9 bIV�X : V
º±i��Oy8zE£(wkhWzEq}~=ha~Iwxq4wxz=�#m_hWof~=hWm$3��Pe8j]´
� j4w

0 < β < 1
2

# e/iky8onj
0 < 2β < 1

1_~R²�e/g=onrOj¶ikh!ikhWs�sth cm#

L
[

C
0 D2β

t x(t)
]

(s) = s2βX(s) − s2β−1x(0)
9 bIV c � :

5�e�q4o�e/z_j �`y8o4st�Oh§~=hw5�e/g=i�e8�Oh§~=hai�²¡�O��m^e/q4wky8z�hWz
x
hOj4q+~=y8z_�t´

s2βX(s) − s2β−1x(0) + w2X(s) = 0
9 bIV c b :

�?e/o¶�Oy8z_jn�O��m_hWzEq #
X(s) = x(0) s2β−1

s2β+w25�hOj¶jny8ixm=q4wky8z_j¶jny8z�q}e/iky8onjlwk~=hWz�q4wk�Em_hOj!e/m$3��O��m^e/q4wky8z_j 9 bIV c X : V
� ��w 1

2 ≤ β < 1
# e/iky8onj

1 ≤ 2β < 2
1_m=z�z_y8m=£�hPe/m�qnhWo4sth§e/g=g^e/o�e �kq}�OhWq4qnha�`y8wkj�´

L
[

C
0 D2β

t x(t)
]

(s) = s2βX(s) − s2β−1x(0) − s2β−2x′(0)
9 bIV cP¨(:

|}wxz_j4w #
X(s) = x(0) s2β−1

s2β+w2 + x′(0) s2β−2

s2β+w2

V
�?e/o¶�Oy8z_jn�O��m_hWzEq #

x(t) = x(0)E2β,1(−w2t2β) + x′(0) t E2β,2(−w2t2β)
9 bIV c�  :



��� ����� � ��� �
	��
� �	����� ������� �	��� ����������� � � � ��� �	�	������� � �

º±i�hWz�£#e ~=h!s uWsthag&y8m=o
p
V

5�haj4pIj4qnrWsth 9 bIV�X : e8~IsthWqf~=y8z_�aikhOj+jny8ixm=q4wky8z_j¶j4m=wx£8e/z�qnhOj§´
�

jnw
0 < β <

1

2
,

{

x(t) = x(0)E2β,1(−w2t2β)

p(t) = p(0)E2β,1(−w2t2β)

9 bIV c � :

�

j4w 1

2
≤ β < 1,

{

x(t) = x(0)E2β,1(−w2t2β) + x′(0) t E2β,2(−w2t2β)

p(t) = p(0)E2β,1(−w2t2β) + p′(0) t E2β,2(−w2t2β)

9 bIV c � :

?5Z � Zt� J-D�TES�D�D�JAQ N;Z 	 ¸�o�e��Oy8z_j}qny8m=q¶~R²�e/�5y8on~�i�²�e/ixixm=onh�~=hOj+jny8ixm=q4wky8z_j}~=hOj+~=hWm$3�j4pIj4qnrWsthOjPV
5�e %_�#m=onh 9 � : g=on�OjnhWz�qnh�ikhOjajny8ixm=q4wky8z_j�~Im
j4pIj4qnrWsth 9 bIV {(:�# g&y8m=o

x(0) = 1, w = 1
V�5�h¢�Pe8j

β = 1z�²¡hOj4q;e/m=q4onh+��m_hvi�eajny8ixm=q4wky8zt�Wi�e8j�j4wk�Em_h
x(t) = cos(t)

V;5�h+�Pe8j
β = 0.4

hOj4q;e/m_j�j4w^e8jnjny(�Wwk� +fi�e!jny8ixm=q4wky8z
~Im�j4pIj4qnrWsth 9 bIV�X : V
5�e9%_�#m=onh 9 � : g=on�OjnhWzEqnh§ikhOj+jny8ixm=q4wky8z_j¶~Im�jnp(j4qnrWsth 9 bIV {(:d# g&y8m=o

x(0) = 1, x′(0) = −1, w = 1
V

1.0

0.5

1510

x

5 200

−0.5

−1.0

0.0

cos(x)                  

beta = 0.9              

beta = 0.2              

����� �	��
�������1���6�-,��1�!3*A���L� � ) 	.63�$-,��1�!�����C ��� =�'#1>6��
β = 1

=
β = 0.9

�O-
β = 0.4

C

5�e9%_�#m=onh 9 � : g&hWo4sthWq¶~=h�£�y8wxo+�Em_hag=ixm_j
β
hOj4qlg&hWq4wxq # g=ixm_jli�e�jny8ixm=q4wky8z�hOjnq¶e/sty8o4q4wkh#VU5�hOj+~=�Wo4wx£��OhOj

�`o�e8�Wq4wky8z=z^e/wxonhOj¢y8z�q]~=y8z_�Gm=z��Pe/o�e8�WqnrWonh�e/sty8o4q4wkjnj�e/zEq]wxzEq4o4wxz_jnrO��m_h 9 £�y8wxo�=&i���A¦hWq =&i � A¦g&y8m=o�g=ixm_j¢~=h
~=�Wq�e/wxikj : V+¥f²¡hOj4q�~R²�e/wxixikhWm=onj�g&y8m=o��OhWi�e���m�²¡hWixikhOj�jny8zEq�m=q4wxixwkjn�OhOj�g5y8m=o"i�e�sty�~=�Wixwkj0e/q4wky8z ~=hCj4pIj4qnrWsthOj
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cos(x) − sin(x)         
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x(t)

� &$RD7Ba9PSRD7$P
t
�
I(x(t)) = C H
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∀s ∈ R, L(φs(x),Dα,β
µ (φs(x))) = L(x,Dα,β

µ x)
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x(t) 7→ x(t) + sξ(x(t)) + o(s),
y"q

ξ(x(t)) =
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∣

∣

∣

∣

s=0

(x(t))
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−µ
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∂L

∂v

)

ξ +
∂L

∂v
Dα,β

µ ξ = 0
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f(x, p)
)dP

g(x, p)
0B)�7DL 8 RmT
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n × R

n H A$)O7Ba c�abR c4Y )dP0B) � R"L \ \dR"T � T
RmP-2 {·, ·} �W)�\�PI0B23( T�L3&$J"a@?

{f, g} =
∂f

∂x
(x, p)

∂g

∂p
(x, p) − ∂f

∂p
(x, p)

∂g

∂x
(x, p)
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φ(x, p) =
(

D−(1−α),−(1−β)
µ x, D−(1−β),−(1−α)

−µ p
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R
n × R
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{I,H}α,β
µ =

∂I

∂x
◦ φ(x, p)

∂H

∂p
(x, p) − ∂I

∂p
◦ φ(x, p)

∂H

∂x
(x, p)

=
∂I

∂x
(D−(1−α),−(1−β)

µ x, D−(1−β),−(1−α)
−µ p)Dα,β

µ x

+
∂I

∂p
(D−(1−α),−(1−β)

µ x, D−(1−β),−(1−α)
−µ p)Dβ,α

−µ p

=
dI

dt
(D−(1−α),−(1−β)

µ x, D−(1−β),−(1−α)
−µ p) =

d

dt
(I ◦ φ) ((x, p)(t))

�Pe/o d
dt ◦ D−(1−α),−(1−β)

µ = Dα,β
µ

hWq d
dt ◦ D−(1−β),−(1−α)

−µ = Dβ,α
−µ

V
|}wxz_j4w # {I,H}α,β

µ = 0
j4w�hWq+jnhWm=ikhWsthWzEqfjP² wxi�h43Iwkj4qnh

C ∈ R
qnhWi���m_h

(I ◦ φ) ((x, p)(t)) = C
V
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¥¦hWg5hWz_~_e/zEq # wxiUhOj4q¶�`y8o4q}g=ony8�^e/�=ikh �Em_h]�Oh�on�Oj4m=ixq�e/qfz�²�e/wxq!e/m_�Wm=z_h¢j4wx�#z=w&%^�Pe/q4wky8z�V�5�h§ixwkhWz�e/g=g^e/onhWz�q
hWzEq4onh�~=�4%_z=wxq4wky8z©�`o�e8�Wq4wky8z=z^e/wxonh�hWqa~=�4%_z=wxq4wky8zª�Wi�e8jnj4wk��m_h]jnhWs]�=ikh hWzC��e/wxq!j4m=g&hWo %^�WwkhWi[1&i�eGg=on�OjnhWz_�Oh�~=h
φ
�Oy8zI�`rWonhv+

I ◦ φ
m=z��Pe/o�e8�WqnrWonh�wxs�g=ixwk�WwxqnhWsthWz�q¶�`o�e8�Wq4wky8z=z^e/wxonh#V

�RZ � Zt� J-D�TES�D�D�JAQ N;Z 	 º±i�z_y8m_j¶jnhWs]�=ikh§��m_h!z_y8q4onh§�O��u_hO��g5y8m=o¶�WqnhWz_~Ionh�i�e z_y8q4wky8z©~R² wxzEqn�W�#o�e/ikh]g=onh1�
s�wkrWonh+hOj4q?g=o4wxz_�Wwxg^e/ikhWsthWz�q¦~ � +fi�²�e/�_jnhWz_�Oh¶~=hvonrW�#ikhl~=hI5�hWwx�=z=w
n+g5y8m=o ikhOj�~=�Wo4wx£��OhOj �`o�e8�Wq4wky8z=z^e/wxonhOjPV��!h
sGe/z=wkrWonhag=ixm_jl���Wz_�Wo�e/ikh # i�e¢s uWsth���m_hOj4q4wky8z��Em_h!g=on�O�O�O~=hWs�sthWz�qfj�h}g5y#jnh�´=��m_hWixikha~=�4%_z=wxq4wky8zC��u_y8wkj4wxo
g5y8m=o�i�² wxzEqn�W�#o�e/ikh�g=onhWs�wkrWonh�����m=o§��m_hWi·�Wo4wxqnrWonhGg&hWm=q ��y8z�j�h��^e8jnhWo ��¥¦hOj]��m_hOj4q4wky8z_j]jny8zEq�iky8wxz�~R²kuWq4onh
�W£(wk~=hWzEqnhOj21�g^e/o§h43IhWs�g=ikh # i�e�z_y8q4wky8z�s uWstht~=hG�Oy8z_j4q�e/zEqnh"~=hW£�wkhWz�q]�O��m=wx£�y���m_htj4w i�²¡y8z��Oy8z_jnwk~=rWonhti�e
~=�Wo4wx£��Oh�~=h�d¶wkhWsGe/z=zI� 5Rwky8m=£(wxixikhG´=j4w

C ∈ R
∗, aDα

t C 6= 0
V
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¥¦h+q4o�eP£8e/wxi5z_y8m_jleag5hWo4s�wkjv~=h}~=�O�Oy8m=£(o4wxo¦m=z"i�e/o4��h}g^e/z_y8o�e/sGe ~R²¡y8m=q4wxikj¦m=q4wxikhOj +�i�e§�Oy8s�g=on�Wu_hWz_jnwky8z
~=hOj+j4pIj4qnrWsthOj+��u^e8y8q4wk�Em_hOj�V
� on�O�Wwkjny8z_j # e/m_jnj4wRs�wxz=wxsthOj}jny8wkhWzEq ��wxikj # ikhOj¶e/g=g&y8o4qnj}~=h!z_y8q4onh��Wq4m_~=ht´
� ��y8o4sGe/ixwkj�e/q4wky8zC~Im�q4o�eP£8e/wxi�~=ha|]V¡|¢V^��q�e/z=wkj4i�eP£(j4¤(p # �Oy8z_~Im=wkj�e/z�qE+ h43Iu=wx�&hWo¶i�² uEp(g&y8q4u_rOjnh

(H)
#

� h43IqnhWz_j4wky8z�~=hOjlon�Ojnm=ixq�e/qnj¶~=h : V�¥·onhOj�jny8zCe/m��Pe8j+~=hOj}~=�Wo4wx£��OhOj¶~=h§¥ve/g=m=qny #
� onhOj4q4o4wk�Wq4wky8z
�Pe/m_j�e/ikh¢~Im©g=o4wxz_�Wwxg&h¢~=h§sty8wxz_~Ionh�e8�Wq4wky8z # g&hWo4sthWq4q�e/z�q�~=h�onhWixwkhWo!ikha��y8o4sGe/ixwkj4sth ~=h
|¢V¡|]V^��q�e/z=wkjni�eO£Ij4¤�p + �OhWixm=w�~=h : V�¥·onhOjnjny8z #

� ixwkhWz�hWz�q4onh§��u_y8w&3�~=h!i�²¡�O��m^e/q4wky8z��`o�e8�Wq4wky8z=z^e/wxonh�hWq+z_y8s]�=onh§~=ha�Oy8z_~Iwxq4wky8z_j}wxz=wxq4w�e/ikhOjPV
5�e�~=�O�Oy8m=£�hWo4qnhC~R² m=z ixwkhWz g&y#j�j4wx�=ikh�hWzEq4onh��OhOjG~=hWm$3 ~=y8sGe/wxz_hOjt�`�O�Oy8z_~=jt��m_h�jny8z�qtikhOj�j4pIj4qnrWsthOj

u^e/s�wxixqny8z=wkhWz_j¢hWq�ikht�Pe/ik�Wm=i �`o�e8�Wq4wky8z=z^e/wxonh # jnhWs]�=ikhGy8m=£(o4wxo§~=h��#o�e/z_~=hOj§g&hWonj4g5hO�Wq4wx£�hOj§~=htonhO�nu_hWon�nu_hOj #
~_e/z_jlikh!�=m=q+~=h!�Oy8s�g=onhWz_~Ionh§hWqlsty(~=�WixwkjnhWo+~=h!z_y8s]�=onhWm$3�jnp(j4qnrWsthOjvg=u�p(jnwk�Em_hOj # ~_e/z_jl~=hOj¶~=y8sGe/wxz_hOj
q4onrOjl£#e/o4wk�OjPV
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